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Abstract. In this paper we present the results of Fluid-Structure Interaction (FSI) com-
putations of an incompressible solid object and laminar incompressible viscous flows using
a combined penalty-projection algorithm. The system consists of a fluid region governed by
Navier-Stokes equations and a solid domain described by elastic and hyperelastic structure
mechanical equations. In particular we impose the incompressibility constraint both in the
solid hyperelastic and incompressible fluid region by using an iterative projection method
which decouples pressure and velocity field. This technique reduces the degrees of freedom
of the problem decreasing the computational cost of the solution algorithm. However in
the projection pressure equation is not possible to impose the physical boundary condi-
tions and consistent errors are generated on the solid boundary. In order to correct this
boundary error due to the decoupling projection algorithm a combined projection-penalty
method is introduced. The fluid and the solid incompressibility constraint are imposed in
a monolithic approach over all the fluid and solid unknowns when large displacement oc-
curs. In order to verify the accuracy of the proposed method we compare the results of the
projection with the projection-penalty and coupled algorithm. These analyzed cases show
stability and robustness of the proposed algorithm for appropriate value of the penalty pa-
rameter together with a reduction of the computational effort compared with that needed
by the coupled algorithm.

1 INTRODUCTION

In the last decades the interest in the study of Fluid-Structure interaction problems has
been increasing because of the huge number of applications in various fields of engineering.
Some examples are the stability and response of aircraft wings, the flow of blood through
arteries, the response of bridges and tall buildings to winds, the vibration of turbine and
compressor blades and the oscillation of heat exchangers (e.g., see [1, 2, 3, 4]). In par-
ticular, concerning the biological field, the fluid structure interaction is of great interest
because of the increasing demand in the medical community for scientifically rigorous
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and quantitative investigations of cardiovascular diseases. A fluid structure interaction
problem consists in solving the mass and the continuum balance equations for a system
composed of fluid and solid components. The most commonly solution strategy encoun-
tered and implemented in software packages is the so-called partitioned approach, which
decouples the fluid-solid problem into two separate sub-problems and uses dedicated soft-
ware for the solution [5]. According to this solution strategy the coupling between the two
physical domains is achieved with a boundary condition to be enforced at the interface
between the fluid and the solid domain. In applications where large displacements occur,
such as in the hemodynamics field, explicit partitioned algorithms show instabilities and
convergence problems since the coupling conditions are not exactly enforced leading to
unbalanced displacement and velocity fields at the interface. In these cases numerical ex-
periments show that only fully coupled or monolithic algorithms exhibit excellent stability
properties [6, 7] since they implicitly enforce the coupling condition at each time step.
The monolithic algorithm solves simultaneously the fluid and the structure unknowns in a
unique solver so that the solid and fluid regions are treated as a single continuum and the
boundary conditions at the interface are automatically enforced [2, 8]. Monolithic fully-
coupled algorithms are always stable in the energy norm but they are also CPU-time
expensive. This issue is enhanced by the saddle-point character of the incompressible
solid and fluid formulation and it may be of particular importance in three-dimensional
geometries where a high number of degrees of freedom has to be managed.

Reduction of the computational cost for FSI problems is the main motivation of this
work. This purpose is achieved by splitting the computation of the velocity and the
pressure by using a projection method. The method consists of two steps: a predictor and
a corrector step. In a first predictor step, it is computed an intermediate velocity which
does not satisfy the divergence constraint. This velocity is projected onto a divergence-
free space in a subsequent pressure correction stage [9, 10]. In such way a mathematical
decoupling of the computation of velocity and pressure is performed over the whole solid
and fluid domain allowing reduction of the oscillations induced by the domain partitioning
in the enforcement of the interface conditions. In order to enforce stress-free boundary
conditions a penalty method must also be taken into account. The idea we propose is to
couple the iterative projection algorithm proposed by Chorin and Temam together with
a penalty algorithm ensuring proper boundary conditions.

The paper is organized as follows. In the next section we recall the general balance
equations in the ALE formulation and a monolithic description of the Fluid-Structure
Interaction problem. We also introduce the continuous FSI weak formulation together
with the proposed iterative-penalty-projection algorithm. The numerical results are re-
ported in section 4 showing the differences between a standard projection method and
the iterative-penalty-projection explaining the importance of the correction provided by
the penalty. All the simulations are performed using an object oriented, parallel finite
element code. Finally we draw our conclusion and some proposals for the evolution of the
work.



