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ABSTRACT — In this work, the authors propose a technique for identifying bushing parameters in-situ
using system-level measurements and (flexible) multibody models. The sensitivity information employed
for the optimization, is obtained using the Adjoint Variable Method (AVM). This method has the advan-
tage of obtaining sensitivity information at a computational cost independent of the amount of design
parameters. The proposed approach has been implemented in an in-house object-oriented Matlab mul-
tibody code. The underlying flexible multibody formulation employed is a novel approach called the
flexible natural coordinate formulation (FNCF). This formulation combines the properties of the flo-
ating frame of reference (FFR) and the generalized component mode synthesis (GCMS) method and
results in a constant mass and stiffness matrix with quadratic constraint equations. The specific equa-
tion structure obtained through the FNCF formulation drastically reduces the complexity of the AVM as
the simulation derivatives can be readily obtained and are of limited order. The procedure for bushing
parameter identification is illustrated by the identification of a bushing modeled by the Kelvin-Voigt
model.

——————————————————————————-

1 Introduction

Bushings are a key component in the proper operation of mechanical systems, ranging from vehicles to production
machinery. These bushings have a high impact on the dynamic loads and vibrations transferred through the system.
Due to their high importance, an accurate characterization of these components is key in the design and monitoring
of these mechanical systems. However, in current practice this characterization for operationally representative
boundary conditions and load cases is lacking. Experimental parameter identification methods exist, but these are
typically limited to isolated identification on dedicated test rigs [1, 2, 3]. On the other hand, a fully (nonlinear)
finite-element model is typically not available either.
In this work, we propose a technique for identifying bushing parameters in-situ using system-level measurements
and (flexible) multibody models. These models can contain of a large amount of bushings, each represented
with a specific bushing model and the associated parameters. This identification is performed by minimizing the
difference between the measured and simulated response of the multibody system. However, for a large number of
bushing parameters and large multibody models this optimization can become very computationally demanding.
Often optimizers employ sensitivity information in order to obtain faster convergence [4]. However, the generation
of this information comes at a cost, which depends on the employed sensitivity method. There exist a variety of
methods, of which finite differences, direct differentiation [5, 6], the adjoint variable method (AVM) [6, 7] and
automatic differentiation [8] are most notable. The efficiency and accuracy of these methods with respect to each
other, depend heavily on the specific optimiation problem.
Finite differences is a numerical method which is very easy to implement as an add-on to existing multibody
software, but has a relatively low accuracy due to perturbation errors. Moreover the computational complexity
scales with the amount of design parameters, which rapidly becomes unacceptable.



The direct differentiation method is a symbolic method which is stable and numerically exact. This method diffe-
rentiates the equations of motion with respect to the design parameters, and solves this system for the derivatives
of the state variables.
The automatic differentiation method is based on systematically applying the differentiation chain rule to computer
programs. It is as accurate as an analytical method, and much easier to implement since it can be done automa-
tically. Automatic differentiation algorithms compute the derivatives of the state variables alongside the normal
integration of the equation of motion. However, this process can be computationally costly if an implicit time-
integrator converges to high precision, since the code computes the sensitivities at each iteration [9]. Although this
method systematically applies the differentiation chain rule, it cannot be classified as a symbolic method since the
evaluations of the derivatives is done numerically [10].
The AVM is a symbolic method. The authors propose to exploit this method for obtaining the sensitivity informa-
tion for bushing parameters in flexible multibody models. This method has the advantage that as the computational
complexity does not scale with the amount of design parameters, it is very well suited for problems with a lot of
design parameters. Key in this method is to compute adjoint variables which are used to obtain the sensitivity
information. The computation of the adjoint variables takes equal or less time than the forward integration of the
equations of motion [11]. The drawback is that the method results in more complex equations to be solved and a
large data storage of variables for the backward integration. [10]
The adjoint variables are obtained by a backward integration in time of the adjoint system, which is described by
differential algebraic equations (DAE). The equations are based on the variation of the functional and the equations
of motion (EOM). The use of a (flexible) multibody formulation of which these variations drop out, or are of low
complexity, reduces the computational cost of the sensitivity information. In this work we therefore propose to
exploit the flexible natural coordinate formulation (FNCF) recently introduced by Vermaut et al. [12]. The specific
equation structure obtained through the FNCF formulation drastically reduces the complexity of the AVM as the
simulation derivatives can be readily obtained and are of limited order.
In this work, first an overview of the parameter identification process is discussed in section 2. Section 3 gives
a brief summary of the FNCF flexible multibody formulation. Section 4 focuses on the application of the FNCF
formulation on the AVM. Finally, sections 5 and 6 respectively discuss the results and the conclusions of this work.

