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Abstract. We present three-dimensional numerical simulations of a binary mizture with
a nematic liquid crystal and flexible polymer phases. The model is based on the Ginzburg-
Landau free energy and is defined by coupling the Cahn-Hilliard equation, which incorpo-
rates the nematic elastic energy and gquide spinodal decomposition, with the de Gennes-
Prost equation, which governs the crystal’s director field. The main goal is to analyze how
the orientational distortion of the director field induced by interfacial anchoring affects
both the morphology and the ordering kinetics of the binary mixture in three dimensions.

1 INTRODUCTION

This work is a part of the research carried out by first author during his post-doctorate
at UCSB!. It is a continuation of the work already presented by the authors [1] [2] [3] [4]
and it is also a three-dimensional extension of the work developed by [5].

Binary alloys and polymer blends have been extensively studied [6] [7] and systems in
which one of the componentes is a liquid crystal are receiving more attention [8] [9] [10] [11]
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[12] [13]. In this work we simulate numerically the phase separation kinetics of a three-
dimensional binary system in which one of the components is a nematic? liquid crystal
and the other component is a flexible polymer with Ginzburg-Landay free energy [14].
The system is modeled through an order parameter or phase field ¢, which is a measure
of the volume fraction of one of the components, and a director field n, which quantifies
the mean orientational order in the nematic liquid crystal phase. This model is called
Model B according the nomenclature of Hohenber and Halperin [15] and its dynamics are
driven by energy minimization with conserved ¢. Particularly, the model that we employ
differs from that considered by [16] because we keep both elastic and anchoring terms in
the Cahn-Hilliard equation.

2 MATHEMATICAL MODEL

Model B can be described with a phase field ¢ related to the species concentration and
with the director field n, which is a measure of the mean molecular orientation in the
nematic liquid crystal phase. Specifically, (14 ¢)/2 represents the nematic phase concen-
tration and (1 — ¢)/2 the flexible polymer component concentration.

The pure, bulk phases are identified with
¢ =1 and ¢ = —1 for the nematic liquid
crystal and the flexible polymer compo-
nent, respectively. A narrow neighborhood
of the level set ¢ = 0 provides a diffuse in-
terface between the two species, as shown
in Figure 1.

The free energy of the system consists of
three parts: a mixing energy fuiy, a bulk,
orientational distortion energy of the ne-
matic, fpuk, and the anchoring energy of
Figure 1: Components of the binary mixture: ne- the liquid crystal molecules on the inter-

matic liquid crystal (¢ = 1), in red, and flexible poly-  f5¢e 16]. being given b
mer (¢ = —1), in blue. ¢ Janch [ ]’ &8 Y

f(¢7 Il) = fmix + L _;_ ¢fbulk + fanch; (1>
where
Foni _é ,V¢,2+M (2)
mix — 9 282 ;

2Relating to or denoting a state of a liquid crystal in which the molecules are oriented in parallel but
not arranged in well-defined planes.
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_K , r . (nf—1)
fou = 5 | Vn: (Vn)" + o5 | (3)
A ) :
§(n Vo) (planar anchoring),
fanch - A (4)
3 [n]?|[V¢|? — (n-V¢)?] (homeotropic anchoring).

In (2), A is the mixing energy density and ¢ is the capillary width. Equation (3) is the
regularized Frank energy in which the elastic constants for splay, twist, and bend are all
equal to K and (|n| —1)%/(26?) is a penalty term to approximately enforce the constraint
In| = 1. Finally, in (4), A is the strength of the anchoring. The planar anchoring
energy density favors alignment of the director tangential to the interface whereas for the
homeotropic anchoring the alignment of n is perpendicular to it.

The corresponding Cahn-Hilliard equation [17] [18] governing the dynamics of the order
parameter is

do
=YV, (5)
where
oF
M= % (6)
is the chemical potential,
F= [ f(6n.V6.V)ds (7)
Q

is the total free energy, €1 is the region of space occupied by the system and ~ is the
mobility, which in this work it is assumed to be a constant. Taking all the contributions
to the energy, (2)-(4), we have

2 1 K 2 _ 1 2
o= A {—V% + %} + Z [Vn : (VH)T + % + Hanch; (8)
where
) -AV - [(n-V¢)n] (planar anchoring), ()
Hanch = —AV - [In|*V¢ — (n-V¢)n] (homeotropic anchoring).

