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Abstract— This paper presents a novel long baseline nav-
igation solution based on pseudo-range measurements that
does not require clock synchronization nor propagation speed
profiling. In a one-way-travel-time setting, the offset between
the clocks of the emitters and the clock of the receiver is
assumed unknown, as well as the speed of propagation of the
acoustic waves in the medium. The proposed solution, which
resorts to state and output augmentation to achieve a system
that is linear in the state, is shown to yield estimates that
converge exponentially fast to zero for all initial conditions.
The observability of the system is also carefully analyzed, the
multi-rate nature of the measurements is taken into account,
and simulation results evidence excellent performance.

I. INTRODUCTION

Long baseline (LBL) acoustic positioning systems are

widely used in underwater navigation, mostly in one of

two alternative modes: i) in one-way-travel-time (OWTT)

LBL configurations, the clocks are assumed synchronized,

the speed of propagation of the acoustic waves is assumed

available, and the time of signal emission is either predefined

or encoded and sent through communication modems, see

[1], [2], from which the distances between several known

emitters and the receiver installed on-board the vehicle

are computed; or ii) in two-way-travel-time (TWTT) LBL

configurations, a transponder installed on-board the vehicle

interrogates a set of known transponders that are fixed in the

mission scenario and computes the distances between the

vehicle and each of these transponders based on the round-

trip travel time assuming that the speed of propagation of

the acoustic signals is available. Clock synchronization at

the beginning of each mission poses an additional and very

heavy burden. Furthermore, clock drift is inevitable in long

missions unless synchronization is performed periodically.

On the other hand, the speed of propagation of the waves in

the medium depends on several characteristics such as the

salinity, pressure, and temperature and it is either measured

This work was supported by the Fundação para a Ciência e a Tecnologia
(FCT) through ISR under LARSyS UID/EEA/50009/2013, and through
IDMEC, under LAETA UID/EMS/50022/2013 contracts, by the University
of Macau Project MYRG2015-00127-FST, and by the Macau Science and
Technology Development Fund under Grant FDCT/065/2014/A.

The authors are with the Institute for Systems and Robotics, Laboratory
of Robotics and Engineering Systems, Portugal. Pedro Batista is also with
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or profiled, often prior to the experiments. If that is not the

case, or even for small errors of the sound velocity profile,

the range measurements can carry large errors, particularly

when the distances become large, thus putting into question

the entire navigation data. This paper proposes to address

both issues, simultaneously, with a novel OWTT navigation

filter that explicitly estimates both the clock offset and the

speed of propagation of the acoustic waves in the medium.

Early references on underwater acoustic positioning sys-

tems can be found in [3] and [4], whereas work on LBL

can be found in [5], [6], [7], and [8]. For interesting discus-

sions and detailed surveys on underwater vehicle navigation

techniques and challenges see [9] and [10].

Previous work by the authors includes [11], [12], and [13].

In the first, a perfect TWTT LBL setting is assumed, with

known speed of propagation of the acoustic waves in the

medium. That quantity is explictly estimated in the later,

while the second work considers a OWTT LBL setting but

explicitly estimates the clock offset between the emitters

and the receiver. The main contribution of this paper is the

design a novel navigation filter that unifies both concepts.

In short, a OWTT navigation setting is assumed but the

clock of the receiver installed on-board does not need to

be synchronized with those of the emitters. Additionally, the

speed of propagation of the acoustic waves in the medium

is also unknown. A filtering solution is proposed, bringing

together the concepts introduced in [12] and [13], that yields

estimates of the inertial position, inertial ocean current, clock

offset, and speed of propagation of the acoustic waves. This

setting potentially reduces the required hardware and simpli-

fies deployment, as the clock of the vehicle does not need

to be synchronized and the speed of sound does not need

to be profiled. The discrete-time nature of the pseudo-range

measurements is taken into account, the observability of the

system is carefully analyzed, and the errors of the estimates,

provided by a Kalman filter, converge exponentially fast

to zero for all initial conditions. Higher rate attitude and

velocity measurements drive the system dynamics between

pseudo-range measurement updates.

