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Abstract. A two-dimensional model of the film casting process of incompressible semi-
crystalline polymers that accounts for the molecular orientation and the crystallization
of the polymer macromolecules and the heat exchanges with the surrounding gases is
presented. The polymer’s rheology is assumed to consist of Newtonian and polymeric
contributions that depend on the temperature, molecular orientation and crystallization.
The molecular orientation model is based on the Doi-Edwards probability density function
model, uses a moment expansion and results in a symmetric orientation tensor, whereas
the crystallization model is based on Ziabicki’s approximation and depends on the veloc-
ity and degree of molecular orientation. A compressible boundary layer approximation is
used to determine the velocity and temperature fields of the gases that surround the planar
film. The unknown curvilinear geometries of the film and the boundary layer for the gases
that surround the film were mapped into unit squares, and the governing equations were
written in strong-conservation law in their respective (mapped) domains where they were
discretized by means of second-order accurate finite difference formulae because of the
low Reynolds numbers that characterize planar film casting and solved iteratively using a
pseudo-time formulation until specified convergence criteria were satisfied. The grid spac-
ing was not uniform and grid points were concentrated in regions where large gradients
occurred. The numerical results show that the polymer’s molecular orientation depends
mainly on the film’s strain rate which increases sharply near the die’s exit if the heat ex-
changes with the surrounding gases are large, or near the take-up drum if heat exchanges
are small. It has also been found that an increase in the molecular orientation results in
an increase of both the degree of crystallization and the effective dynamic viscosity of the
polymeric planar film.
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1 INTRODUCTION

Planar film casting is a manufacturing process that has been used to produce polymer films
that have applications in food packaging, coating, etc. [1]. In planar casting, synthetic
films are produced by extruding a molten polymer [2]. The extruded film is stretched in
air for a short distance and cooled on a chill roll; the collected film may then be subjected
to, for example, biaxial orientation or coating on a substrate [3]. A schematic cross–
section of a single–layer film casting process is shown in Figure 1, where x and y denote
the longitudinal and transverse coordinates, respectively; the z coordinate not shown in
the figure is the spanwise or film’s width direction, and the velocity components along x,
y and z directions are u, v ad w, respectively.
The flow between the die and the chill roll may be assumed to be elongational if the
film’s slenderness ratio, i.e., the ratio of the film’s thickness at the die’s exit to the film’s
length, and the film’s thickness–to–width ratio are much smaller than one. Except for
guided films, the film’s width decreases along the longitudinal or drawing direction as a
result of surface tension, die swell and edge stresses [4] that lead to the formation of edge
beads that bound a central area whose thickness is almost independent of the spanwise
direction [5]. Trimming of the edge beads is carried out before the film is used in industrial
applications.

Figure 1: Schematic of a single–layer film casting process.

