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Abstract The objective of this paper is presenting an efficient step-by-step direct integration
algorithm for the structural dynamic equation. The proposed algorithm is formulated in terms
of two Hermitian finite difference operators of fifth-order local truncation error and it is
unconditionally stable with no numerical damping presenting a fourth-order truncation error
for period dispersion (global error). In addition, although it is in competition with higher-
order algorithms presented in the literature, the computational effort is similar to that of the
classical second-order Newmark method. Classical single degree of freedom as Duffing and
Van Der Pol equations are considered as illustrative applications.

1. INTRODUCTION

Numerical single step integration methods for the solution of equilibrium equations in
dynamic analysis are based in general on the use of Hermitian finite-difference operators [1]
as the well-known Newmark family that have been employed to solve linear and nonlinear
problems [2]. The Newmark family are characterized by a linear combination of the function
to be integrated and its derivatives whose accuracy depends on the combination parameters.

As the developed algorithm takes into account the repeated differentiation of the governing
equation, additional nonlinear terms are required to solve nonlinear problems. Thus, it is
interesting to consider, for example, the classic iterative procedures presented by Argyris and
Mlejek [3]. Although the presence of these additional nonlinear terms increases the number of
operations in the iterative operations and introduces some numerical noise in comparison to
the Pade-P,, algorithm family [4], the reduction obtained in the matrix factorization and
higher orders of the relative radii errors are interesting attributes of the proposed algorithm.
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2. HERMITIAN OPERATORS

The step-by-step integration algorithm to be considered in this paper takes into account
the following Hermitian operators [1] [3]
AY; — Byi,1 + CAty; + DAty; 1 + EAt?y; —FAt%; ., + GALYY; — HAL3Y, ,; =0 "
ArYi —ByYiyg +CrYi — DiYing + EJALY; + RAEY; g + GIALY; — HIALY; 4 =0
where At is the time step, i and i+1 indicate the step, y is the function to be integrated, y, y
and Yy are derivatives of the function with respect to time; A, B...Cq, D;..are combination
non-dimension parameters that define the order of accuracy (local truncation error). As for

Newmark method, it is necessary to consider two independent Hermitian operators. Table 1
presents the combination parameters for the some popular algorithms of Newmark family.

A B C D E F G H
Laier [1] 12 -12 6 6 1 -1 0 0
Newmark 0 0 -1 1 -1/2 -1/2 0 0
Hoff [5] 0 0 1 -1 1/2 -1/2 0 0
Bazzi [6] -2 2 -1 -1 0 0 0 0
Argyris [3] 1 -1 1 0 21/60 9/60 3/60 -2/60
Aq B, Cy D, Ey R G, Hy
Laier [1] 0 0 12 -12 6 6 1 -1
Newmark 1 -1 -1 0 -1/4 -1/4 0 0
Hoff [5] 1 -1 1 0 1/4 1/4 0 0
Bazzi [6] -4 4 -4 0 -1 -1 0 0
Argyris [3] 0 0 1 -1 6/12 6/12 1/12 -1/12
Table 1 Combination Parameters
3. NONLINEAR DYNAMIC EQUILIBRIUM EQUATION
The non-linear dynamic equilibrium can be expressed in matrix notation by [4]
My +C"y + Ky + N(y, y) - f (t) = 0 (2)

where y, y' and y" are respectively the displacement, velocity and acceleration experienced

by the mass M; C and K are respectively the damping and the stiffness parameters. The
function f(t) represents a given applied force and any non-linear terms are represented by the
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function N(y,y'). As the Hermitian operators (1) involves the third derivative of the
displacement one has to be consider the first derivative of eq. (2), that is

MY +C 'y + Ky + Ny (v, Y)Y + Ny (v, )y - f (t) = 0 ©)
The classical Duffing equation and its derivative can be expressed by:
My +Cy + Ky +puy® -f(t) =0 @
MY +C’y + Ky + 3uy?y - £ (t) = 0

where p is a constant parameter of the nonlinear stiffness; similarly for Van Der Pol equation
and its derivative can be written as:

My + 8y + Ky +8yy? - (t) = 0 -
MY - 8y + Ky + 8¥y? - 28y%y - f (t) = 0

where § is a constant parameter of the linear and nonlinear dumping.

