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Abstract Fluid simulation using meshless methods has increasingly become a robust way 

to solve mechanics problems that require dealing with large deformations, in that way, it 

is briefly shown what the main challenges and advances in the area are. The smoothed 

particle hydrodynamics (SPH) is then introduced. One of its variations is the Weakly 

Compressible SPH (WCSPH), which was used as a baseline to implement the method used 

in this work, called XSPH. Finally, four usual test cases of fluid simulation are analyzed: 

the lid-driven cavity flow, the dam break, the Poiseuille flow and the elliptic drop. The 

analysis concluded that the method used in this work performs at least as well as the most 

reliable and accurate models, and in some aspects performs better. 
 

 

 

1. INTRODUCTION 

Some computational mechanics problems require dealing with large deformations, including 

those related to solid molding, casting and for the simulation of manufacturing processes [1]. 

Furthermore, for simulating fluids – the main focus of this work – there are also requirements 

for even larger deformations. 

Although more accurate and well consolidated, the conventional methods (finite element, 

finite differences etc.) have some problems when dealing with such required deformations, as 

those methods rely on meshes, which cannot handle the moving discontinuities efficiently. 

According to [2], the best approach for mesh-based methods dealing with this kind of problem 

is remeshing every iteration step of the simulation in order to keep the mesh discontinuities 
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coincident through the entire simulation. Evidently, all this effort may generate difficulties 

such as accuracy degradation and computational overload. 

Justified by those problems, the meshfree methods have been very useful as an alternative 

approach of dealing with such large discontinuities, as there is no explicit connection between 

the elements of the system, the particles. Besides that, others advantages are easily 

recognizable in comparison to those conventional methods, such as discretization of complex 

geometry or the refinement of particles that is done easier than mesh refinement. 

Meshless methods use discrete elements, called particles, characterizing the system state and 

its evolution through time. Each particle carries a set of physics quantities, such as mass, 

velocity, position and any other related to the problem being simulated. This Lagrangian 

characteristic is important as every particle quantity can be easily tracked along the 

simulation, making it advantageous over Eulerian mesh-based methods. 

One of the most known meshless methods nowadays is the Smoothed Particle Hydrodynamics 

(SPH), which was designed over three decades ago by Lucy [3] and Gingold and Monaghan 

[4] and intended to astrophysics applications. Since then, there has been continuous 

improvements and adaptations of this original method in order to adequate it to the simulation 

of various kinds of physical phenomena. 

As the particles are not connected explicitly by any edge, it is also possible to optimize some 

computational aspects of the simulation, such as by parallelization, using cluster technology 

or general purpose programming for graphics processor (GPGPU) techniques. 

A good practice in Computational Fluid Dynamics (CFD) is the utilization of analytic 

solutions or experimental results of some simple known problems, in order to evaluate the 

correctness of the method developed.  

Hence, in this work we used some of these solutions and experimental results found in the 

literature, presenting these evaluations and results obtained, in order to be able to tell if the 

chosen SPH methods are suitable for our purposes, which initially are related to accuracy and 

robustness of the simulation. 

The next section presents major state-of-the-art works using the meshless approach focusing 

on the chosen method for this work. The section 3 introduces the mesh-free method used in 

this work, the SPH, showing its specific details. After that, the section 4 details the results 

obtained, making a numerical comparison through the use of each respective analytic solution. 

The section 5 discusses the next steps needed to improve the algorithm implemented and 

evolve robustness of the simulation, and concludes the work by stating the lessons learned by 

working with this technique. 

 

 

 

2. RELATED WORK 

In recent years, various authors [2][5][6] tried to present discussions and reviews always 

trying to classify the meshless methods by some inherent characteristics such as types of 

mathematical formulations or the various kinds of approximations. 
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Due to this somewhat lack of standardization in the area [7], and as it has been briefly 

mentioned in the previous section, in this one we will keep focus mostly on the development 

and recent advances of the SPH technique, more precisely on those applied to CFD problems, 

which by itself is already a vast area of study. 