Most of the analytical and numerical studies of planar film casting processes performed
to–date have been carried out by means of 1– or 1.5–dimensional, i.e., 1D and 1.5D,
respectively, models, and have been mainly concerned with different rheologies under
isothermal conditions, and stability. In 1D models, the film’s width is assumed to be
infinite so that there are no spanwise variations and, therefore, these models cannot
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deal with the film’s neck–in and edge bead formation. In addition, these models assume
that the film’s is slender, the molten polymer’s longitudinal velocity and pressure are
only functions of the coordinate along the drawing direction, and have been derived
by applying the mean–value theorem of integration to the integral form of the linear
momentum and continuity equations. They can also be derived by means of either Taylor’s
series expansions in the transverse coordinate or asymptotic methods for small slenderness
ratios and small Reynolds numbers.
In 1.5D models, the film’s lateral neck–in is accounted for by using a similar approach
for the longitudinal velocity component and the pressure as that of 1D models, and
the transverse and spanwise velocity components are assumed to depend linearly on the
transverse coordinate so that the film’s thickness is a function of both the longitudinal and
spanwise coordinates and, therefore, the kinematic condition at the film’s lateral edges
may be applied. The assumption that the transverse and spanwise velocity components
are linear functions of the transverse coordinate made in 1.5D models can only be justified
if the film’s is slender and the film’s thickness–to–width ratio is much smaller than unity.
Moreover, although 1.5D models account for the kinematic conditions at the film’s edges
and, therefore, for the film’s neck–in, they cannot deal with the dynamic and thermal
conditions there; the former are responsible for the edge bead formation.
One-dimensional models of planar film casting that account for the heat exchanges be-
tween the film and its surroundings include the 1D continuum mechanics–based model of
Barot and Rao [6] who considered the amorphous and crystalline phases with viscoelastic
Maxwell–type and neo–Hookean rheologies, respectively, and employed a thermodynamic
criterion for the onset of crystallization which is based on the maximization of the rate
of dissipation, but they did not consider the molecular orientation. A 1D model was also
developed by Beaulne and Mitsoulis [7] who employed an integral constitutive equation to
account for the rheology of the polymer melt, but they did not account for the polymer’s
molecular orientation and crystallization.
The 1.5D model developed by Lamberti et al. [8, 9] uses a Newtonian rheology for the
molten polymer whose dynamic viscosity depends in an Arrhenius manner on both the
temperature and the degree of crystallization; the latter was modelled by means of the
isokinetic model proposed by Nakamura [10]. Barq et al. [11] developed a 1.5D model
which does not consider molecular orientation and crystallization. Shiromoto [12] analyzed
the neck-in phenomenon in film casting processes by means of a 1.5D model that employs
the Phan-Thien/Tanner rheology and showed that neck-in is determined by the ratio of
the planar to the elongational viscosity rather than by the strain hardening associated
with the uniaxial elongational viscosity. A 1.5D model and a Giesekus rheology have
been used by Zavinska et al. [13] in their studies of draw resonance of non-isothermal
film casting of polymers; these authors, as well as many others, did not account for heat
diffusion in the stretching direction, although they included a heat exchange term in their
one-dimensional energy equation.
Some examples of two-dimensional models of film casting processes include that of Silagy
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et al. [14] who employed a finite element method in their studies of isothermal film casting
in the (x, z)–plane and assumed that the transverse velocity component was a linear
function of the transverse coordinate; therefore, these authors accounted for the film’s
neck–in. A similar approach was proposed by Anturkar and Co [15] and Christodoulou et
al. [16] who also made use of a membrane approximation to determine the film’s thickness
as a function of the longitudinal and spanwise coordinates, but constrained the film’s edges
to prevent neck–in. A similar model was proposed by Sakaki et al. [17] who claimed to
have developed a 3D formulation based on the neglect of inertia and volumetric forces in
the linear momentum equation; however, the film’s edges were assumed to be flat.
Non–isothermal film casting processes have been considered by Kim et al. [18] and Shin
et al. [19]; these authors used the upper convective Maxwell and Phan-Thien/Tanner
rheological models, respectively, and assumed that the film’s edges are flat. In addition,
their energy equation contains no diffusion terms, although it contains a Newton’s cooling
term for the heat exchanges between the film and its surroundings. Similar models have
been proposed by Sollogoub et al. [20] and Satoh et al. [21] who employed an upper
convective Maxwell rheology and Newtonian and Larson’s rheologies, respectively, and an
energy equation analogous to that of Kim et al. [18] and Shin et al. [19].
Two-dimensional models of the film casting of semi-crystalline compressible polymers
have been developed by the author [22]; these models assume that the film’s width is
infinite so that the flow is two–dimensional in the (x, y)– plane, account for the depen-
dence of the molten polymer’s density on pressure and temperature, and include a mixed
Newtonian-polymeric rheology and models for the molecular orientation and crystalliza-
tion. For incompressible, liquid semi-crystalline, slender polymer films and fibers at low
Reynolds and Biot numbers, these two–dimensional models reduce to the one–dimensional
equations for the film’s thickness or fiber’s radius, temperature, axial velocity, degree of
crystallization and molecular orientation tensor deduced by the author by means of a
long–wave asymptotic expansion [23, 24, 25].
In this paper, a two-dimensional model for the casting of incompressible, liquid semi-
crystalline films is proposed. The model is based on that developed by the author [22] for
compressible polymers, accounts for longitudinal and transverse heat diffusion and uses
Ziabicki’s model [26] for the crystallization, either accounts for the gas boundary layer
on the film’s surface or employs heat transfer correlations that account for forced and
natural convection and radiation at the film’s outer surface, and considers three–layer
films that are of current interest for food packaging and protection, coating and materials
applications.
The paper has been arranged as follows. In the next section, a brief discussion of the mass,
linear momentum and energy conservation equations, and for the molecular orientation
order parameter and the degree of crystallization is presented. This section is followed by
a description of the two numerical methods that have been used to solve the governing
equations, the presentation of some sample results and some conclusions.
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2 PROBLEM FORMULATION

We consider a three–layer planar film consisting of an inner layer or core, −h(x)/2 ≤

y ≤ h(x)/2, of thickness h(x), surrounded by two identical outer layers or cladding,
−H(x) − h(x)/2 ≤ y ≤ −h(x)/2 and h(x)/2 ≤ z ≤ h(x)/2 + H(x) of thickness H(x)
that surround the inner one. The film width is assumed to be infinite so that the flow
is two-dimensional in the x − y plane, and identical polymers and processing conditions
are used in the two cladding layers, so that the problem is symmetric with respect to the
x–axis.
The molten polymers exiting from the planar die are assumed to be incompressible, homo-
geneous, two-phase flows of constant density, i.e., the amorphous and crystalline phases
have the same velocity, temperature and density. Under these conditions, the governing
equations for each polymer layer may be written as

∇ · v = 0, (1)

ρv · ∇v =−∇p+ ρg +∇ · σ, (2)

ρCpv · ∇T = ∇ · (K∇T ) + ρLcθ̇, (3)

where viscous dissipation has been neglected, ρ is the (constant) density, v = (u, v)T

is the two-dimensional velocity vector whose components along and across the film are
u and v, respectively, the superscript T denotes transpose, p and T are the pressure
and temperature, respectively, Cp and K are the polymer’s specific heat at constant
pressure and thermal conductivity, respectively, Lc and θ̇ are the latent heat and rate of
crystallization, respectively, g denotes the gravitational acceleration, and σ denotes the
stress tensor. In this paper, ρ, Cp, K and Lc are assumed to be constant.
The deviatoric stress tensor, σ, is assumed to consist of Newtonian (σn) and polymeric
parts (σp), i.e., σ = σn + σp, where the Newtonian contribution may be written as