D. Cerroni, S. Manservisi and F. Menghini

2 FLUID STRUCTURE INTERACTION PROBLEM
2.1 CONTINUUM DESCRIPTION

In this section we introduce the notation used to describe current and reference config-
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Figure 1: Reference and current deformed configurations for a generic FSI domain.

uration in fluid and solid domain. In an ordinary FSI problem we consider a mechanical
system composed by a laminar Newtonian fluid region and a solid one which defines a
moving domain €2;. A schematic geometry of the problem is shown in Figure 1. Let Qf
and Q7 be the fluid and the solid region at ¢ € (0,77, respectively. At ¢ = 0 the fluid
and solid region are defined by Qf and Qf. Let TP = Qf N Q¢ and T = O N Q% be the
interface where solid and fluid interact. T¥ k = 1,2,3 and f’g, k = 1,2,3 are defined to
be the remaining external boundaries at ¢t € (0,7] and ¢ = 0, respectively. The evolution
of the solid and fluid domain QJ and € are defined by

X Q5 xR - R?,
AT QI x RY 5 R?

such that the range of X*(-,t) and A”(-,t) define QF and Q{ , respectively. X'* maps any
material point x{ from the given fixed reference configuration 2§ to the current solid
material configuration €2f. The solid displacement is then defined as

The mapping A’ is such that A/ (%},t) = %} + 0/ (x],t), where @/ (%},1) is defined as an
arbitrary extension operator over the fluid domain Qg and given by

o/ (%), t) = Ext(a®

#) i Q. (2)
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For details one can see [11, 12]. The extension operator more commonly used to evaluate
the fluid region displacement is the harmonic or Laplace operator, other employed opera-
tors can be found in [13]. In our case the fluid displacement @/ is defined by the solution
of the following elliptic problem

Ny )
90 _jadf =0 i O (3)

~ A S

o/ =1 on fﬁ) ,
where k is the diffusion coefficient [11, 14, 15]. Other choices of the extension operator
can be used, for details one can see [13].
Now we can define the velocity w/ of the fluid domain points in the current configura-
tion. The velocity w/ is defined by
on’ A
- : f
w/=— in Q. 4
ot 0 ( )

This quantity represents the velocity in terms of the reference coordinate f({;.

2.2 THE FLUID PROBLEM

The behavior of the fluid is described by the Navier-Stokes equations for incompressible
flows

ov’

pfﬁ —i—pf(vf—wf)-va—V-af:O in (0,7)xQf

A

V-vl= in (0,7)xQf

Vemo = Vo i 0f, (5)
Ve gorzy =8 in (0.7),

O'f . n”Fi’{,Uny’f = hf in (0, T) .

where p/ is the constant density, v/ is the fluid velocity, A denotes the ALE application
that maps the reference fluid configuration Qg onto the current fluid configuration Q{ and
w/ denotes the fluid domain velocity. n is the unit normal vector that points outward
from the boundary 89,{ and g/, h/, vy are given data. The variables constituting the
state of the flow in the incompressible case are the pressure p/ and the velocity v/. The
contribution of external forces like gravity is assumed to be negligible. The constitutive
relation for the stress tensor in the Newtonian incompressible case reads

of = —p/T+ 77 = —p'T+2ple (v/) | (6)

where 1/ is the dynamic viscosity of the fluid, pf the Lagrange multiplier associated to
the incompressibility constraint and e (vf ) the strain rate tensor defined as

e(vl) = % (va + (va)t) . (7)

4
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The total time derivative is related to the adopted reference systems.

2.3 THE SOLID PROBLEM

The governing equations for structural mechanics are the following momentum equations

ov?®
p° ( 5 + v (VVS)) —V-o'(u’)=0 in Q7 (8)
where p° is the density of the material, v* is the velocity field and ¢ is the Cauchy stress
tensor, which is a function of the displacement u® of the structure. Since the constitutive
law for the solid stress tensor is expressed in terms of displacements one must solve both
the balance equations (8) and the kinematic relation

S
s Ou

vi= oo (9)

For the reference configuration we can introduce the right Cauchy-Green deformation
tensor C as

C=F'F, (10)

where F is the deformation gradient tensor defined by F = I 4+ Vu®. In a similar way in
the current configuration we can introduce the left Cauchy-Green deformation tensor, b,
as

b=F F. (11)

According with this notation we can now express the Cauchy stress tensor, o® ;| as [14]

ow
ol

J0;;

oIl

S
<o

ow
oJ

where I = trC, IT = tr (C?) — (tr C)? are the first and second invariant of the right
Cauchy-Green strain tensor C and J its determinant. The quantity W = W (I, I1,J)
is the strain energy of the system which depends on the constitutive law of the con-
sidered material. For example for a Neo-Hookian material, with respect to the current
configuration, the energy function is defined by

W(I,J) :%us (J72/3rC - 3) +

% ()\ + ;u) (%(ﬁ ~1)—1In J) : )

5
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In the case of incompressible solid the third invariant is equal to one so the energy density
function becomes

W(I,J) :%us (trC — 3). (14)
and the Cauchy stress tensor is defined by
of = —p'I4 o (15)
where o is the tensor obtained by using the equations (12) and (14).