After being introduced to modeling astrophysical phenomena by [3] and [4], the SPH method 

has been vastly extended to model fluids and solids behavior, mainly under those aspects 

which could limit the applications simulated by mesh-based approaches. 

The most straightforward adaptation to the original method is the application for weakly 

compressible fluids, in which for the calculation of pressure, an equation of state can be used 

as in the works of [8][9][10][11][12]. The main difference between the original method and 

the newer ones is the inclusion of boundary conditions [13][14][15]. 

The attempts to simulate incompressible fluids were achieved applying some techniques 

introduced by [16] and are extensively used in the works of [17][18][19][20]. These methods 

try to maintain the density of the system constant throughout the simulation by applying the 

projection method or modifying the equation of state, using a high value for the speed of the 

sound as mentioned by [21]. 

Some works on the literature propose explicit comparisons between weakly compressible and 

incompressible approaches [8][9][22]. 

Besides the compressibility factor present in the fluids, some other elements can be adapted to 

the kind of problem being studied, like the viscosity of the fluid, presence or absence of 

turbulence, type of smoothing function, among others. 

Some works present results for adjustments in the viscosity according to the problem being 

focused [21][23][24][25][26]. For turbulent flows, some papers try to adapt known methods 

into the particles systems [27][28]. 

In order to explain the effects of the smoothing function on the simulations, some works 

compare and adapt some types of functions in order to evaluate accuracy and stability of the 

method [25][29][30][31][32]. 

Unfortunately, similarly to the other meshfree methods, the SPH suffers from two kinds of 

instability problems: the first one is related to instability at the boundaries, i.e., free surfaces, 

interaction with solids and so on [33][34][35][36][37][38]. The second problem is related to 

the interactions between the internal particles and is known as tensile instability. 

Approaching the problem of boundaries, works like [39], [40] and [41] propose efficient ways 

of dealing with these problems. Another kind of boundaries that may suffer from instability 

problems is the interface between two different fluids in a multiphase scenario. The works 

from [42] and [43] illustrate how this must be approached. A vast number of papers focus on 

resolving the problem of tensile instability as well. The works of [26] and [44] exemplify 

some of these approaches. 

 

3. SPH 

The SPH method approach treats the continuum fluid as a finite number of particles. Each 

particle has properties as position, mass, density, velocity, pressure and a radius of action. 
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In the continuous form, a fluid flow can be defined using two equations describing the 

conservation of the mass (1) and of the momentum (2) [45]. 

 
𝑑𝜌

𝑑𝑡
= −𝜌∇ ∙ 𝑣 (1) 

𝑑𝑣⃗

𝑑𝑡
=  −

1

𝜌
∇𝑃 + 

1

𝜌
∇ ∙ 𝜏 + 𝐹𝑒𝑥𝑡 (2) 

 

where 𝜌 stands for density, 𝑡 is the time, 𝑣 is the velocity, 𝑃 is the pressure, 𝜏 is the viscosity 

and 𝐹𝑒𝑥𝑡 represents the external forces in the system (e.g. gravity). 

In the discrete form, any property A of a point with position 𝑥 is formulated as a discrete 

convolution of a kernel function 𝑤 as in (3) and the respective gradient (4). 

 

𝐴(𝑥) =∑𝐴(𝑥𝑗)
𝑚𝑗

𝜌𝑗
𝑤(𝑥 − 𝑥𝑗 , ℎ)

𝑗

 (3) 

∇𝐴(𝑥) =∑𝐴(𝑥𝑗)
𝑚𝑗

𝜌𝑗
∇𝑤(𝑥 − 𝑥𝑗 , ℎ)

𝑗

 (4) 

 

where 𝑗 is the particles index of each particle inside the kernel influence, 𝑥 stands for the 

position of a particle, 𝑚 is the mass of a particle. 