A. Notation

Throughout the paper the symbol 0 denotes a matrix

of zeros and I an identity matrix, both of appropriate

dimensions. A block diagonal matrix is represented by

diag(A1, . . . ,An). For x ∈ R
3 and y ∈ R

3, x · y and

x × y represent the inner and cross products, respectively.
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For convenience, define also the transpose operator (.)
T

, and

notice that x · y = xTy, x,y ∈ R
3.

II. PROBLEM STATEMENT

Consider a scenario where a set of acoustic emitters are

installed in an LBL configuration and an underwater vehicle,

equipped with an acoustic receiver, operates. The emitters are

fixed, their clocks are synchronized and their inertial posi-

tions are available to the vehicle. Periodically, the emitters

send acoustic signals, which are received by the vehicle.

Additionally, the vehicle is also equipped with a Doppler

velocity log (DVL) and an attitude and heading reference

system (AHRS). In a typical OWTT-LBL positioning system,

the clocks of the emitters and the vehicle are synchronized,

time tags are sent along the acoustic signals, and the speed

of propagation of the waves is known, so that the vehicle

can determine directly the distance to each emitter. Two

key differences are considered in this paper: i) the speed of

propagation of the waves is not known; and ii) the clock

of the vehicle is not necessarily synchronized with those

of the emitters. The problem addressed in this paper is

that of designing a continuous-discrete filter, with globally

exponentially stable error dynamics, to estimate the inertial

position and velocity of the vehicle, as well as the offset

between the emitting and receiving clocks and the speed of

propagation of the acoustic waves in the medium.

A. System dynamics

Denote by {I} a local inertial coordinate frame and by

{B} a coordinate frame attached to the vehicle, usually

referred to as the body-fixed reference frame. The linear

motion of the vehicle satisfies

ṗ(t) = R(t)v(t), (1)

where p(t) ∈ R
3 corresponds to its inertial position, v(t) ∈

R
3 is the velocity of the vehicle relative to {I}, expressed

in {B}, and R(t) is the rotation matrix from {B} to {I}.

The attitude of the vehicle, encoded by R(t), is provided

by the AHRS, whereas the DVL measures, in the absence of

bottom-lock, the velocity of the vehicle relative to the fluid,

expressed in body-fixed coordinates. Denote by vc(t) ∈ R
3

the velocity of the fluid, in inertial coordinates, and by

vr(t) ∈ R
3 the DVL reading, i.e., the velocity of the vehicle

relative to the fluid, expressed in body-fixed coordinates.

Then, the inertial velocity of the vehicle, expressed in body-

fixed coordinates, satisfies

v(t) = RT (t)vc(t) + vr(t). (2)

Finally, denote by si ∈ R
3, i = 1, . . . , L, the inertial

positions of the acoustic emitters. Then, the pseudo-range

measurements can be written as

ri (k) = vs (tk) ‖si − p (tk)‖+ bc (tk) , (3)

with tk := t0 + kT , k ∈ N, where T > 0 is the sampling

period, t0 is the initial time, bc (tk) is a bias term that

accounts for the effect of the unknown offset of the clocks

between the emitters and the receiver, and vs (tk) is the term

that accounts for the unknown speed of propagation of the

acoustic waves in the medium. Notice that vs (tk) is not the

speed of propagation of the acoustic waves in the medium.

Instead, it is an unknown dimensionless scaling factor that

accounts for the difference between the actual unknown

speed of propagation of the acoustic waves in the medium

and the nominal speed that is assumed by the range sensor.

Likewise, bc (tk) is not the actual clock offset. Instead, it

corresponds to the distance offset that results from the clock

offset at the actual speed of propagation of the acoustic waves

in the medium.

The following assumptions are considered in the paper.

Assumption 1: The pseudo-range measurements are posi-

tive, i.e., ri (k) > 0 for all k and i = 1, . . . , L.