2.4 THE COUPLED FLUID-STRUCTURE PROBLEM

The problem defined by (5)-(8) is not well posed since we have not yet prescribed
any boundary conditions at the interface I'.. The coupling between the fluid and the
solid model determines the missing boundary conditions, which consist of imposing the
continuity of velocity and stress at the interface I'! in the following form

Fi? (16)

v/ ri =V’

af~nfpg+as-ns

To write the weak formulation of the coupled problem, let us consider the following
functional spaces

Vi={peH(Q): lrrgores =01,

Vi ={¢p e H'(Q): ¢| —g'},

Q' = LX),

M? = {$ € H'(Q9) : ¥lps p2e pa = O},
My = {¢ € H'() : lpae pae g, =87,
D° = L*().

Lfor?
Ft’DUFt

RS

In addition, let us introduce the following bilinear form
ol (v', ¢) = u(Vv! + (Vv/)", V) (18)

where we denote with (-,-) the L2(Q/) inner product. The variational formulation of the
fluid equations can be obtained through the usual method by multiplying the equations
(5) with appropriate test functions, performing integrations on the whole domain and
keeping into account the boundary and interface conditions. This procedure leads at each
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time ¢, for the velocity field v € V| and pressure p € @', to the following weak formulation

v/
(8at i ¢) +a(vf>¢> _pf((v'Wf)Vf7¢)+Pf((Vf—Wf) -va,qﬁ) — (pf7v.¢)
:/( f. f).¢d7+/rf hf~¢d7, (19)
(¢, V-vl) =0,

Vf|t:0 - V(J)c )

for all ¢ € V! and ¢ € Q'. Let us remark that we have kept the boundary integral
term coming from the integration by parts at the interface I',. Analogously, we define the
following bilinear form

a*(u’, ) = (0°(u®), Vep), (20)

where we have indicated with (-,-) the L*(£2) inner product. Following the procedure
briefly described above, we obtain at each time t, for the velocity u® o X* € MS and
pressure p® o X* € DY, the following weak formulation for the solid problem

82
)+ W) = (V0 = [ o) s [ v,
(d,V-u®)=0,

u5|t:0 = US ) VS’t:O = VS )

for all 1o X* € M? and d o X* € D°. Let us introduce a global weak formulation for the
fluid-structure problem. If we define the functional space

:{(¢7¢OXS)€VtXMO: I‘%:le“i}’ (21>

from (19), (21), (16) and (17) we can derive easily the following global formulation for
every time step:

a f
82
+p8<@us,w>+a3(us,w)—(ps,vw—/?vhwdv—/F{Vhﬂwv:o,
(¢,V-v/)=0 (d,V-u®)=0, (22)
Vf\t:o = vé u |t:0 = 110 v \t:o = VS;

It is worth noting that by the coupling conditions (16), (17) and the particular choice
of the fluid-structure test functions, the two boundary terms in the fluid and in the
structure at the interface T'Y cancel out. This assures that forces at the interface are
correctly computed.
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3 SOLUTION TECHNIQUE

In this section we explain the solution strategy used in order to solve the problem defined
by (22) through the projection-penalty algorithm. Due to the saddle-point nature of
the system (22), the solution is CPU-time expensive and therefore many authors have
proposed different strategies to overcome this aspect. Among these, decoupled fractional
step strategies are very attractive and commonly used in computational fluid dynamics
(CFD) [16]. In this work we propose to split the computation of the velocity and pressure
by introducing an iterative penalty-projection method. The standard projection method
consists of two steps: a predictor step and a corrector one [9]. In the predictor step
an intermediate velocity v that does not satisfy the divergence constraint is computed,
while in the corrector step an iterative correction 6ph pm] is introduced to enforce the
incompressibility constraint. This projection allows us to solve the pressure and the
velocity field separately but, at the same time, does not recover the original boundary
conditions on pressure which are defined implicitly in the original momentum equation.
This issue is relevant on solid boundaries when incompressible hyperelastic material are
considered. In this case the boundary conditions involve the whole stress tensor and not
only the pressure components. Setting to zero the pressure or its normal derivative in
the corrector step implies always an error on the solid boundary which deforms the solid
surface in the wrong way. This is particular important when large displacements are
considered and moving mesh techniques are implemented.