A kernel function must be chosen taking some criteria in consideration: 

1) The smoothing function is normalized 

2) The kernel is symmetric 

3) The function must have a compact support 

This last property reduces the problem size to the radius of action of a particle, which is the 

smoothing length ℎ multiplied by a scaling factor 𝑘: 

4) 𝑊 is non-negative throughout its domain 

5) The smoothing value decreases with the distance to the particles in the center 

6) The limit of the kernel function must approache the Dirac delta function 

In this work, the cubic spline kernel (5) was chosen with a smoothing length of 2𝑘, where 𝑘 is 

equal to the initial particle spacing [46]. 

 

𝑤(𝑟𝑖⃗⃗⃗ − 𝑟𝑗⃗⃗⃗, ℎ) = 𝑤(𝑅, ℎ) = 𝛼𝑑 ×

{
 
 

 
 
2

3
− 𝑅2 +

1

2
𝑅3   0 ≤ 𝑅 < 1

1

6
(2 − 𝑅)3         1 ≤ 𝑅 < 2

0                            𝑅 ≥ 2

 (5) 
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where 𝑅 = |𝑟𝑖⃗⃗⃗ − 𝑟𝑗⃗⃗⃗|/ℎ and 𝛼𝑑 = 
15

7𝜋ℎ2
. 

The density of a particle is usually calculated using the density summation equation (6) [47]. 

 

𝜌𝑖 =∑𝑚𝑗
𝑗

𝑤𝑖𝑗 (6) 

 

This approach may not lead to an accurate result in case of a particle deficiency in the fluid 

free surface or near boundary, caused by the insufficient number of particles inside the 

truncated kernel. One way to improve the density calculation is to normalize the kernel in the 

density summation as in the formula (7) [32]. 

 

𝜌𝑖 =
∑ 𝑚𝑗𝑗 𝑤𝑖𝑗

∑
𝑚𝑗
𝜌𝑗
𝑤𝑖𝑗𝑗

 (7) 

 

Another form of obtaining better results is using the continuity equation in the calculation of 

the density, as can be seen below in equation (8) [47]. 

 

𝑑𝜌𝑖
𝑑𝑡

=∑𝑚𝑗(𝑣𝑖 − 𝑣𝑗)

𝑗

∇w𝑖𝑗 (8) 

 

There are many forms of calculating the pressure exerted on a particle by the other particles. 

For high compressibility, an ideal gas equation (9) and the Tait’s equation (10) can be used to 

enforce a very low density variation, leading to an efficient computation [46]. 

 

𝑃𝑖 = 𝑘𝑝(𝜌𝑖 − 𝜌0) (9) 

𝑃𝑖 = 𝐵((
𝜌𝑖
𝜌0
)𝛾  − 1) (10) 

 

where 𝑘𝑝 and 𝐵 are the pressure constants and 𝜌0 is the rest density of the fluid and 𝛾 is a 

constant that usually has a value 7 [46]. 

The pressure force can be calculated using the discretization of the pressure gradient, which 

will result in (11). This formula is largely used because ensures a modular equality between 

two particles and conserves linear and angular momentum, increasing the stability in the 

simulation [47].  

 

1

𝜌𝑖
∇𝑃𝑖 = ∑𝑚𝑗

𝑗

(
𝑃𝑖
𝜌2

𝑖

+
𝑃𝑗

𝜌2
𝑗

+ 𝛱𝑖𝑗)∇w𝑖𝑗 (11) 
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The particle velocities and positions are calculated using a simple time integration, as can be 

found in the equation (12) and (13), respectively.  

 

𝑣𝑖
𝑡+1 = 𝑣𝑖

𝑡 + 𝑎𝑖
𝑡𝑡 (12) 

𝑥𝑖
𝑡+1 = 𝑥𝑖

𝑡 + 𝑣𝑖
𝑡+1𝑡 (13) 

3.1 XSPH 

To simulate the viscosity and to prevent particle penetration problem, the XSPH method was 

used.  

The goal of the method is to force particles near each other to move with almost the same 

velocity. The method is computationally cheaper than other methods and has only one tunable 

parameter making it easy to change [48]. 