The director evolves following the simplified Leslie-Ericksen theory due to de Gennes and

Prost [19]
10n OF

Tor = om (10)

3
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and is used by Yue, Feng, Liu, and Shen [16], where 7 is a measure of the relaxation time
of the director. Then the coupled system of equations governing the phase separation of

the mixture is
0 3
—¢:7V2 {)\ (—V2¢+¢ 2¢) +

ot 3
(11)
K (Inf* — 1)
T (Vn (V)" + o5z ) T+ Hanen |
1on 1+ ¢ 1+¢(nf>—1)n
where fianen s given by (9) and
_JAMm-V9)Ve (planar anchoring), (13)
 |A[|V¢['n— (n-V¢)Ve¢ | (homeotropic anchoring).

To define the semi-implicit scheme, a term is added and subtracted in the equations (11)
and (12). As mobility A is constant, the system (11)-(12) can be rewritten as

B
2 1)2
+ V2 L% (¢° — ¢) + g <vn - (Vn)T + %) + uamh} + (14)
— NSV,
(Z)—Itl = 7K [Vn+
1 1 21
e (o) e
— 7KBV?n.

To avoid the direct discretization of the biharmonic term and to employ a linear multigrid,
equation (14) is rewritten as a system of two equations using the replacements

¢ =9 (16)

and

¢y = %Cbl — V0. (17)
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Thus, the system (14)-(15) is rewritten as
99

o1 _ 2
5 =~ 1AV o2t
A K (Jn|? — 1)2
2 3 : T
+ 7v |:€_2 (¢1 - ¢1) + Z (VI’I : (Vn) + 2—52 + Hanch + (18>
a
- ’7)‘6_2v2¢17
a
P2 = ;¢1 — V¢, (19)
%—Itl = 7K3V*n+
2 _
ok le. (L figy,) - L éi(nf —1n gt (20)
2 2 )2
— 7K V?n,
where fianen 1S given by
AV - [(n-Véi)n] (planar anchoring), (21)
Hanch =93 4y . [n]*V¢; — (n-V¢;)n] (homeotropic anchoring),
and g by
) A -V¢1)Ve, (planar anchoring), (22)
A[|Voi)Pn— (n-V¢1)Ver | (homeotropic anchoring).

3 NUMERICAL METHODOLOGY

The numerical scheme is a linearly implicit discretization, as the one considered in [20]
and [3], in which the implicit part is discretized using a second-order backward difference
formula (BDF) and the explicit part corresponds to a second order Adams-Bashforth
method. The scheme can be written as

3pntl _ 9 n_|_l n—1
Q(bl ¢1 2¢1 _ ,y)\v2¢721+1 + 2]:'( ?7¢37nn) _ f(¢n—1’¢g—17nn—1)’ (23>

At
Y R 24
3prtt —2n”  Inpn!
2 2 = TKVRN 4 2G (g 0" — GloT ), (25)
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where
(nf* —1)?

F(91,02,m) =7V* [% (ﬁb? - ¢1) + K (Vn S (Vn)T + 5 ) 4
< 4 26 )

+ Nanch:| - 7)\% <§¢1 - ¢2> )

B L+ ¢ 1+ ¢ (Inf* = 1)n
— 71KfV’n,
and fianen 1S given by
AV - [(n-Véi)n] (planar anchoring), (25)
Hanch = —AV - [n]*V¢; — (n-V¢i)n] (homeotropic anchoring),
and g by
_ JAM-V¢1)Ve (planar anchoring), (20)
A[|V1’n — (n-V¢)Ve; | (homeotropic anchoring).