3.1 ITERATIVE PENALTY STEP

If the projection method is applied only in the fluid domain it generates boundary error
that propagates to the interior as a defective pressure wave. In some cases, due to the fluid
nature of this medium, this error can be tolerated if it remains localized on small boundary
layers. However in the incompressible solid case the error on the solid boundary propagates
to the interior very quickly, leading to unacceptable solutions. In this work we propose to
split the computation of velocity and pressure and to introduce a penalty corrections to
limit the error imposed by the uncorrected boundary conditions on pressure. In order to
do this we consider, in the corrector step of the projection algorithm, an iterative penalty
procedure to obtain 5192’,2;1 and enforce partially the incompressibility constraint on the
boundary. The quantity v is the solution of the following momentum balance equation

f
B @l o)+ a0 = o (7wl wh ¢h)
+ pf <({,7{7n - Wf]:,n) 'v‘?hm—i_l? th) (ph 7v ¢h) ( hpr0]7 V- ¢h)

— (% Op[" LN )+ P T ) — P (T ) + Atat (v )

h,pen ’ At
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(uh awh) (ph ,V wh) ( hprog’v wh) (23)
—<r*6p2:’;:$,vwh>—/%hS-whdv—/F{Vhf-thdv:o, V(énstn) € S'.

The update of the penalty correction is obtained by using

Sph et = oppt it 4 px (V- V), (24)

where 7, p are real values that satisfy the relation
0<r<2p, (25)
in order to ensure the convergence of the algorithm, [16].

3.2 PROJECTOR STEP

The projector algorithm computes the L? orthogonal projection of v}'*! onto the space of
divergence free vectors fields H, which reads

Vn+1 _ {,n—s—l

A7 +Voprtl =0 in Q,

proj —

V‘V :0 n Qt-

P (26)

Now we reformulate this Darcy system by taking the divergence of the first expression in
order to obtain a Poisson problem for 5p;j:21 This procedure is motivated by computa-
tional efficiency reasons. We use the definition of the functional space H and the L?—

orthogonality condition to define the following functional space
P'={CeLl*Q):¢=0 in TLUT},

and obtain the boundary conditions for the quantity 517;;;

5}5%’2:02 € P} C P™ and 0pj’ Zjolj € P C P" are the solution of the following weak elliptic
problem

The pressure variations

(VORI VO + (VIR V0), = —Lo(v 9t ),
n h,proj? n S )n

h,proj> At (V Vot C)’n ’ (27>

At

for all ¢ in P}. After the solution of these two sub-problems we project the predicted
velocity onto the space of solenoidal vector fields that are square integrable

At

vl — gl _ —V5 Pt in Qf, (28)
- At . :
Vit =T ey i (29)
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and we update both the pressure p/"*" and p;" "
) 1 ) ) 1 ’ 1 3
pi nH = pin + (5p£7z:,;j + 5p£;; in Qf , (30)
pr T = 4 py L oppnt i Q. (31)

We remark that the pressure field evaluated with this projection does not represent a
correct solution near the boundaries, because here we set to zero the variation of normal
pressure derivative instead of the normal component of the Cauchy stress. This leads to
a wrong representation of the pressure and stress components for an incompressible solid
material which tends to reduce the bending displacement field. In particular when solid
domain are taken into account in the simulation such errors could lead to a wrong eval-
uation of the displacement field or to great instabilities. The iterative penalty correction
is meant to reduce this boundary error and provide a stable behavior.

4 NUMERICAL RESULTS

In this section we present the numerical results obtained for different test cases. The
computational domain is the geometry of a simple blood vessel which is under dilatation
due to different inlet velocities. In particular we are interested in comparing simulations
obtained with three different algorithms: a fully coupled, a simple projection and the
iterative-penalty projection algorithm presented in this paper.