This parameter controls the viscosity influence on the fluid; the higher the parameter value, 

the greater the influence of the viscosity on the fluid. 

To conserve linear and angular momentum, the formula (14) was used to calculate an 

intermediate velocity 𝑣𝑖
∗ and (15) was used to calculate the new velocity. 

 

𝑣𝑖
∗ = 𝑣𝑖 + 𝑎𝑖∇𝑡 (14) 

𝑣𝑖 = 𝑣𝑖
∗+ ∈∑𝑚𝑏

(𝑣𝑖
∗ − 𝑣𝑗

∗)

𝜌𝑗̅
𝑤𝑖𝑗

𝑗

 

where 𝑎𝑖 is the particle acceleration and ∈ is the tunable parameter of the XSPH 

method. 

(15) 

4. RESULTS AND DISCUSSION 

In this section, it will be presented the results achieved by applying the XSPH method 

developed. 

To validate the SPH method implemented, we chose four common scenarios to serve as 

comparison between ours and other SPH variations: The lid-driven cavity problem, the dam 

break, the Poiseuille flow and the water drop problem. These scenarios have been long used to 

test and/or validate new developments in the computer fluid dynamics area.  

4.1 LID-DRIVEN CAVITY 

The lid-driven cavity problem, despite presenting a simple geometric form, develops a flow 

with relatively complex characteristics. The presence of lid-driven cavities is quite noticeable 

in engineering problems, consequently, this scenario is widely adopted as test case in 

numerical modeling research even nowadays.  

The test consisted on a flow in a two-dimensional square domain, with three stationary sides 

and one side having a constant velocity different from zero. It can be better imaginable as a 
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two-dimensional closed box completely filled with some fluid, as an infinite blade passes over 

the top of that box. That blade slightly touches the fluid contained in it, placing the fluid in 

motion, which was initially quiescent [49]. 

Firstly, the (𝑥, 𝑦)-plane was chosen to represent the flow where the 𝑥-axis is in the horizontal 

direction and the 𝑦-axis in the vertical direction. The origin is in the bottom left corner of the 

cavity. The main boundary condition is that the walls must be impermeable, including the 

ceiling. After applying a constant velocity to the upper edge in the 𝑥-axis, a flow would be 

generated due to the viscosity forces diffusion [50]. 

In this work, to obtain the results presented below, the square cavity walls were built with a 

size of 𝐿 = 10−3𝑚, where the number of fluid particles is 1600, making the initial particle 

spacing be 𝑑 =  2.5 ∗ 10−5 𝑚. The system organization can be seen in Figure 1. The SPH 

kernel domain radius was taken as 𝑅 =  3 ∗ 𝑑 and the smoothing length ℎ, used in the kernel 

function, was equal to 𝑑. The time step used for the simulation was 𝛥𝑡 =  5 ∗ 10−5 𝑠.  

 
Figure 1. Particles’ initial state for the lid-driven cavity simulation. 

We determine whether the SPH method used produced satisfactory results by keeping track of 

the velocities’ 𝑥-component for the vertical central particles, and the velocities’ 𝑦-component 

for horizontal central particles in a specific time step of the simulation. It was observed that at 

after 2000 time steps (0.1 𝑠) the system began entering in a steady state, so, this time was 

chosen to be when the particles’ information would be extracted.  
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Figure 2. Velocity profiles of the particles in the central lines. 

The lines in Figure 2 show the dimensionless velocity values of the central particles after 

2000 time steps, with a low viscosity, produced by the XSPH method developed in this work. 

Compared to [50] and [51] works, these velocity profiles show less smoother curves, which 

may be caused by density fluctuations of the particles during their calculation. 

4.2 DAM BREAK 

This problem is useful for testing numerical methods designed for solving flows that have a 

constant free-surface variation. This scenario was built as a two-dimensional rectangular 

domain with three stationary sides (bottom, right and left), and a dam, separating two regions 

of different water heights. This dam bursts right at the first time step of the simulation, at time 

𝑡 =  0𝑠. In this test case scenario, the region on the right side of the dam did not contain any 

water.  