Here, a and (3 are numerical parameters to relax the time step stability constraint [20]. In
the simulations reported in this work we take a = 2 and § = 1. In addition, to limit the
terms (1 + ¢)/2 from exceeding 1 due to numerical overshoot, we approximate this term
by (1+ s¢)/2 , where s = 0.90. These equations are solved on a cube [0,2] x [0,2] x [0, 2]
with periodic boundary conditions. The spatial derivatives are discretized with standard
second order finite differences on a uniform grid 256 x 256 x 256 and linear systems arising
from the discretization are solved through the multigrid [2] [3] [4]. The time step At used

is equal to 107! and spatial step h = Az = Ay = Az is equal to 256"

4 ACCURACY TEST

We validate the proposed numerical approach in the unit cube using uniform grids. The
purpose of this test is to verify that the errors introduced by interpolation and discretiza-
tion schemes are correctly controled to prevent global accuracy degradation.

For this test, we construct an exact solution (¢., n.) to the following forced Model H
equations:

8¢1 o 2
E = YAV o+
(nf* —1)?

A K
+ V2 = (67 — 1) + — (Vn (Vn)T + 552

4
&
- 7>\€_2V2¢1 + Fon (¢10: e, 1) ,

) n umh} FRNEY
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«
¢ = _2¢1 - V2¢17
881751 = 7KAV?n+
L+ ¢ 1+ 61 (Inf*—1n
+7K{V-< 5 Vn)— 5 52 — T8+
— TK@VQH + FVD (¢1e7 Ile) s
where fianen 1S given by
fanch = —AV - [(n - Vy)n] (planar anchoring),
and g by
g=An-Vo¢ )V (planar anchoring).
Naturally, in (30) and (32),

agble
ot

FCH <¢1e7 ¢2@7 ne) = - /7>‘V2¢26 - ryv2 |:(:\_2 (¢1e3 - lee) +

K (nef” —1)2
+Z (Vne : (Vne)T + T + Manche | +
+ A5 (S0 —en).

8ne
FVD (¢le> ne) = ot - TKﬂVQHe—F

1+ 1, 1+ 1. (|ne” — 1)ne
—TK[V-( 5 Vne>— 5 52 +

+ T8e + TKﬁVQIle,

and ¢1(0,x) = ¢1,(0,x), and ¢2(0,x) = ¢,(0,x), and n(0,x) = n.(0,x).
We select (gble, n, = (nxe,nye, nZe)) as follows:

b1, (t,x) =sin® 27 (x +y + 2+ 1)),
Nge (t,x) =0,
Ny, (t,x) =cos(2m (x +y + 2 +1)),

Nse (t,x) =sin(2r (z+y + 2+ 1)).

(35)

The equations (30)-(34) were solved in the unit cube 2 = [0, 1] x [0, 1] x [0, 1] with periodic
boundary conditions and 0 < t < 10, « = 2, f = 1, ¢ = 0.125, v = 0.00001, 7 = 0.5,

A=0.1,0=05, and K = A = 0.006708.

Table 1 show the errors and convergence ratios for this case. The convergence ratios
indicate that the error appears to be consistent with that of a second order discretiza-

tion [1] [2] [3] [4] [21].
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’ n \ Variable \ Norm \ R ‘
32 [0) |6 — el = 2.269320008828050 x 102
Ny N2 — Naell2 = 1.649338034918546 x 1073
Ny In, —ny, |l2 = 1.038634062541942 x 1072
n, In. — n..||s = 1.078656325408673 x 102
64 ) |6 — della = 6.059074243078967 x 1073 | 3.75
Ny |12 — Naell2 = 5.154721285378072 x 1074 | 3.20
Ty |y, —ny, |l = 2.784391310165071 x 1073 | 3.73
n, In. — n..ll2 = 2.659065270324107 x 1072 | 4.06
128 ) |l — dell2 = 1.545196350195382 x 1073 | 3.92
Ny N2 — Naells = 1.400611891955155 x 10~% | 3.68
Ty lny —ny |l = 7.133143091353612 x 10~% | 3.90
n, ln. — n..||s = 6.613351900551691 x 10~* | 4.02
256 ) |6 — della = 3.885536109260787 x 10~* | 3.98
Ny N2 — Naella = 3.607710884265911 x 107> | 3.88
Ny lny, —ny, |l2 = 1.802250166619108 x 10~ | 3.96
n, ln. — n..|ls = 1.652681029440823 x 10~* | 4.00

Table 1: Convergence ratios R in an uniform grid n x n x n for the forced Model in the accuracy test
problem (¢ = 10).