σn = µ(T, s)(∇v + (∇v)T ), (4)

where µ(T, s) is an effective dynamic viscosity that depends on both the temperature and
the degree of crystallinity as

µ(T, s) = µT (T )µθ(θ), µT (T ) = µ0 exp(E/RT ), µθ(θ) = β exp(−(θ/θ∞)n), (5)

µ0, E and R are a (constant) dynamic viscosity, the activation energy and the universal
gas constant, respectively, θ is the degree of crystallization, i.e., the volumetric fraction
of the crystalline phase, θ∞ is the ultimate degree of crystallization, and β and n are
constants that must be determined experimentally. For amorphous polymers, θ = 0 and
β = 1, so that the effective dynamic viscosity only depends on the temperature and
increases in an exponential as the temperature is decreased.
The polymeric contribution to the deviatoric stress tensor may be written as

σp = 3ckBT

(

−λr
F(S)

φ
+ 2λr((∇v)T : S)

(

S+
1

3
I

))

, (6)
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where S is the molecular orientation tensor, kB is Boltzmann’s constant, I is the identity or
unit tensor, φ (0 ≤ φ ≤ 1) is a non-dimensional friction coefficient, c is the polymer number
density, F(S) is a function that characterizes the molecular orientation independently of
the flow, and λr is a relaxation time. In the dumbbell model employed in this study, small
values of φ correspond to increasing the ratio of the resistance encountered perpendicularly
to the dumbbell to that parallel to the axis of the dumbbell, whereas φ = 1 corresponds
to an isotropic friction tensor.
The relaxation time that appears in Eq. (6) is associated with the rotation of the dumb-
bell molecules and may depend on the temperature, degree of crystallization, molecular
orientation, and flow. In this paper, it is assumed that λr depends only on the temperature
through the following Arrhenius expression

λr = λ0 exp(−Er/RT ), (7)

where λ0 and Er are constants that denote a characteristic relaxation time and an acti-
vation energy, respectively.
As indicated in Eq. (6), the polymeric contribution to the stress tensor depends on the
molecular orientation tensor; the latter has been modelled by means of the probability
function formulation for the molecular orientation vector u proposed by Doi and Ed-
wards [27], where u denotes the molecule’s end–to–end vector. By taking moments of the
probability density function and modelling the fourth-order moments of the molecular
orientation vector in terms of second–order ones, so that a closed system of equations is
obtained, one may derive the following transport equation for the molecular orientation
tensor

v · ∇S− ((∇v) · S+ S · ∇v) = F(S) +G(S,∇v), (8)

where the left–hand side denotes the steady upper Convective Maxwell (UCM) derivative
of the tensor S, and

F(S) = −
φ

λr

((

1−
1

3
N

)

S−N(S · S) +N(S : S)

(

S+
1

3
I

))

, (9)

G(S,∇v) =
1

3
(∇v + (∇v)T )− 2((∇v)T : S)

(

S+
1

3
I

)

, (10)

N is a dimensionless measure of the polymer number density c and is proportional to the
excluded volume between two rigid rods where each rod represents a polymer molecule,
G(S,∇v) accounts for the interaction between the flow and the molecular orientation, the
second term in the left-hand side of Eq. (8) is the rate of molecular orientation induced
by straining, the molecular orientation tensor S =< u,u > −I/3 is a traceless tensor,
and < ψ, ψ > denotes expected or mean value squared.
For the slender planar films considered in this study, the flow field is mainly elongational
and the molecular orientation tensor is diagonal in a first–order approximation in the
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slenderness ratio. Since this tensor is traceless, this means that one of its (diagonal)
components may be related to the other two in a first–order approximation. For films
that are not slender, the six components of the molecular orientation tensor must be
retained in the formulation.
The degree of crystallization is governed by Ziabicki’s model [26, 28, 29], i.e.,

θ̇ = v · ∇θ = k(s)(θ∞ − θ), (11)

where k(s) = k(0) exp(Bs2) is the crystallization rate and increases exponentially with
the molecular orientation order parameter s, B is a positive constant, and k(0) is the
amorphous growth rate.
The molecular orientation order parameter that appears in Eq. (11) can be determined
from the second invariant of the molecular orientation tensor as [22]

s2 =
3

2
(S : S). (12)