As the lid-driven cavity problem, the boundary condition in this scenario is that the walls are 

impermeable; however, with no top side some particles might escape boundary area (which 

was not observed during the simulation). 

To generate the results presented in this work, the (𝑥, 𝑦)-plane was chosen to represent the 

flow as well, where the 𝑥-axis is in the horizontal direction and the 𝑦-axis in the vertical one. 
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The water column had an initial height of 𝐻 =  0.6 𝑚 and an initial length of 𝐿 =  0.6 𝑚. 

The bottom side of the domain had four times the size of 𝐿 (2.4 𝑚); the model can be seen in 

Figure 3. The fluid was discretized by using a uniform grid of particles in which the initial 

particle spacing is 𝑑 =  0.01 𝑚, that way the total fluid particle number is 3600. 

The domain radius was taken as 𝑅 =  3 ∗ 𝑑. The smoothing length ℎ was equal to 𝑑, as in the 

lid-driven cavity scenario. The time step length used for the simulation was 𝑡 =  10−5 𝑠 [52]. 

 
Figure 3. Particles’ initial state for the dam break simulation. 

To evaluate the XSPH performance in this scenario, we keep track of the propagation of the 

water wave position right after the dam bursts. The time is represented as a dimensionless 

value calculated by: 𝑡√𝑔/𝐻, where 𝑡 is the time in seconds and 𝑔 is the gravity in 𝑚/𝑠2. The 

wave front position is expressed as a function of time and is in a dimensionless form (𝑥/𝐻) as 

well. 
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Figure 4. Evolution of the water wave front through dimensionless time. 

As depicted in Figure 4, the curve is the result obtained by the XSPH method. If compared 

with those yielded by the standard SPH, the corrected SPH and with the data extracted from 

an actual experiment, all found in [52], the method implemented is in very close agreement 

with them. A valuable observation is that the developed method is more accurate the greater 

the time is (in this dimensionless time scale). 

4.3 POISEUILLE FLOW 

A Poiseuille flow is generally known as an unsteady viscous fluid flow driven by the presence 

of an effective pressure gradient between the two ends of a long straight pipe of uniform 

circular cross-section. It is an interesting test to check the accuracy and reliability of the 

proposed method.  

Again, to generate the results presented in this work, the (𝑥, 𝑦)-plane was chosen to represent 

the flow, the 𝑥-axis is in the horizontal direction and the 𝑦-axis in the vertical direction. To 

simulate the infinite pipe, the implementation was done so that the particles leaving the pipe 

section would return to the pipe’s entrance in its same position (relative to 𝑦-axis), while its 

speed relative to the 𝑥-axis would be reduced back to the 𝑣0 that all particles are submitted in 

the very first step of the simulation [45]. 

The calculations in this method were made using 800 particles. The pipe was modeled with 

two plates, one in 𝑦 =  0 𝑚 and the other in 𝑦 =  10−3 𝑚, in other words, a height 𝐻 =
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 10−3 𝑚. Both plates have a width 𝐿 =  5 ∗ 10−4 𝑚 (between 𝑥 =  0 𝑚 and 𝑥 =  5 ∗

10−4 𝑚). Hence, the distance between the two plates is two times larger than (one of) the 

plate’s size; that space between them is where the fluid passes through, as shown in Figure 5. 

The particles are arranged in a rectangular format, with 20 particles along the length 𝐿 and 40 

particles along 𝐻, yielding an initial particle spacing of 𝑑 =  2.5 ∗ 10−5 𝑚. The domain 

radius was chosen 𝑅 =  3 ∗ 𝑑 and the time step utilized was 𝑡 =  10−5 𝑠 [25]. 

 
Figure 5. Particles’ initial state for the Poiseuille flow simulation. 

It is important to note that all walls and boundaries, not only in this simulation, but also in 

both previous scenarios, are formed by particles (the same particles that form the fluid). Of 

course, boundary particles have different physical characteristics from the fluid particles. 