5 NUMERICAL SIMULATIONS

Following [16] and [5], we take A = 1.342 x 1072, v = 4 x 107°, § = 6.25 x 1072, and

A = 6.708 x 1073, To balance anchoring and elastic energy we select K = A. The

4
relaxation time 7 is taken to be 1 and € = 256

We consider spinodal decomposition starting from the slightly, randomly perturbed ho-
mogenous phase ¢ = 0. To this end, we take the initial order parameter ¢, at each grid
point (x;,y;) to be

bo(is yj) = &ijs
where §;; € U(—¢,¢), that is §; is a uniformly distributed random number in (—¢,¢).

The parameter ¢ is the same as that in the mixing energy (2), i.e. a measure of the
(1,1,w45)

2+""i2j
w;j € U(—0.05,0.05). Figures 2 and 3 show spinodal decomposition with planar anchoring;
Figures 4 and 5 show spinodal decomposition with homeotropic anchoring. It is possible
to verify that the phase separation occurs very slowly and there is the formation of a

coarsening pattern with a bicontinuous structure.

interfacial thickness. The initial director field ng is given by ng(z;, y;, 2;) = where
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(a) (b) ()

Figure 2: Spinodal decomposition with planar anchoring: contour in (a) ¢t = 60, (b) t = 2050 and (c)
t = 9300.

=

(a) (b) ()

Figure 3: Spinodal decomposition with planar anchoring: isosurfaces (¢ = 0) in (a) ¢t = 1100, (b) ¢t = 2050
and (c) t = 9300.

(a) (b) (¢)

Figure 4: Spinodal decomposition with homeotropic anchoring: contour in (a) ¢ = 60, (b) ¢ = 2050 and
(¢) t = 9300.



Nos, Ceniceros and Roma

(a) (b) ()
Figure 5: Spinodal decomposition with homeotropic anchoring: isosurfaces (¢ = 0) in (a) ¢t = 1050, (b)

t = 2050 and (c) ¢ = 9300.

To simulate spinodal decomposition with nucleation, we take the initial condition

Go(5,y5) = 0.5 + &,

where &;; € U(—e¢,e). This corresponds to a small random perturbation of the homo-
geneous state ¢ = 0.5 where the liquid crystal is the dominant component. The initial
director field is selected as before. Figures 6 and 7 show the spinodal decomposition
with nucleation and homeotropic anchoring. It can be observed that the numerous drops
defined by the initial condition coalesce forming a single large drop.

e

(a) (b) (c)

Figure 6: Spinodal decomposition with nucleation and homeotropic anchoring: contour in (a) ¢t = 90, (b)
t = 1400 and (c) ¢ = 7100.

Figures 8, 9 and 10 display the director field in the three cases of spinodal decomposition
simulated.

10
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Figure 7: Spinodal decomposition with nucleation and homeotropic anchoring: isosurfaces (¢ = 0) in (a)
t =450, (b) t = 7100 and (c) ¢t = 9200.

Figure 8: Spinodal decomposition with planar anchorig in ¢ = 7300: (a) contour; (b) isosurfaces and
director vector field.

6 CONCLUSIONS

The results presented in Section 5 are partial, since the simulations are still being per-
formed. Our goal is to compare these results with the two-dimensional results obtained
by Mata el al. [5]. As future work, we are interested in examining how these effects are
modified in the presence of a flow, i.e. we intend to couple the equations of Model H with
the equation of the director field.

11



Nos, Ceniceros and Roma

Figure 9: Spinodal decomposition with homeotropic anchorig in ¢ = 7300: (a) contour; (b) isosurfaces
and director vector field.

Figure 10: Spinodal decomposition with nucleation and homeotropic anchorig in ¢ = 7100: (a) contour;
(b) isosurfaces and director vector field.
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