s affects the dynamic viscosity of the Newtonian contribution to the deviatoric stress
tensor through Eq. (5). This means that the molecular orientation order parameter
affects directly the crystallization rate through Eq. (11) and indirectly the flow field
through the Newtonian stress tensor; the flow field, in turn, affects directly the molecular
orientation tensor and the temperature field.
Equations (1)–(3), (8), (11) and (12) are nonlinearly coupled through the dependence of
the Newtonian dynamic viscosity on both the temperature and the degree of crystalliza-
tion, the dependence of the polymeric stress tensor on the temperature and molecular
orientation, and the dependence of the degree of crystallization on the molecular orienta-
tion and velocity field.
Equations (1), (8) and (11) are first-order partial differential equations. Equation (1)
is a constraint that may be used to determine the pressure field from the divergence
of the linear momentum equations that results in an elliptic equation for the pressure.
Equation (11) is a linear first–order partial differential equation for θ that may be written
as a system of three first–order ordinary differential equations by introducing a time–like
variable, or as a system of two first–order of differential equations. A similar comment
applies to the six components of the molecular orientation tensor the evolution of which
is governed by Eq. (8).
For the three-layer films considered in this study, boundary conditions for the molecular
orientation and degree of crystallization were specified at the die’s exit for both the core
and the cladding; symmetry conditions were imposed at y = 0 for these two variables in
the core, while the normal derivative of the degree of crystallization and the molecular
orientation was set to zero at the core–cladding interface when determining these variables
in the cladding. The velocity and temperature fields were specified at the die’s exit and
were subject to symmetry conditions at the film’s axis, and kinematic, dynamic and ther-
mal boundary conditions at both the core–cladding interface and the film’s or cladding’s
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outer surface. For example, at the core–cladding interface, the velocity components, the
temperature, the shear stress and the heat flux normal to that interface are continuous,
v(x, h(x)/2) = u(x, h(x)/2)h′(x)/2 where h′(x) = dh(x)/dx, while the difference between
the normal stresses on both sides of the interface is balanced by surface tension. Since for
slender films, the slenderness ratio and the curvature are small, surface tension may be
neglected, although it could be important for small draw ratios and/or non–slender films.
Similar conditions to the ones described above for the core–cladding interface were im-
posed at the film’s outer surface and this required to solve for the velocity and temperature
fields of the gases that surround the film. These gases were considered ideal and their
dynamics was assumed to be represented by a boundary layer approximation which is
justified when the (gas) Reynolds number is large enough and, therefore, cooling gases
are blown over the film’s outer surface at high speeds. Under these conditions, the pres-
sure on the gases does not depend on y, the gas transverse momentum equation can be
disregarded and the gas axial momentum and energy equations are governed by parabolic
equations.
At the chill roll, the value of u was specified, i.e., the film’s draw longitudinal velocity
was assumed to be uniform, while the gradients of v and T normal to that boundary were
set to zero. These conditions are adequate when the film solidifies before it is collected at
the chill roll; when this does not occur, the longitudinal velocity component may not be
uniform at the chill roll location and a solidified shell may form at the film’s outer surface.
In such a case, the normal derivative of the longitudinal velocity at the chill roll was set
to zero only for the molten polymer, and mass conservation was used to determine the
longitudinal velocity of the solidified polymer at that location.
The gas pressure, temperature and velocity fields far away from the film’s outer surface
were specified at either the die’s exit or the take–up roll depending on whether the cooling
gases were blown along the film from the die’s exit towards the take–up roll or in the
opposite direction, respectively.
Calculations have also been performed without solving for the dynamics and thermal
fields of the gases that surround the film. In such a case, the shear stress at the film’s
outer surface was set to zero on account of the fact that the dynamic viscosity of gases is
usually much smaller than that of the film’s molten polymer, the pressure of the gases that
surround the film was assumed constant, the deviatoric stress in the gas was neglected,
and the heat flux at the film’s outer surface was determined from the following heat
transfer correlations for laminar flow [30, 31]

ht = hf + hn + hr, hf = 0.66
Ka

x
Re1/2Pr1/3, hn = 0.56

Ka

x
Ra1/4, (13)

where hi with i = f, n, r and t, is the film heat transfer coefficient, Re = xut/νa, Pr =
Caµa/ka , ut = u − ua, Ra = gx3(T (x, h(x)/2 + H(x)) − Ta)/ν

2
aTa, Re, Pr and Ra

are the Reynolds, Prandtl and Rayleigh numbers, respectively, ν denotes the kinematic
viscosity, the subscripts a, n, f and r refer to the gas surrounding the film, natural and
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forced convection, and radiation, respectively, ua and Ta are the velocity component of
the cooling gases along the film’s outer surface and the temperature far from the film,
hr = ǫσ(T 4 − T 4

a )/(T − Ta), σ is the Stefan–Boltzmann constant and ǫ is the emissivity
of the polymer film which depends on the film thickness.
The radiant transmissivity of polymer films varies quite dramatically with the wavelength.
An average value of ǫ may be obtained from the transmissivity as [32]

ǫ =
1

λ2 − λ1

∫ λ2

λ1

(1− τ(λ, e(x)))dλ, (14)

where λ and τ denote the wavelength and transmissivity, respectively, and e(x) denotes
the film’s thickness. For 25 and 250 µm films of propylene, Lamberti et al. [8, 9] found
that the average emissivity was 0.167 and 0.467, respectively, and experimental data [11]
indicate that the dependence of the emissivity of films on their thickness may be written
as ǫ = 1− exp(−be(x)) where b is a function of the temperature. This expression satisfies
the condition that ǫ = 0 for e(x) = 0 and ǫ = 1 as e(x) → ∞, and is usually a good
approximation. Furthermore, for isopropylene (iPP), b = 2662 m−1 which is the value
used here.