2 Parameter identification framework

A flowchart of the parameter identification process is shown in Figure 1. The process starts with an initial guess of
the design parameters ρρρ init ∈ Rnρ , followed by the computation of the residual of the objective function ψ and its
sensitivity information ∇ρρρψ ∈ Rnρ . If the residual is above an user specified threshold, a new iteration starts with
a new guess ρρρ* ∈ Rnρ of the design parameters. If the optimizer converges to a local minimum, it will output the
converged parameter values ρρρend ∈ Rnρ .

Compute
residual ψ

Compute
sensitivity

∇ρρρψ

ρρρ init

Matlab
f mincon

converged
ρρρend

yes

no

ρρρ*

Fig. 1: Process of parameter identification

In general the objective function ψ , is a time integration with starting time T0 and ending time TF of the least
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squares error between time signals, g, in combination with some end-point constraints w:

ψ = w(qF , q̇F , q̈F ,ρρρF ,λλλ F)+
∫ TF

T0

g(q, q̇, q̈,λλλ ,ρρρ)dt (1a)

g = (y(q, q̇, q̈,λλλ ,ρρρ)− ŷ(t))2 (1b)

The least squares error is computed between a simulated signal y and a measured signal ŷ. The signals can
be positions, velocities, accelerations, forces, etc... which in general depend on the generalized coordinates
q =

[
q1 q2 · · · qnq

]
∈ Rnq , velocities q̇ ∈ Rnq , accelerations q̈ ∈ Rnq , Lagrangian multipliers λλλ ∈ Rnλ and

the design parameters ρρρ ∈Rnρ . The simulated signal is in this work obtained using the FNCF (small deformation)
flexible multibody formulation.
The subscript ()0 denotes the evaluation at time T0, the subscript ()F denotes the evaluation of the variables at time
TF , The superscript (̇) denotes time derivative of that specific variable.

The focus in this work lies on the computation of the sensitivity information, this is discussed in section 4. First a
brief overview of the underlying FNCF multibody formulation is given in section 3.

3 Flexible Natural Coordinate Formulation

FNCF is a small deformation flexible multibody formulation that results in constant mass and stiffness matrices
with quadratic constraint equations. Moreover no quadratic velocity term appears, as is the case when using a
Floating Frame of Reference (FFR) multibody formulation, nor a term which is nonlinear in the flexible deforma-
tion, as is the case when using a Generalized Component Mode Synthesis (GCMS) multibody formulation. This
specific equation structure obtained through the FNCF formulation drastically reduces the complexity of the AVM
as the simulation derivatives can be readily obtained and are of limited order. The cost of obtaining this equation
structure is the introduction of redundancy in the set of generalized coordinates. The majority of the equations in
this section are discussed in detail in [12].

The generalized coordinate vector q used in sections 3.1 and 3.2 contains only the generalized coordinates associa-
ted with a single flexible body, as indicated in Equation (2). The assembled system is only considered from section
3.3 onwards.

3.1 Kinematics of a single body

The generalized coordinates q of a flexible body using the FNCF formulation, can be denoted as

q=


σσσ

πππ

γγγ

δδδ

 (2)

which consists of 4 ’types’ of coordinates. First, σσσ ∈ R3 which defines the position of the reference frame of the
body. Second, πππ ∈ R9 are redundant coordinates that parametrize the rotation matrix of the body. Third, δδδ ∈ Rnδ

are the participation factors of the modes ΨΨΨ ∈ RN×nδ used to reduce the FE model , with nδ the amount of modes.
These participation factors describe the deformation in the body-fixed reference frame, as in the FFR multibody
formulation. Fourth, The FNCF introduces new, but redundant, coordinates γγγ ∈ R9nδ , computed from πππ and δδδ

using a Kronecker product:

γγγ = δδδ ⊗πππ (3)

These coordinates enable a linear relationship between the generalized coordinates q and the position u(p) of a
point p on a deformable body, using a constant projection matrix r