4. NUMERICAL INTEGRATION

Taking into account equations (2) and (3) the second and third derivatives of the function
to be integrated can be expressed in terms of the function and its first derivative at the step
I and i+1 that substituting in equation (1) yields:

Yi (A -EACK + GCKAtS) + yi+l(B -FKAt? + HCKAt3)+

i (C"At-ECAP +G(C? + K ) -3Guac’y? ) +

yi+1(DAt -FCAt? + H(C2 + K)At3 ; 3HpAt3yi2)+ ©)
yf’ (-EuAt2 + GCuAtS) + y?ﬂ (-FuAtz + HCuAtS) +

f, (EAt2 -GCAt3)+fi+1(FAt2 -HCAt3)+fi (GAt3)+fi+l(HAt3) = F(Yis1, Yis1) =0

and
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Vi (AL - BACK + GiCKAL )+ yiuq (B, - EKAL + HICKAL | +
i (C*At CEGACR + Gy (CF +Ky A -3Gyay ) "
ayi., (DlAt -RCAR + Hy (24K, ) AE - 3HyuAly? ) " (6)
Y} (-EAt +GiCAL ) + vl (-Fuat® + chluAtg) +
fi (EiA - GIOAS )+ (BAL - HICAS )+ £ (a8 ) + £,y (HiAS) = 0
for Duffing equation and
Yi(A-EAPK +GCKAE ) +y;,, (B-FKA® |+
Vi ESEA‘[Z (1-7 )+ H3(1-y7 )2 Atﬂ + yiﬂ(smtz (1-y21)+ 687 (1-¥7 )2 Atﬂ
Yid(1-¥7 HKAE - 8y;.p (1- vy | GAS - 28H57y,AL - 20657, 110t (7)
f (EAt2 -H(1- in)AtS) + fi+l(FAt2 -GoAe® 1+ yi2+1))
+; (‘HAt3) + fi+1('GAt3) = F(¥is1:Yis1) = 0

and
Yi(A-EAPK + GCKAL ) + v,y (B- FKAE ) +

(9B (132 ) o157 0 51 B (1-520) - G302 1-57 ) |
Yi5(1 - }’iZ)HlKlAt3 -0Yi+1 (1 - Yi2+1)GlAt3 - 2H3Y YA - 286Gy iy AL (7)
fi (s - Hy (1-37 ) A8 ) £ (FAC - Gpoae (1- vy )
+; (‘HlAtS) + i ('GlAtS) = G(Yis1 Visr) =0
for Van der Pol equation.

To solve iteratively nonlinear equations (6) and (7) at each step one has to take into
account the two dimensional Newton Formula:
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R I
Yipm Wl [Gy Gy G(yj’yj)

where for Duffing equation one has

F, = M = B-FKAt? + HCKA® + 3yi2+1(HAt3Cu - FuAtZ)

Yj
-6, HAt 1y g
R = u = DAt - FCAt? + HAt® (c2 - K) -3HpACy

y.

b 9)
Gy = —, = Bi-RKAC + HCK At +3y7 (HACC - Fuad®
j
6Y;.11HACHY 41
Gy Y 2 3(2 3,2

Y

in which j indicate the step of the iteration process and for VVan der Pol equation one has

_ 2 :
F, = B+FAt" (-48y;q¥iqg - 1)+
HAt® (-452Yi+15’i+1 (1 - Yi2+1) - 5(1 - Yi2+1) + 28y + 20¥41 - 1)

2

Fy = DAt—FAtZS(l—yi2+1)+HAt3 (52 (1-yi2+1) +28yi+1j
) (10)
Gy = By + RAt" (-48y;,1 ¥4 -1) +
H, AL ('452Yi+1}"i+1 (1 - Yi2+1) - 5(1 - Yi2+1) + 285 289141 '1)

2
G, = DlAt-FlAtZS(l-yi2+1)+H1At3 [82 (l-y?ﬂ) +263’i+1j
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5. NUMERICAL APPLICATION
Let us consider the following Dufing equation:

y +0.4y +y +0.5y> = 0.5c0s(0.5t) (11)
in which M=1, C"=0.4, K=1, F=0.5, ®=0.5 and p= 0.5 (see Eq. 4).

Table 4 compare the first peak results for three practical time-steps. The numerical results
indicate that the cubic Hermitian algorithm presents results similar to the Newmark”s method.

At LAIER[1] ARGYRES[3] NEWMARK
0.2 0.5017 0.4840 0.4816
0.1s 0.5217 0.5117 0.5111
0.05s 0.5302 0.5253 0.5251

TABLE 4- Duffing first peak

Now, considering the van der Pol equation:

y-15y(1-y?) +y =0 9)

the result are shown in Table 5. The first peak is presented for three time-steps. For the van
der Pol equation the cubic Hermitian and the proposed methods present quite similar results.

At LAIER[1] ARGYRES[3] NEWMARK
0.2 -0.3193 -0.3192 -0.3130
0.1s -0.3193 -0.3192 -0.3177
0.05s -0.3193 -0.3193 -0.3189

TABLE 5 — van der Pol results

6. CONCLUSIONS

This paper presents a very efficient unconditional stable step-by-step Hermitian algorithm
to solve nonlinear dynamic equation. As numerical results are shown it is in competition with
the high-order cubic algorithm presented in the literature. Although attained high order
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accuracy, the proposed algorithm presents similar matrix factorization as Newmark’s method

[1].
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