3 NUMERICAL METHODS

Two different numerical methods have been used to solve Eqs. (1)-(3), (8), (11) and
(12). The first method is based on transforming the curvilinear geometries of the core
and cladding into unit squares, whereas the second one employs a transformation from
the physical coordinates to streamline coordinates. In the next two subsections, these
techniques are described.

3.1 Transformation of coordinates

As stated in Section 2, the core and cladding correspond to 0 ≤ y ≤ h(x)/2 and h(x)/2 ≤

y ≤ h(x)/2 + H(x), respectively. The curvilinear geometries of both the core and the
cladding can be transformed into unit squares by means of the transformations (x, y) →
(ξc, ηc) and (x, y) → (ξcl, ηcl), respectively, where ξc = x/L, ξcl = x/L, ηc = 2y/h(x) and
ηcl = (y−h(x)/2)/H(x), the subscripts c and cl denote the core and cladding, respectively,
and L denotes the film’s length, i.e., the distance between the die’s exit and the chill roll.
With these two transformations, the die’s exit and the chill roll locations are mapped to
ξc = ξcl = 0 and 1, respectively; the symmetry axis, the core–cladding interface, and the
film’s outer surface are mapped to ηc = 0, ηc = 1 and ηcl = 0, and ηcl = 1, respectively.
By means of these two mappings, Eq. (1) becomes

(uA)ξ + (ve)η = 0, (15)

where ve = v − u(B′ + ηA′) with A = h(x)/2 and B = 0 for the core, and A = H(x) and
B = h(x)/2 for the cladding, represents a relative velocity, while the advection operator
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in Eqs. (2)-(3), (8) and (11) may be written as

uφx + vφy =
1

A
((Auφ)ξ + (veφ)η), (16)

and, therefore, the above equations can be written in strong conservation–law form for u,
v, S, θ and T . The resulting equations were then discretized by means of a finite–volume
method in a staggered grid where the scalar variables were evaluated at the grid points,
while the velocity components were determined at the cell boundaries.
At the low Reynolds numbers that characterize film casting processes, the convection
terms in the linear momentum equations were discretized by means of second–order ac-
curate finite difference formulae. Since the equations for the molecular orientation tensor
and the degree of crystallization are of the advective type, the fluxes at the cell bound-
aries were evaluated by means of first–order accurate upwind differences; the same type
of differences was employed to evaluate the convective terms of the energy equation at
high Péclet numbers, while these terms were evaluated by means of second–order central
differences at the cell boundaries at low thermal Péclet numbers.
When imposing the continuity of the shear stress conditions at the core–cladding interface
and at the film’s outer surface when the gas boundary layer over the film was calculated,
the velocity gradients at these interfaces were determined by means of first–order, one–
side differences; a similar discretization was employed when determining the temperature
and velocity gradients at the interfaces between the core and the cladding and between the
cladding and the gases that surround the film, although calculations were also performed
by using second–order accurate three–point discretizations of the normal derivatives of
these variables at the interfaces. The derivatives of h(x) and H(x) that appear in the
kinematic boundary conditions at the core–cladding interface and at the film’s outer
surface were evaluated by means of first–order accurate formulae.
The pressure field was determined from the Poisson equation that results from taking the
divergence of the linear momentum equations [33]. Note that the partial derivative of the
pressure with respect to x can be written as px = ((pA)ξ − (pC)η)/A where C = B′ + ηA′

and, therefore, the longitudinal momentum equation is affected by the pressure gradient
components in the two transformed coordinates; this does not occur in the transverse
momentum equation.
Two different strategies were followed to obtain the solution of the discretized form of Eqs.
(1)-(3), (8) and (11). In the first strategy, Eqs. (1)–(3) were solved in an iterative fashion
with assumed values of the molecular orientation tensor and degree of crystallization until
a user’s specified criterion was satisfied. Once convergence of these equations was achieved,
Eqs. (8) and (11) were solved iteratively until they were satisfied to a prescribed tolerance.
With the molecular orientation tensor and degree of crystallization thus obtained, Eqs.
(1)–(3) were then solved again and this iterative two–cycle process was repeated until the
user’s specified error tolerances on the residuals of the linear momentum, energy, molecular
orientation tensor, degree of crystallization and continuity equations were satisfied. Due
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to the nonlinear coupling amongst the continuity, linear momentum and energy equations
and the strong dependence of the dynamic viscosity on temperature, under–relaxation was
required; typical under–relaxation factors for the longitudinal and transverse momentum
equations and the energy equations are 0.37, 0.42 and 0.54, respectively, whereas the
under–relaxation factor for the pressure was found to be about 0.74.
Although the iterative two–cycle procedure described in the previous paragraph was found
to converge in most of the cases considered in this study where the initial velocity, pres-
sure and temperature fields were assumed to be those obtained numerically from a one–
dimensional model that was deduced from Eqs. (1)-(3), (8) and (11) by means of asymp-
totic methods for small slenderness ratios and small Reynolds and Biot numbers [25], its
convergence was found to be slow when there is a strong contraction of the film at the
die’s exit where forced convection and radiation heat exchanges are very important; this
is usually the case at high drawing ratios or for very slender fibers. In these cases, it was
found that an iterative procedure that consists in solving the discretized forms of Eqs.
(1)-(3), (8) and (11) simultaneously requires fewer iterations for convergence provided
that the initial guess is sufficiently close to the solution and the under–relaxation factors
are properly selected.
When the dynamics of the gases that surround the film were considered, a similar trans-
formation of coordinates to that employed in the core and cladding was employed; in this
case, the gas flow was assumed to be uniform at a transversal location about three times
the boundary layer thickness. As stated above, the use of a boundary layer approxima-
tion for the gases that surround the film is a reasonable approximation provided that the
gas Reynolds number is sufficiently large and this requires large longitudinal gas velocities
and/or long films; such conditions were not met in some simulations at low drawing ratios.
When this occurred, the heat transfer correlations described in the previous section were
used and, therefore, the dynamics of the gases surrounding the film was not considered.