(p)
q ∈ R3×(12+10nδ ) :
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u(p) =
[
I3 r

(p)
πππ r

(p)
γγγ 03×n

δ

]
σσσ

πππ

γγγ

δδδ

= r
(p)
q q ⇒

{
u̇(p) = r

(p)
q q̇

ü(p) = r
(p)
q q̈

(4)

The rotation matrix of a point p, describing rigid body rotation and the rotation due to the small deformation, can
be written as follows:

R(p) =
9

∑
i=1

Piπi +
9nδ

∑
i=1

R
(p)
γ,i γi (5)

wherein Pi ∈R3×3 and R
(p)
γ,i ∈R3×3 are both constant shape matrices. This results in a rotation matrix being linear

in the generalized coordinates q. This is not the case using another multibody formulation such as FFR or GCMS,
of which the rotation matrix is nonlinear in the generalized coordinates.

3.2 Dynamics of a single body

The deformations of the flexible bodies are assumed small, such that the linear finite element (FE) mass and
stiffness matrices, MFE ∈ RN×N and KFE ∈ RN×N respectively, are constant. It is assumed that MFE is a lumped
mass matrix. The FE mass matrix can be reduced to the reduced generalized mass matrix Mqq using the constant
projection matrix rq :

Mqq = rT
qM

FErq (6)

This projection matrix is a generalization of the projection matrix r
(p)
q , for all nodes in the FE model. Note that

the reduced mass matrix is constant and thus independent of the generalized coordinates q. Because the projection
matrix rq is nonlinear in the case of the FFR multibody formulation, it ends up with a nonlinear reduced mass
matrix.

The computation of the reduced stiffness matrix Kqq is equivalent to the FFR multibody formulation:

Kqq =

[
0(12+9nδ )×N

ΨΨΨ
T

]
KFE [0N×(12+9nδ ) ΨΨΨ

]
. (7)

This is the reason that the coordinates δδδ are still included in the generalized coordinate vector q besides γγγ , as the
resulting reduced stiffness matrix is constant and thus independent of the generalized coordinates q. The GCMS
formulation on the other hand ends up with a non-linear reduced stiffness matrix, since these local coordinates are
not included generalized coordinate vector.

3.3 FNCF constraints

The constraint equations of a (flexible) multibody systems can be divided into two groups. The first group are
constraints which apply to a single (flexible) body, e.g. the orthonormality constraints of the body’s rotation
matrix and the introduction of the redundant coordinates γγγ , given by equation (3), which are both quadratic in the
generalized coordinates. The second group are constraints that are applied between different (flexible) components.
These constraints are often called joint constraints and are assumed to be holonomic in this work. They enable the
modeling of ideal spherical, translational, revolute, etc... joints. These constraints are linear or quadratic in the
generalized coordinates as well.
Since the complete set of constraint equations are at most quadratic in the generalized coordinates, it is possible to
write the constraint equations as a Taylor expansion around q= 0:
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φφφ =C0 +J0q+
1
2

(
∑

i
H0,iqi

)
q= 0 (8)

wherein J0 and H0,i are constant matrices.

3.4 Equations of motion

The reduced mass Mqq and stiffness matrices Kqq of the flexible bodies can now be assembled in the mass and
stiffness matrices of the complete multibody system, denoted as M and K respectively.
The fully assembled equations of motion can be summarized as:Mq̈+

∂φφφ
T

∂q λλλ = f

φφφ = 0
(9)

with:
f = fgra−Cq̇−Kq+ fext + fbus (10)

where fext is the generalized force vector of the externally applied loads, fbus is the generalized force vector of the
bushing loads acting between the components. The reduced damping matrix is denoted as C, which is constant for
viscous damping on the deformations. The generalized force vector fgra of the gravity force is constant because of
the constant projection matrix rq, it can be written as follows: fgra = rT

qM
FEg.

Note that the projection matrices between the external loads applied in a local or global frame υυυext and the genera-
lized external force vector fext are constant or linear in the generalized coordinates. This is not the case when using
either a FFR or GCMS multibody formulation, since these end up with complex non-linear projection matrices.

4 FNCF applied to AVM

The FNCF formulation and its advantageous properties are immediately applied to the equations of the adjoint
system which are obtained from [13]. Moreover, several assumptions are assumed in this work:

• No end-point constraints: w = 0.

