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The special Euclidean displacement Lie group SE; is isomorfic with the Lie group of orthogonal dual
tensors SO5[4], [5]. Forwards, we will denote with R the set of dual numbers, with V5 the set of dual vectors,
with L(V3,V3) the set dual tensors. We will write a generic element from SQ3; = {R € L(\_/3 \_/3)|RRT
I,detR = 1} as:

R=(I+p)R,e>=0,c+0 (1)

where p is the translation vector of the rigid displacement (p denotes the skew-symetric dual tensor associated
to the dual vector p) and R € SQ5 the rotation tensor. Also we will write:

R(a,u) = I + sinali + (1 — cosa)u? = exp(aii) )

where the unit dual vector u designate the screw-axis of the rigid displacement and @ = a + &d is the
corresponding dual angle [1], [3], [6]. As it was proved in the previous works of the author [5], using the n-th order
Cayley transform:

cay,( ):Vs = SO, cay,(v) = (I+9)"(I-¥) ", vn € N* 3)

a minimal vectorial parameterization for SE; can be given. The inverse transformation of cay, is a
multifunction with n branches given by the below equation [5]:

a+2km

cay, ™' ( ):80; > V5, cay, ' [R@@w)] = (tan 225wk = 0,0 — 1 @)

. +2k . S . o
The vectors denoted with vy, = (tang - n) u, with k = 0,n — 1 represents a minimal parameterization of

the rigid displacent and will be named higher-order Rodrigues vectors. If v is one of the Rodrigues dual
vectors, then the dual orthogonal tensors that corespons to the rigid displacement can be computed using the
below equation [5].

_ 1 4 2n(¥Dan(v) & | 245(Iv]) o (5)

R=1 (1+|g|2)” - (1+|g|2)"—

where p,, and q,, are the polynomials given by the following equations:

pa(X) = TR -1 () x2% (©)
an(0) = ZIEA 1 (P T xox ()

In the case of a rigid body motion given by a curve R = R(t) € SQ3, Vt € R, which poses the problem of
Rodrigues vector recovery, knowing the dual angular velocity vector (dual twist) in space w or body frame w®,
we have the follwing result:



Theorem: There are S and T two dual non-singular tensors so as:

vVv=Sw
{_ T, B )

w=Tv
B = TTv ©)
The following equations will give the tensors S and T:
1+[v[*)an(|v]) -npn(lv])
goml), 15 (
52 T T o O
an-1 (10)
_2q(WDpa(¥) . 263(8]) - . o (1) —an(lvDPa(l¥])
I - 2\ ! 2\ = 2 2\ y ® y
(1+[v[*) (1+[v[*) Iv|*(1+[/*)
In Eq. (10), we’ve noted the dual tensor product of two vectors with v Q v.
From the Rodrigues dual vector parametrization v = tg%g, n = 1, we will have
S=-I—-¥+-vQv
2= 2= 2= %=
T=—"3[I+7] (1
e i
From the Wiener-Milenkovic dual vector parametrization v = tg% u (\_75 = —ctg%g), n =2, we will
obtain:
1-|v)* 1., 1
S=—"I—--V+-vQvV
2 = 2= 2=9-= (12)
T=—"r[(1-|y")1+20+2v QY]
(1+]v%)
References
[1] Angeles, J., “The Application of Dual Algebra to Kinematic Analysis,” Computational-Methods inMechanical

2]

[3]

[4]

[5]

[6]

[7]

[8]

Systems,Vol.161, pp.3-32, 1998

O. Bauchau and L. Li, “Tensorial parameterization of rotation and motion,” Journal of Computation and Nonlinear
Dynamics, vol. 6, pp. 031007.1-031007.8., 2011

Condurache, D., and Burlacu, A., “Dual Tensors Based Solutions for Rigid Body Motion Parameterization,”
Mechanism and Machine Theory, Vol. 74, pp. 390-412, 2014

Condurache D. and Burlacu A., “Orthogonal dual tensor method for solving the AX= XB sensor calibration problem”,
Mechanism and Machine Theory, Vol. 104, Pages 382-404, 2016

D. Condurache and A. Burlacu, “General rigid body motion parameterization using modified Cayley transform for dual
tensors and dual quaternions”, Conference: The 4 th Joint International Conference on Multibody System Dynamics,
May 29 - June 2, at Montréal, Canada, 2016

E. Pennestri and P. Valentini, “Linear Dual Algebra Algorithms and their Application to Kinematics,” Multibody
Dynamics: Computational Methods and Applications, Vol. 12, pp. 207-229, 2009.

JM. Selig, “Cayley Maps for SE3”, Proceedings of the International Federation of Theory of Machines and
Mechanisms, 12-th World Congress, Besangon, France, 2007

P. Tsiotras, J. Junkins, and H. Schaub, “Higher-order Cayley transforms with applications to attitude representations”,
Journal of Guidance, Control, and Dynamics, vol. 20, no. 3, pp.528-534, 1997.