Assumption 2: The inertial fluid velocity, the speed of

propagation of the acoustic waves in the medium, and the

offset of the clocks are constant, i.e.,






v̇c(t) = 0

v̇s(t) = 0

ḃc(t) = 0
.

Combining (1)-(3) and considering Assumption 2 gives

the nonlinear system with discrete outputs










































ṗ(t) = vc(t) +R(t)vr(t)
v̇c(t) = 0

v̇s(t) = 0

ḃc(t) = 0
r1 (k) = vs (tk) ‖s1 − p (tk)‖+ bc (tk)
...

rL (k) = vs (tk) ‖sL − p (tk)‖+ bc (tk)

. (4)

The problem considered in this paper is the design of an

estimator for (4) with exponentially stable error dynamics.

III. FILTER DESIGN

The two main issues regarding LBL navigation that are

addressed in this paper, namely i) dealing with unknown

speeds of propagation of the acoustic waves in the medium;

and ii) dealing with unknown clock offsets between the

emitters and the receivers have been addressed in the past.

In particular, the later was considered in [12], where a novel

long baseline navigation solution was proposed considering

that there is an unknown clock offset between the acoustic

emitters and the receiver. In that work, discrete-time pseudo-

range measurements were considered, the system dynamics

were augmented with the pseudo-range differences and the

LBL geometry was also encoded through an augmented

output in such a way that the resulting system dynamics

could be considered as linear. The former was considered

in [13], where the state was redefined considering scaled

position and linear velocity states, augmenting also the state

with the pseudo-range measurements, and considering also

an augmented output to encode the LBL geometry of the

problem, in such a way that the resulting system, although

nonlinear, could be treated resorting to linear systems theory.

This paper addresses both issues simultaneously, considering

discrete-time pseudo-range measurements, with unknown

clock offset, which results in biased pseudo-range measure-

ments, and unknown speed of propagation of the acoustic

waves in the medium, which results in scaled pseudo-range
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measurements. This setting leads to a nonlinear problem,

which is tackled resorting to different but complementary

approaches that lead to a system that can be regarded as

linear, even though it still is inherently nonlinear.

A. Discretization and system augmentation

The exact discrete-time system dynamics corresponding to

(4) are given by










































p (tk+1) = p (tk) + Tvc (tk) +
∫ tk+1

tk
R (τ)vr (τ) dτ

vc (tk+1) = vc (tk)
vs (tk+1) = vs (tk)
bc (tk+1) = bc (tk)
r1 (k) = vs (tk) ‖s1 − p (tk)‖+ bc (tk)
...

rL (k) = vs (tk) ‖sL − p (tk)‖+ bc (tk)

.

(5)

In a similar fashion to [12], but considering also the clock

offset, define the discrete-time states














x1(k) := v2s (tk)p (tk)
x2(k) := v2s (tk)vc (tk)
x3 (k) := v2s (tk)
x4 (k) = bc (tk)

, (6)

which correspond to a scaled inertial position of the vehicle,

a scaled inertial current velocity, and factors that account

for the speed of propagation of the acoustic signals in the

medium and the clock offset. From (5) one may write














x1 (k + 1) = x1 (k) + Tx2 (k) + x3 (k)u (k)
x2 (k + 1) = x2 (k)
x3 (k + 1) = x3 (k)
x4 (k + 1) = x4 (k)

,

with u(k) :=
∫ tk+1

tk
R (τ)vr (τ) dτ.

Next, equations that encode the LBL structure of the

problem are derived. To that purpose, rearrange (3) as

ri(k)− bc (tk) = vs (tk) ‖si − p (tk)‖ , i = 1, . . . , L. (7)

Using the state definition (6), taking the square of the left

side of (7) and expanding yields

[ri(k)− bc (tk)]
2
= r2i (k) + x2

4 (k)− 2ri (k)x4 (k) , (8)

i = 1, . . . , L. On the other hand, taking the square of

both sides of (7), expanding the right side, and taking into

consideration the state definition (6) gives

[ri(k)− bc (tk)]
2
= x3(k)

(

‖si‖
2
+ ‖p (tk)‖

2
)