• The system is initially at rest:
(

∂ q̇
∂ρρρ

)
T0
= 0 .

• The design parameters ρρρ are bushing parameters, thus only appearing in the generalized force term fbus. This

leads to the elimination of ∂ 2φφφ
∂q∂ρρρ , ∂M

∂ρρρ and ∂φφφ
∂ρρρ .

the resulting adjoint system reduces to the following set of equations:MTµ̈µµ + ∂ f
∂ q̇

T
µ̇µµ +

(
∂ 2φφφ

∂q∂q

T
⊗λ − ∂ f

∂q + d
dt

(
∂ f
∂ q̇

))T

µµµ +
∂φφφ

T

∂q µµµφφφ = ∂g
∂q

T
− d

dt

(
∂g
∂ q̇

T)
+ d2

dt2

(
∂g
∂ q̈

T)
∂φφφ
∂q µµµ = ∂g

∂λλλ

T
(11)
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This system must be solved backward in time, by using following ’initial’ conditions at time TF :[
MT

µ̇µµ +
∂ f

∂ q̇

T

µµµ +
∂φφφ

T

∂q
γγγ +

(
∂ 2φφφ

∂q∂q
⊗ q̇+

∂ 2φφφ

∂q∂ t

)T

ηηη

]
TF

=

[
d
dt

(
∂g
∂ q̈

T
)
−

(
∂g
∂ q̇

T
)]

TF

(12a)[
MT

µµµ +
∂φφφ

T

∂q
ηηη

]
TF

=

[
∂g
∂ q̈

T
]

TF

(12b)

[
∂φφφ

∂q
µµµ

]
TF

=

[
∂g
∂λλλ

T
]

TF

(12c)

[
∂φφφ

∂q
µ̇µµ +

∂φ̇φφ

∂q
µµµ

]
TF

=

[
d
dt

(
∂g
∂λλλ

T
)]

TF

(12d)

The sensitivity of the objective function w.r.t. the design parameters can then be computed as follows:

∇ρρρψ
T =

[(
d
dt

(
∂g
∂ q̈

)
− ∂g

∂ q̇
− µ̇µµ

TM−µµµ
T ∂ f

∂ q̇

)
∂q

∂ρρρ

]
T0

+
∫ TF

T0

(
∂g
∂ρρρ
−µµµ

T
(
− ∂ f

∂ρρρ

))
dt (13)

The following sections 4.1 to 4.2 elaborate on the terms appearing in Equations 11 to 13. The focus lies on the
computation of the partial derivatives when employing the underlying FNCF multibody formulation.

4.1 Derivatives of the constraint equations

Since the constraint equations (8) are quadratic in the generalized coordinates, the first order partial derivative with
respect to the generalized coordinates q results in a linear dependence of the generalized coordinates:

∂φφφ

∂q
= J0 +

(
∑

i
H0,iqi

)
(14)

Similarly, the second order partial derivatives results in a constant matrix:

∂ 2φφφ

∂qi∂q
=H0,i i = 1, 2, . . . , nq (15)

4.2 Derivatives of the generalized forces

This section focuses on the derivatives of the generalized force vector f (q, q̇,ρρρ), Equation (10), which depends on
the design parameters via the generalized force term of the bushings fbus (q, q̇,ρρρ).
The following derivatives must be computed in order to obtain the sensitivity information:

fq =
∂ f

∂q
=−K+

∂ fext

∂q
+

∂ fbus

∂q
(16a)

fq̇ =
∂ f

∂ q̇
=−C+

∂ fext

∂ q̇
+

∂ fbus

∂ q̇
(16b)

ḟq̇ =
d
dt

(
∂ fext

∂ q̇
+

∂ fbus

∂ q̇

)
(16c)

fρρρ =
∂ f

∂ρρρ
=

∂ fext

∂ρρρ
+

∂ fbus

∂ρρρ
(16d)
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As indicated in section 3.4 is the projection matrix between fext and υυυext at most linear in the generalized coordi-
nates. Resulting in ∂ fext

∂q being zero or constant in the generalized coordinates and ∂ fext
∂ q̇ being zero.

The following section 4.2.1 focuses the generalized bushing force vector fbus and its derivatives.