3.2 Streamline coordinates

Since the molten polymers considered in this study are assumed to be incompressible,
one may use the transformation (x, y) → (ξ, ψ) where ξ = x and ψ(x, y) is the stream
function, i.e., u = ψy/L and v = −ψx/L, so that Eq. (1) is no longer required, for
it is satisfied by the stream function. Furthermore, by nondimensionalizing the stream
function with respect to the sum of the volumetric flow rates of the core and cladding and
setting ψ = 0 at the film’s axis, the core–cladding interface and the film’s outer surface
correspond to ψc = V̇c/V̇ and ψcl = 1, respectively, where V̇c and V̇ denote the core’s
volumetric flow rate and the total volumetric flow rate, respectively, i.e., V̇ = V̇c + V̇cl.
Upon introducing the above transformation into Eqs. (2)-(3), (8) and (11), the advection
operator becomes

uφx + vφz = uφξ, (17)

and, therefore, Eqs. (2) and (3) become parabolic equations, and their discretization is
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not subject to the magnitude of the cell Reynolds or thermal Péclet number as the one
described in the previous section; these equations may be used to determine u, v and T ,
whereas the pressure may be obtained from the Poisson equation that results from taking
the divergence of the linear momentum equation. In addition, the kinematic boundary
conditions correspond to constant values of the stream function and, therefore, the film’s
outer surface can be obtained from the total differentiation of ψ(x, h(x)/2+H(x)) = 1 with
respect to x which yields v(x, h(x)/2+H(x)) = u(x, h(x)/2+H(x))(h′(x)/2+H ′(x)) and
may be used to determine H(x); a similar expression holds at the core–cladding interface.
A disadvantage of the stream function formulation presented here is that the discretization
is performed in the (ξ, ψ) coordinates and the transverse coordinate must be obtained from

y =
∫ ψ

0
dφ/u(ξ, φ) and, therefore, varies with ξ = x/L.

A finite–volume method similar to the one described in the previous section was used to
determine u, v, p, T , S and θ as functions of (ξ, ψ). u was then used to determine the
value of y as discussed in the previous paragraph, except that the discretized equations
were solved in only one iterative cycle starting with the numerical solution of the one–
dimensional model described in the previous section. Streamline coordinates were only
used when heat transfer correlations at the film’s outer surface were employed to account
for the convection and radiation heat exchanges between the film and its surroundings. It
must be noted that streamlines coordinates can also be used for compressible polymers;
in that case, the stream function corresponds to a mass flow rate and is constant at both
the core–cladding interface and the film’s outer surface, but the kinematic condition at
these interfaces are more complex than that for constant density polymers.

4 PRESENTATION OF RESULTS

Calculations were first performed for compound and hollow–compound fibers and three–
layer planar films with the two numerical formulations described in the previous section.
It was observed that the differences between the results obtained with these formulations
were less than 1.1 % for the nondimensional longitudinal velocity component and tem-
perature, molecular orientation parameter and degree of crystallization, and the largest
differences were found near the die’s exit for draw ratios of 20 when the same number of
grid points were employed in both formulations; the draw ratio is the film’s thickness at
the die’s exit divided by the film’s thickness at the chill roll.
It must be noted that the grid spacing was not uniform in the longitudinal and transverse
directions; in fact, calculations were first performed in equally–spaced grids in order to
determine the locations of the largest gradients and the grid was then refined near these
locations subject to the restriction that the ratio of the sizes of adjacent cells had to be be-
tween 0.71 and 1.41. Grid points were concentrated near the core–cladding interface, near
the film’s outer surface and near the die’s exit where the largest gradients are expected.
Figure 2 shows the distributions of the molecular orientation parameter (left) and the
degree of crystallization (right) for a three–layer film; the dashed line in this figure denotes
the core–cladding interface. This figure indicates that almost full molecular orientation