4.1 TEST 1

An overview of the computational domain considered is shown in Figure 2: in light
gray we mark the fluid region meanwhile in dark gray the solid one. The global length
of the domain is 0.1 m, its cross section is 0.01 m and the solid thickness is 0.003 m.
The physical values are not realistic but they are imposed only to show easy to compare
and large deformations. The density ratio between fluid and solid is considered to be

@
e e
A B
|
&
Figure 2: Test 1: Computational domain.
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Figure 3: Test 1: Domain evolution at t = 0.1, 0.2, 1.5 and 10 s.
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Figure 4: Test 1: Evolution over time of the global domain (left) and of the solid surface along time
(right). The letters A, B and C represent the result obtained with the fully coupled, penalty-projection,
projection algorithm respectively.

unitary. The dynamic fluid viscosity is set to p = 0.001 Pa s while the Young modulus
E to 1000Pa (v = 0.4). Concerning the boundary condition of the problem, according
to the nomenclature shown in Figure 2, we impose an inlet velocity equal to 0.1 m/s
on the fluid region in A and a homogeneous Neumann condition on the fluid in B and
C. In the solid regions B and C' we impose an homogeneous Dirichlet condition. In a
projection algorithm we also have to define the boundary conditions for the pressure field.
We set a homogeneous Neumann condition in every boundary zone with the exception of
the fluid part of B where we impose a homogeneous Dirichlet condition. An overview of
the simulation is shown in Figure 3 where the velocity field at different time steps can
be seen. It is worthwhile to note that the developing of the velocity field in the fluid
domain causes the enlargement of the blood vessel and the steady state is reached after

11
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Figure 5: Test 1: Velocity field at ¢ = 0.1,0.2,4s in the central section of the domain, in the axial (top)
and orthogonal (bottom) direction.

1.5 s (bottom right in Figure 3). We perform the same calculation using a fully coupled,
simple projection and an iterative-penalty algorithm. In particular, regarding the iterative
penalty method, with respect to (23) and (24) we consider (p, ) = (20, 1), that satisfies
the condition (25) and ensures the convergence of the method. In the left part of Figure
4 we show the variation over time of the surface of the complete domain normalized with
its initial value (A0). We can notice that all the methods produce quite similar results
and converge to close solutions. On the right of the same figure we report the variation
of the solid surface over time, normalized by its initial value (A50). One can observe that
both three algorithms attempt to impose the incompressibility constraint and preserve
the solid volume. Having a closer look to the results we can easily understand the main
differences between the three methods. In Figure 5 we can observe the velocity field in the
central section of the domain. The axial and transverse velocity profiles are shown on the
top and bottom of Figure 5, respectively, for different time steps. We can notice that at
each time step the velocity profile obtained with the iterative penalty-projection method
(B) lies between the one obtained with the simple projection and the one computed with
the fully pressure-velocity coupled algorithm. The difference between the curves B and
C of the Figures in 5 is the iterative penalty correction which always produces a solution
closer to the pressure-velocity coupled one.

4.2 TEST 2

In the second test we consider the same computational domain and physical properties
of the previous case. In order to have greater deformations and test the stability of the
different algorithms we impose an inlet velocity ten times greater (1 m/s). In Figure 6

12
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Figure 6: Test 2: Evolution over time of the domain dimension. The labels A, B and C' mark the fully
coupled, the penalty-projection and the simple projection algorithm respectively.

«««««

Figure 7: Test 2: Velocity field at ¢ = 0.1, 0.2, 4 s along the center line: axial (top) and transverse
component (bottom).

we show the normalized domain surface evolution over time. We can observe that still
all the considered methods, namely the fully coupled (A), the iterative penalty-projection
(B) and simple projection (C') method, reach the same steady state solution. However
the volume is not conserved properly by the simple projection method. In Figure 7
we show both the axial (top) and transverse (bottom) velocity field along the center
line. It is worthwhile to note that in the beginning the solution obtained with the simple
projection method (curve C') is quite different from the one obtained with the fully coupled

13
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algorithm (curve A). This is probably due to the greater velocity field. As in the previous
test, comparing curve B and C' of Figure 7, we can observe that the iterative penalty-
projection correction (curve B) provides a better solution with respect to the one obtained
with the simple projection algorithm.

5 CONCLUSION

In this work we have presented a penalty-projection algorithm for a fluid structure inter-
action problem. We tested the proposed method in two numerical test cases with different
Reynolds numbers. The projection technique reduces the degrees of freedom of the prob-
lem and decreases the computational cost of the solution algorithm. However this solution
is affected by boundary errors which propagate to the interior of the domain. The results
have shown that the iterative penalty method can correct this pressure boundary error
limiting its propagation inside the incompressible solid domain. A penalty-projection
algorithm can be employed when the fully coupled solution of the FSI problem is not
feasible due to a very high computational cost.
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