4.2.1 Generalized bushing force vector and its derivatives

This section elaborates on the computation of the bushing loads, the projections to obtain the generalized bushing
force vector and the accompanied partial derivatives.
A bushing is a flexible connection between two frames. Each frame has a position and orientation. The positions
for frame 1 and 2 are given by u1 and u2 respectively. The orientations are given by rotation matrices R1 and R2,
respectively for frame 1 and 2. Both the positions and orientations are resolved in a fixed world coordinate system.

The relative position and orientation between both frames are denoted as xt and xr respectively. Both are resolved
in frame 1. It is assumed in this work that the relative angular orientation remains small.a

xt = RT
1

(
u
(p)
2 −u

(p)
1

)
(17a)

xr = vect(RT
1R2) (17b)

The relative configuration between both frames can be denoted as x =

[
xt

xr

]
. The differential rotation vector of

RT
1R2 is denoted as dxr = vect

(
d
(
RT

1R2
)
RT

2R1
)
.

The relative velocities resolved in frame 1 are given by:

vt = RT
1

(
u̇
(p)
2 − u̇

(p)
1

)
(18a)

ωωωr = RT
1

(
ωωω

(p)
2 −ωωω

(p)
1

)
(18b)

wherein ωωω1 and ωωω2 are respectively the angular velocities of frame 1 and 2, resolved in the fixed world coordinate

system. The relative velocity vector is given by v =

[
vt

ωωωr

]
. For ease of notation the superscript ()(p) is omitted in

the equations below.

A bushing library computes the bushing loads υυυ =

[
υυυ t,1
υυυr,1

]
, wherein υυυ t,1 and υυυr,1 are respectively the force and

torque on frame 1, resolved in frame1. These loads are function of the bushing parameters ρρρ , the relative con-
figuration and velocity x and v respectively. In case of refactorization of the iteration matrix of the solver, or
for parameter identification purposes, the library outputs the partial derivatives of these loads as well. Following
partial derivatives can be requesested: ∂υυυ

∂x , ∂υυυ
∂v , ∂υυυ

∂ρρρ , ∂ 2υυυ
∂x∂v and ∂ 2υυυ

∂v2 .

a A =

a11 a12 a13
a21 a22 a23
a31 a32 a33

 vect(A) =
1
2

a32−a23
a13−a31
a21−a12
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The loads in the bushing, denoted as the loads on frame 1 and frame 2, must be in equilibrium b:[
υυυ t,2
υυυr,2

]
=−

[
I3 03
−x̃t I3

][
υυυ t,1
υυυr,1

]
(19)

wherein υυυ t,2 and υυυr,2 are respectively the force and torque on frame 2, but resolved in frame 1.

The approach for computing the generalized force vector of a flexible joint is explained in [14]:

fbusi =
∂xt

∂qi

T

υυυ t,2 +
∂xr

∂qi

T

υυυr,2 i = 1, 2, . . . , nq (20)

with fbusi the i-th element in the generalized bushing force vector fbus. Equation (16) requires the computation of
the partial derivatives with respect to the generalized coordinates q and velocity q̇. These are elaborated as follows:

∂ fbusi

∂qj
=

∂ 2xt

∂qj∂qi

T

υυυ t,2 +
∂xt

∂qi

T
∂υυυ t,2

∂qj
+

∂ 2xr

∂qj∂qi

T

υυυr,2 +
∂xr

∂qi

T
∂υυυr,2

∂qj
(21a)

∂ fbusi

∂ q̇j
=

∂xt

∂qi

T
∂υυυ t,2

∂ q̇j
+

∂xr

∂qi

T
∂υυυr,2

∂ q̇j
(21b)

By applying the expressions given by Equation (19), the partial derivatives of υυυ t,2 and υυυr,2 w.r.t. q and q̇ can be
elaborated as follows :

∂υυυ t,2

∂q
= −∂υυυ t,1

∂xt

∂xt

∂q
− ∂υυυ t,1

∂vt

∂vt

∂q
(22a)

∂υυυr,2

∂q
= −

(
∂υυυr,1

∂xr

∂xr

∂q
+

∂υυυr,1

∂ωωωr

∂ωωωr

∂q

)
+

∂ x̃t

∂q
υυυ t,1 + x̃t

(
∂υυυ t,1

∂xt

∂xt

∂q
+

∂υυυ t,1

∂vt

∂vt

∂q

)
(22b)