12



J. I. Ramos

is achieved near the die’s exit due to the strong contraction that the film experiences
upon exiting the die, thus indicating that, for the conditions considered in this figure,
the molecular orientation is mainly driven by the strain rate in accord with Eq. (8). On
the other hand, for the small values of the amorphous growth rate, k(0), considered for
the cladding, very little crystallization is observed in the film’s outer surface, whereas the
crystallinity of the core increases along the film but it never reaches its ultimate value θ∞
and is not uniform at the chill roll location, although its transverse variation is small at
that location.
As stated in Section 2, the models for the molecular orientation tensor and the degree
of crystallization considered in this study are governed by first–order partial differential
equations, and, therefore, the molecular orientation and crystallization of the core depend
on the boundary conditions at the film’s symmetry axis and at the die’s exit, as well as
the flow and temperature fields in the three–layer film. As a consequence the molecular
orientation and the degree of crystallization may not be continuous at the core–cladding
interface even though the velocity and temperature fields are continuous there. At that in-
terface, one would expect that there is some entanglement between the polymer molecules
of the core and cladding that may result in a transition layer where the molecular orien-
tation is adjusted from that of the core to that of the cladding. Since such a transition
layer has not been modelled in the formulation presented here, one may observe that
molecular orientation parameter may be discontinuous at the core–cladding interface. A
similar comment applies to the degree of crystallization, as illustrated in Figure 2 (right).
The large contraction that the film experiences upon exiting the die’s exit is shown in
Figure 3 which illustrates both the three–layer film geometry and the nondimensional
temperature distribution for cooling gases blown from the location of the chill roll towards
the die’s exit; the nondimensional temperature has been defined as (T−T0)/(Ta−T0) where
T0 denotes the cross–section averaged temperature at the die’s exit. For the conditions
considered in Figure 3, the relative velocity between the film and the surrounding gases is
larger than when cooling gases are blown from the location of the die’s exit towards the
chill roll and results in an increase of the heat transfer rate and a large temperature drop
near the die’s exit where forced convection and radiation are dominant.
Figure 3 also indicates that the nondimensional cross–section averaged temperature at
the chill roll is about 40 % of that at the die’s exit and that the film’s thickness is almost
constant for x̂ & 0.5. Since the dynamic viscosity of the Newtonian rheology employed in
this paper increases exponentially as the film’s temperature decreases, it may be stated
that the solidification observed in Figure 3 is associated with the increase of the dynamic
viscosity with a very small contribution due to the crystallization which was found to be
rather small in the cladding as illustrated in Figure 2.
The results presented in Figures 2 and 3 indicate that the flow–induced crystallization is
much less important than thermal crystallization. In fact, as the temperature decreases
and the dynamic viscosity increases, the longitudinal velocity component tends to a con-
stant value, the elongation rate decreases, and so does the molecular orientation; this
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(a) (b)

Figure 2: Distributions of the molecular orientation order parameter (left) and degree of crystallization
(right) in nondimensional coordinates. (x̂ = x/L and r̂ = y/H0 where H0 is a characteristic film thickness
at the die’s exit.)

means that the crystallization rate which depends on the current values of the molecular
orientation and crystallinity, decreases as the temperature decreases. Furthermore, for the
conditions considered in this study, the contribution of the latent heat of crystallization
that results in a local increase of the temperature is less important than that associated
with flow convection and heat transfer losses. Only at draw ratios higher than about 200
and small heat exchanges between the film and the surroundings, latent heat effects and
flow–induced crystallization were found to be important.
For the conditions considered in Figures 2 and 3, the film’s cross–section averaged longitu-
dinal velocity component exhibits a sigmoid shape characterized by a large increase near
the die’s exit, the presence of an inflection point at x̂ ≈ 0.25, a change of convexity for
larger values of x̂ and a constant value equal to the chill roll speed for x̂ & 0.45. However,
for smaller draw ratios and activation energies of the dynamic viscosity than the ones
considered in Figures 2 and 3, the average longitudinal velocity component was found to
be monotonically increasing from the die’s exit to the chill roll and did not exhibit an
inflection point, as illustrated in Figure 4.
For small draw ratios and activation energies of the dynamic viscosity, the degree of molec-
ular orientation was found to increase from the die’s exit but full molecular orientation
might not be reached at the chill roll. Since the degree of crystallization is mainly con-
trolled by the velocity field and the molecular orientation, the crystallization was found
to decrease as the draw ratio and the heat exchanges were decreased. Moreover, in some
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(a) (b)

Figure 3: Nondimensional temperature distribution in nondimensional coordinates. (x̂ = x/L and r̂ =
y/H0 where H0 is a characteristic film thickness at the die’s exit.)

cases, it was also observed that the molecular orientation increases from the die’s exit un-
til a longitudinal location where it reaches a relative maximum and then decreases slowly
along the drawing direction. This is clearly unrealistic and was found to be caused by the
sink term that appears in the transport equation for the molecular orientation tensor.
For cooling gases blown from the chill roll towards the die, the film’s cross–section averaged
temperature was found to decrease at a faster rate than when the cooling gases were
blown in the opposite direction due to the increase in forced convection heat exchanges;
this increase in heat transfer results in a larger contraction of the film at the die’s exit,
larger values of the dynamic viscosities of the core and cladding and a steeper increase
of the degree of molecular orientation than in the absence of forced convection; however,
the degree of crystallization reached smaller values at the chill roll.
For the two smaller cooling rates shown in Figure 4, the cross–section averaged longitudi-
nal velocity component exhibits a steep gradient at the chill roll location where the film is
collected and the slope of the film’s thickness is not constant there, thus indicating that
the film has not solidified. This can also be observed in the small temperature drop along
the film and the small increase in dynamic viscosity. On the other hand, the molecular
orientation order parameter increases along the film and tends to its asymptotic value of
unity, i.e., full molecular orientation, at a rate that increases as the cooling rate is in-
creased. Since, as stated above, the degree of crystallization in the formulation presented
here is controlled by the molecular orientation, the crystallinity increases along the fiber
towards its ultimate value θ∞ = 0.8 and its rate increases as the molecular orientation
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Figure 4: Nondimensional film thickness (a) and cross–section averaged axial velocity component (b),
temperature (c), dynamic viscosity of the Newtonian rheology (d), degree of crystallization (e) and
molecular orientation parameter (f) for three cooling rates. (x̂ = x/L and r̂ = y/H0 where H0 is a
characteristic film thickness at the die’s exit.)