To evaluate the performance of the proposed method in this scenario, it is presented in Figure 

6 the velocity profiles of a vertical line of particles at certain times from the beginning of the 

simulation until 1.0 𝑠, which is when the velocity profile reaches a steady-state regime. 
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Figure 6. Numerical solution of the Poiseuille flow generated by the proposed method. 

In Figure 6 the dots represent the numerical solution of the Poiseuille flow produced by the 

implemented method. Comparing it to the analytical solution of the Poiseuille flow and to the 

numerical solution in [25], is possible to see our method’s precision since it is in close 

agreement with both other approaches. 

4.4 ELLIPTIC DROP 

The examination of the evolution of an elliptic water drop is generally one of the first 

scenarios to test the accuracy of a newly developed fluid simulation method and one of most 

traditional ways to verify it. A notable example of its use is in Monaghan’s work on free 

surface flows [33]. 

The (𝑥, 𝑦)-plane was chosen to represent the flow once again, where the 𝑥-axis is in the 

horizontal direction and the 𝑦-axis in the vertical one. The usual test consists on a two-

dimensional water drop, beginning as a circle (seen in Figure 7), with a predefined velocity 

field so that the drop keeps its elliptic shape over time. The circle radius is 1 𝑚 and the initial 

particle spacing is 𝑑 =  0.05 𝑚 in both directions, implying a total of 1256 particles. The 
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domain radius was taken as 𝑅 =  3 ∗ 𝑑. Each particle has a mass of 𝑚 =  2.5 𝑘𝑔 and the 

time step used for the simulation was 𝑡 =  10−5 𝑠 [53]. 

 
Figure 7. Particles’ initial state for the elliptic drop simulation. 

In Figure 8, it can be seen the evolution through time of the water drop. The circular drop 

turns into an ellipse. This ellipse major axis, which grows in the 𝑦-axis direction, reaches a 

size of 1.82 𝑚 in 0.0082 𝑠. 

 
Figure 8. Particles’ state after 0.0082 𝑠. 

Although the elliptic drop simulation presents a coherent and visually realistic output, the 

elliptic drop major axis cannot successfully reach two times its initial radius, which is the 

main objective in this scenario. Again, this happens due to the lack of control when 

calculating the particles’ density, which has to, ideally, remain constant or at least not having 

any large variations. 
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5. CONCLUSIONS 

This paper compares four test cases with the results found in the bibliography using the 

weakly compressible SPH method: lid-driven cavity, dam break, Poiseuille flow and elliptic 

drop. 

The results found were visually coherent and analytically precise in most of the cases, which 

include tests with free surface and with boundaries. 

The XSPH method demonstrated to be coherent to simulate viscosity and boundary forces, 

keeping particles near each other with close velocity and preventing the particles to 

outdistance the boundary wall. But, the method couldn’t create a simulation with complete 

numerical accuracy because it is a mathematical tool to create a real physical force, which 

shows good agreement with the results obtained by [48]. The viscosity effect can be better 

represented, for instance, using the artificial viscosity model found in [54]. 

A problem found in the algorithm was the calculation of the density in case of a truncated 

kernel or in cases of a low number of particles in the whole simulation, creating a region of 

instability because the density does not reach values close to the rest density. 

This work can be improved in many ways. The first improvement is to simulate the scenarios 

with a bigger number of particles to overcome the density problem found in some test cases, 

and the next step is to improve the method implemented to simulate cases in 3D dimensions. 

Other test cases can be simulated, for instance, adding rigid bodies into the fluid [55], mixing 

two fluids with different densities [56] or adding the turbulence factor into the simulation, 

which would allow to simulate scenery with a larger Reynolds number [57]. 

Different from a mesh based method, the SPH has an independence in operations over the 

particles. Due that independence, the method is easily parallelizable, which would decrease 

the computation time of an interaction creating the possibility of simulations with a bigger 

number of particles with a relative small time of computation and creating simulations in real 

time.  
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