−2si ·x1(k),

(9)

i = 1, . . . , L. Now, considering (8) and (9) for different

pairs of emitters and taking the differences allows to con-

clude

2
si−sj

ri(k)+rj(k)
· x1(k)−

‖si‖
2−‖sj‖

2

ri(k)+rj(k)
x3(k)

−2
ri(k)−rj(k)
ri(k)+rj(k)

x4(k) + [ri(k)− rj(k)] = 0 (10)

for all i, j ∈ {1, . . . , L}, i 6= j. Notice that (10) effectively

encodes the LBL structure of the problem. This derivation

bears resemblance with those presented in [12], [13], and

[14]. However, in [14], neither the clock offset nor the speed

of propagation of the acoustic signals were considered; in

[12] the clock offset is considered but not the speed of

propagation of the acoustic signals; in [13] the speed of

propagation of the acoustic signals is considered but not the

clock offset.

As it is interesting in terms of filtering performance, the

differences between the pseudo-ranges measurements are

also included in the system state. Define these new states

as


























x5(k) = r1(k)− r2(k)
x6(k) = r1(k)− r3(k)
...

x4+CL
2
(k) = rL−2(k)− rL(k)

x5+CL
2
(k) = rL−1(k)− rL(k)

,

where CL

2 is the number of 2-combinations of L elements,

i.e., CL

2 = L (L− 1) /2. It is a matter of tedious but

straightforward computation to show that the dynamics of

the new states can be written as

ri (k + 1)− rj (k + 1) = −2T
si−sj

ri(k+1)+rj(k+1) · x2(k)

−2
(si−sj)·u(k)

ri(k+1)+rj(k+1)x3(k)

+2
[ri(k+1)−ri(k)]−[rj(k+1)−rj(k)]

ri(k+1)+rj(k+1) x4(k)

+
ri(k)+rj(k)

ri(k+1)+rj(k+1) [ri (k)− rj(k)]

for all i, j ∈ {1, . . . , L}, i 6= j.
Define the augmented state vector as

x (k) :=
[

x
T
1 (k) x

T
2 (k) x3 (k) x4 (k) x5 (k) . . . x4+CL

2
(k)

]T

,

x (k) ∈ R
3+3+2+CL

2 . Then, the discrete-time state equation

can be written as

x (k + 1) = A (k)x (k) ,

where A(k) ∈ R
(8+CL

2 )×(8+CL
2 ),

A (k) =













I T I 0 0 0

0 I 0 0 0

0 0 1 0 0

0 0 0 1 0

0 A52(k) A53(k) A54(k) A55(k)













,

with

A52(k) = −2T





















s
T
1 −s

T
2

r1(k+1)+r2(k+1)
s
T
1 −s

T
3

r1(k+1)+r3(k+1)

...
s
T
L−2−s

T
L

rL−2(k+1)+rL(k+1)
s
T
L−1−s

T
L

rL−1(k+1)+rL(k+1)





















∈ R
CL

2
×3,

A53(k) = −2



















(s1−s2)·u(k)
r1(k+1)+r2(k+1)

(s1−s3)·u(k)
r1(k+1)+r3(k+1)

...
(sL−2−sL)·u(k)

rL−2(k+1)+rL(k+1)
(sL−1−sL)·u(k)

rL−1(k+1)+rL(k+1)



















,

A54(k) = 2



















[r1(k+1)−r1(k)]−[r2(k+1)−r2(k)]
r1(k+1)+r2(k+1)

[r1(k+1)−r1(k)]−[r3(k+1)−r3(k)]
r1(k+1)+r3(k+1)

...
[rL−2(k+1)−rL−2(k)]−[rL(k+1)−rL(k)]

rL−2(k+1)+rL(k+1)
[rL−1(k+1)−rL−1(k)]−[rL(k+1)−rL(k)]

rL−1(k+1)+rL(k+1)



















,
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and

A55(k) = diag
(

r1(k)+r2(k)
r1(k+1)+r2(k+1) ,

r1(k)+r3(k)
r1(k+1)+r3(k+1) ,

. . . , rL−2(k)+rL(k)
rL−2(k+1)+rL(k+1) ,

rL−1(k)+rL(k)
rL−1(k+1)+rL(k+1)

)

.