∂υυυ t,2

∂ q̇
= −∂υυυ t,1

∂vt

∂vt

∂ q̇
(22c)

∂υυυr,2

∂ q̇
= −∂υυυr,1

∂ωωωr

∂ωωωr

∂ q̇
+ x̃t

∂υυυ t,1

∂vt

∂vt

∂ q̇
(22d)

wherein the first and second order partial derivatives of the relative configuration x with respect to the generalized
coordinates q are given by:

∂xt

∂qi

T

=
(
uT

2 −uT
1
) ∂R1

∂qi
+

(
∂u2

∂qi

T

− ∂u1

∂qi

T
)

R1 (23a)

∂ 2xt

∂qj∂qi

T

=

(
∂u2

∂qj

T

− ∂u1

∂qj

T
)

∂R1

∂qi
+

(
∂u2

∂qi

T

− ∂u1

∂qi

T
)

∂R1

∂qj
(23b)

∂xr

∂qi

T

= vect

(
∂R1

∂qi

T

R1 +RT
1

(
∂R2

∂qi
RT

2

)
R1

)T

(23c)

∂ 2xr

∂qj∂qi

T

= vect
(

∂R1

∂qi

T
∂R1

∂qj
+

∂R1

∂qj

T(
∂R2

∂qi
RT

2

)
R1 +

RT
1

(
∂R2

∂qi
RT

2

)
∂R1

∂qj
+RT

1

(
∂R2

∂qi

∂R2

∂qj

T
)
R1

)T

(23d)

b v =

v1
v2
v3

 ṽ =

 0 −v3 v2
v3 0 −v1
−v2 v1 0
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the first and second order partial derivative of the relative velocity v w.r.t. q and q̇ is given by:

∂vt

∂qi

T

=
(
u̇T

2 − u̇T
1
) ∂R1

∂qi
(24a)

∂vt

∂ q̇i

T

=

(
∂u2

∂qi

T

− ∂u1

∂qi

T
)

R1 (24b)

∂ωωωr

∂qi

T

=

(
vect

(
dR2

dt
∂R2

∂qi

T
)
− vect

(
dR1

dt
∂R1

∂qi

T
))T

R1 +(ωωω2−ωωω1)
T ∂R1

∂qi
(24c)

∂ωωωr

∂ q̇i

T

=

(
vect

(
∂R2

∂qi
RT

2

)
− vect

(
∂R1

∂qi
RT

1

))T

R1 (24d)

The computation of Equation (16c), with ∂ fext
∂ q̇ being zero, is elaborated as follows:

d
dt

(
∂ fbusi

∂ q̇j

)
=

d
dt

(
∂xt

∂qi

T
)

∂υυυ t,2

∂ q̇j
+

∂xt

∂qi

T d
dt

(
∂υυυ t,2

∂ q̇j

)
+

d
dt

(
∂xr

∂qi

T
)

∂υυυr,2

∂ q̇j
+

∂xr

∂qi

T d
dt

(
∂υυυr,2

∂ q̇j

)
(25)

where the time derivatives of the factors are given by:

d
dt

(
∂υυυ t,2

∂ q̇

)
=

d
dt

(
−∂υυυ t,1

∂vt

)
∂vt

∂ q̇
− ∂υυυ t,1

∂vt

d
dt

(
∂vt

∂ q̇

)
(26a)

d
dt

(
∂υυυr,2

∂ q̇

)
=

d
dt

(
−∂υυυr,1

∂ωωωr

)
∂ωωωr

∂ q̇
− ∂υυυr,1

∂ωωωr

d
dt

(
∂ωωωr

∂ q̇

)
+ ˙̃xt

∂υυυ t,1

∂vt

∂vt

∂ q̇
+

x̃t
d
dt

(
∂υυυ t,1

∂vt

)
∂vt

∂ q̇
+ x̃t

∂υυυ t,1

∂vt

d
dt

(
∂vt

∂ q̇

)
(26b)

d
dt

(
∂υυυ

∂v

)
=

∂ 2υυυ

∂x∂v
v+

∂ 2υυυ

∂v2 a (26c)

d
dt

(
∂vt

∂ q̇i

T
)

= 0 (26d)

d
dt

(
∂ωωωr

∂ q̇i

T
)