increases.
Figure 4 also shows that the rate of molecular orientation increases as the straining rate
increases; for high cooling rates, the film experiences a large contraction near the die’s
exit due to forced convection and radiation heat exchanges there that result in a high
straining rate there. For low cooling rates, however, the longitudinal velocity component
increase rapidly near the chill roll and the straining rate is higher there.
In the absence of forced convection, it was found that the radiative heat exchange be-
tween the three-layer film and the surroundings was about 37%; however, for cooling
gases blown from the chill roll towards the die’s exit, the forced convection and radiation
heat exchanges at the film’s outer surface were approximately 53 and 32 percent, respec-
tively, and the contribution of natural and forced convection and radiation was found
to depend very strongly on the draw ratio, the magnitude and direction of the velocity
of the cooling gases, the ambient temperature and the parameters that characterize the
dynamic viscosity law, the relaxation time and the crystallization rate. For example, for
a draw ratio of twenty, it was found that forced and natural convection heat exchanges
at the film’s outer surface contributed approximately 41 and 33 percent, respectively, to
the total heat exchange, while an increase in the activation energy that characterizes the
dynamic viscosity might not yield a solidified film.
A comparison between the truly two–dimensional model presented here and a hybrid
model that employs the one-dimensional equation for the longitudinal velocity derived
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from an asymptotic analysis for slender films at low Reynolds and Biot numbers indicates
that the predictions of these two models are in qualitative accord even for small draw
ratios, but large differences are observed near the film’s outer surface where the truly
two–dimensional model predicts a larger longitudinal velocity component than the hybrid
one and near the die’s exit where the hybrid model predicts a larger contraction than
the truly two–dimensional one. These differences may be attributed to the fact that the
hybrid model uses a one–dimensional momentum equation which is only valid for slender
fibers at low Reynolds numbers, and decrease as the draw ratio is increased or the slender-
ness ratio is decreased. They can also be attributed to the fact that the one–dimensional
momentum equation of the hybrid model uses cross-section averaged values of the tem-
perature, dynamic viscosity, molecular orientation and degree of crystallization. However,
the two–dimensional hybrid model is computationally more efficient, for the core–cladding
interface and the film’s outer surface are governed by one–dimensional equations which
correspond to the conservation of mass in the core and cladding, and the dynamic bound-
ary conditions at the core–cladding and film’s outer interface are incorporated in the
one–dimensional linear momentum equation.

5 CONCLUSIONS

A formulation for the study of planar film casting of incompressible, liquid–semicrystalline
polymers that accounts for the molecular orientation and crystallization has been pre-
sented. The formulation includes transport equations for the molecular orientation and
the degree of crystallization, uses a homogeneous two–phase flow approximation, and ac-
counts for Newtonian and polymeric contributions to the deviatoric stress tensor through
a dynamic viscosity that depends on the temperature and molecular orientation, while
the degree of crystallization is controlled by the flow field and the molecular orientation.
The formulation is applicable to multi–layer films, and compound and hollow–compound
polymeric fibers.
Two methods have been proposed to solve the governing equations. The first employs
a transformation that maps the physical three–layer film into two unit squares and the
strong conservation–law of the equations in the transformed coordinates where a finite–
volume discretization has been carried out. Two iterative procedures have been used to
solve the discretized equations. The first iterative method uses a two–cycle approach
whereby the continuity, linear momentum and energy equations are solved independently
of those for the molecular orientation tensor and the degree of crystallization, and the
latter are then solved using the previously known values of the velocity and temperature
fields. In the second iterative procedure, all the discretized equations are solved in block
form, using under–relaxation.
The second transformation method employs a transformation of coordinates based on
the stream function and results in parabolic equations which were discretized by means
of a finite–volume method and solved in a block form. It has been found that the two
formulation yield very close results for the three–layer films considered in this study, as
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well for compound and hollow–compound fibers.
It has been shown that, due to the strong contraction that the film experiences near the
die’s exit, full molecular orientation is reached close to the die, but the ultimate degree
of crystallization may not be reached at the chill roll location. It was also found that,
depending on the operating conditions, the transverse distribution of crystallinity at the
chill roll location may not uniform; such a non–uniformity has a strong effect on the
mechanical, physical, chemical and optical properties of the three–layer film.
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