In order to the define the augmented system, discard the

original nonlinear output, consider (10) and notice that the

states x5(k), . . . , x4+CL
2
(k) are available from the pseudo-

range measurements, which gives in compact form
{

x (k + 1) = A (k)x (k)
y (k + 1) = C(k + 1)x (k + 1)

, (11)

with C(k) ∈ R
2CL

2
×(8+CL

2 ),

C(k) =

[

0 0 0 0 I

C21(k) 0 C23(k) C24(k) I

]

,

C21(k) = 2





















s
T
1 −s

T
2

r1(k)+r2(k)
s
T
1 −s

T
3

r1(k)+r3(k)

...
s
T
L−2−s

T
L

rL−2(k)+rL(k)
s
T
L−1−s

T
L

rL−1(k)+rL(k)





















,

C23(k) = −





















‖s1‖
2−‖s2‖

2

r1(k)+r2(k)
‖s1‖

2−‖s3‖
2

r1(k)+r3(k)

...
‖sL−2‖

2−‖sL‖2

rL−2(k)+rL(k)
‖sL−1‖

2−‖sL‖2

rL−1(k+rL(k)





















,

and

C24(k) = −2



















r1(k)−r2(k)
r1(k)+r2(k)
r1(k)−r3(k)
r1(k)+r3(k)

...
rL−2(k)−rL(k)
rL−2(k)+rL(k)
rL−1(k)−rL(k)
rL−1(k+rL(k)



















.

Notice that the system (11) is well defined under Assump-

tion 1. Moreover, the system matrix A(k) is invertible for

all time.

B. Observability analysis

The discrete time-varying system (11) can be regarded as

linear in the state for observer design purposes, even though

the system matrices A(k) and C(k) depend on the pseudo-

range measurements, as well as on the input u(k). This is

possible because for observer (or filter) design purposes, both

the input and the pseudo-ranges are available and, hence, they

can be simply considered as functions of time. The following

result addresses the observability of the discrete-time system

(11).

Theorem 1: Define, for ki ≥ k0,

L (ki) :=
[

L1 (ki) L2 (ki) L3 (ki)
]

∈ R
CL

2
×5,

with

L1 (ki) := 2

















(s1 − s2)
T

(s1 − s3)
T

...

(sL−2 − sL)
T

(sL−1 − sL)
T

















∈ R
CL

2
×3,

L2 (ki) := −

















‖s1‖
2
− ‖s2‖

2

‖s1‖
2
− ‖s3‖

2

...

‖sL−2‖
2
− ‖sL‖

2

‖sL−1‖
2
− ‖sL‖

2

















∈ R
CL

2 ,

and

L3 (ki) := −2















r1 (ki)− r2 (ki)
r1 (ki)− r3 (ki)

...

rL−2 (ki)− rL (ki)
rL−1 (ki)− rL (ki)















∈ R
CL

2 .

Suppose that the configuration of the LBL acoustic position-

ing system is such that L (ki) is full rank, i.e.,

rank (L (ki)) = 5, (12)

Then, the discrete-time system (11) is observable on

[ki, ki + 2], in the sense that the initial state x (ki) is

uniquely determined by the input {u (k) : k = ki, ki + 1}
and the output {y (k) : k = ki, ki + 1}.

Proof: The proof reduces to show that the observability

matrix O (ki, ki + 2) associated with the pair (A (k) ,C (k))
on [ki, ki + 2], ki ≥ k0, has rank equal to the number of

states of the system. It is omitted due to the lack of space.

As in [12] or [13], there is nothing in the augmented

system imposing certain constraints, which were discarded so

that the system could be regarded as linear. In particular, the

original nonlinear outputs, as a function of the original states,

were ignored. Moreover, there is nothing in the augmented

system (11) imposing the nonlinear constraints of the new

augmented states with respect to the original system states.