=

(
vect

(
∂R2

∂qi

dRT
2

dt

)
− vect

(
∂R1

∂qi

dRT
1

dt

))T

R1 (26e)

wherein the time derivative of the rotation matrices is given by

dRi

dt
= ∑

n

∂Ri

∂qn
q̇n i =1,2 (27)

(28)

and the relative acceleration vector a=

[
at

αααr

]
is given by

at = RT
1

(
ü
(p)
2 − ü

(p)
1

)
(29a)

αααr = RT
1

(
ω̇ωω

(p)
2 −ω̇ωω

(p)
1

)
(29b)

wherein ω̇ωω1 and ω̇ωω2 are respectively the angular accelerations of frame 1 and 2, resolved in the fixed world coordi-
nate system.
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4.2.2 Effect of FNCF on generalized bushing force

Because of the use of the FNCF formulation, it can be observed in section 4.2.1 that the computation of the partial
derivatives are significantly reduced in complexity with respect to the general case as presented by Zhu [13] .
Several terms are completely eliminated, i.e:

d
dt

(
∂R

∂qi

)
= ∑

n

∂ 2R

∂qi∂qn
q̇n = 0 (30a)

∂ 2R

∂qj∂qi
= 0 (30b)

∂ 2u

∂qj∂qi
= 0 (30c)

∂ u̇

∂qi
= 0 (30d)

Moreover, several remaining terms are constant:

∂R

∂qi
= cte1 (31a)

∂u

∂qi
= cte2 (31b)

4.2.3 Least squares error of the optimization signal and its derivatives

The least squares error function g is given in Equation (1b). In this work it is assumed that the simulated signal y
and the measured signal ŷ, are position signals. In general other signals such as velocities, accelerations, forces,
etc... can be employed. This results in g being denoted as:

g =
(

u(p)
i − x̂(t)

)2
(32)

wherein u(p)
i as described in Equation (4) and x̂(t) being the measured position signal. The partial derivatives of g

are elaborated as follows:

gq = 2
(

u(p)
i − û(p)

i

)
∂u(p)

i
∂q

= 2
(

u(p)
i − û(p)

i

)
r(p)

iq (33a)

gq̇ = gq̈ = gρρρ = 0 (33b)

5 Numerical validation

The proposed bushing identification approach is numerically demonstrated on an academic double mass-spring-
damper system, shown in Fig. 2, which is implemented in a general multibody framework. The bushings are
modeled by the Kelvin-Voigt model, represented by a spring and damper in parallel. In this example the position
signal x2 will be used for the identification of the bushing parameters. The input to the system is a force applied on
mass m1. The reference response is generated from a simulation with the correct stiffness and damping parameters.
The initial guesses ρρρ init for the parameters to identify are the exact values divided by a factor two. The convergence
of the identified response to the reference for the different iterations, is shown in Fig. 3. This figure shows that
the propose method rapidly drives the parameters to a configuration where the measured and simulated responses
correspond well.

The accompanying identified parameter values per iteration are shown in Figs. 4– 5. This figure also shows
rapid convergence to the correct parameter values for the stiffness and damping of the unknown bushings. This
academic example demonstrates the accurate operation of the proposed approach.
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Fig. 2: Double mass-spring-damper system

Fig. 3: Response per iteration

Fig. 4: Stiffness parameters per iteration Fig. 5: Damping parameters per iteration

6 Conclusions

This work proposes a technique for identifying bushing parameters in-situ using system-level measurements and
(flexible) multibody models. The sensitivity information is obtained using the adjoint variable method (AVM) in
combination with the recently developed flexible natural coordinate formulation (FNCF) multibody methodology.
The proposed approach of combining the AVM approach with the FNCF model results in a significant decrease
in the computational cost with respect to alternative approaches based on other sensitivity approache and other
multibody formulations. This is due to the good scaling of the AVM with respect to an increasing number of
parameters and the simple structure of the FNCF model. The appraoch moreover leads to a limited implementation
cost, as the equations of motion ant their partial derivatives can be readily obtained and are of limited order for
the FNCF formulation. The proposed methodology is demonstrated on an academic example for a double mass-
spring-damped implemented in a general multibody code. Future work will focus on performing studies on larger
scale problems with many different components and strongly nonlinear bushing characteristics.
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