As such, one must further establish the equivalence between

both systems, (5) and (11), which is the topic of the following

theorem.

Theorem 2: Suppose that (12) holds for some ki ≥ k0.

Then:

i) the nonlinear system (5) is observable on the

interval [ki, ki + 2] in the sense that the initial

state x (ki) is uniquely determined by the

input {u (k) : k = ki, ki + 1} and the output

{r1 (k) , . . . , rL (k) : k = ki, ki + 1}; and

ii) the initial condition of the augmented system (11)
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matches that of (5) on the interval [ki, ki + 2], i.e.,


























































x1 (ki) = v2s (tki
)p (tki

)
x2 (ki) = v2s (tki

)vc (tki
)

x3 (ki) = v2s (tki
)

x4 (ki) = bc (tki
)

x5 (ki) = vs (tki
) [‖s1 − p (tki

)‖ − ‖s2 − p (tki
)‖]

x6 (ki) = vs (tki
) [‖s1 − p (tki

)‖ − ‖s3 − p (tki
)‖]

...
x3+CL

2
(ki) = vs (tki

) [‖sL−2 − p (tki
)‖ − ‖sL − p (tki

)‖]

x4+CL
2
(ki) = vs (tki

) [‖sL−1 − p (tki
)‖ − ‖sL − p (tki

)‖]

.

Proof: The second part of the theorem follows by

comparison of the outputs of both systems as a function

of the initial states. It is omitted due to the lack of space.

Then, notice that, using Theorem 1, the initial condition of

(11) is uniquely determined. As, in addition, the two initial

conditions match, it follows that the initial condition of (5)

is also uniquely determined.

C. Estimation solution

1) Augmented system: An observer (or filter) for the aug-

mented system (11) readily gives estimates of v2s (tk)p (tk),
v2s (tk)vc (tk), v

2
s (tk), and bc (tk). As it was seen the system

dynamics (11) can be regarded as linear for observer (of

filter) design purposes. A Kalman filter is an obvious choice,

yielding globally exponentially stable error dynamics if the

system is shown to be uniformly completely observable.

Here, only observability was shown due to space limitations

but the proof of uniform complete observability, while te-

dious, follows similar steps considering uniform bounds in

time.

2) Estimation between range measurements: Any ob-

server (or filter) for the discrete-time augmented system (11)

only provides estimates when pseudo-range measurements

are available. However, the DVL and the AHRS usually

provide data at higher rates. Hence it is possible to obtain

estimates of the scaled position, scaled velocity, and the

two factors that account for the speed to propagation of the

acoustic waves and the clock offset, at a higher rates, using

open-loop propagation between pseudo-range measurements.

3) Estimates of p(t), vc(t), and vs(t): The estimates

provided by an observer (or filter) for the augmented system

(11) do not correspond exactly to what one aims to estimate,

as the inertial position and ocean current velocity are scaled

and the factor that accounts for the speed of propagation of

the acoustic waves in the medium is squared. Nevertheless,

estimates for p (tk), vc (tk), and vs(t) can be recovered,

under some mild assumptions. As this has been detailed in

[13], only the main results are shown.

Assumption 3: The speed of propagation of the acoustic

waves in the medium satisfies

Vm ≤ vs(t) ≤ VM ,

with Vm, VM > 0. Moreover, the inertial position of the

vehicle and the ocean current velocity are norm-bounded.

Considering estimates x̂3(t) with globally exponentially

stable error dynamics, the estimate of the speed of propaga-

tion of the acoustic waves in the medium can be obtained

from

v̂s(t) =







Vm, x̂3(t) < V 2
m

√

x̂3(t), V 2
m ≤ x̂3(t) ≤ V 2

M

VM , x̂3(t) > V 2
M

,

whose error converges exponentially fast to zero for all initial

conditions under Assumption 3. Estimates for the position

and ocean current velocity then follow from
{

p̂(t) = x̂1(t)
v̂2
s(t)

v̂c(t) =
x̂2(t)
v̂2
s(t)

,

and it is possible to show that, under Assumption 3, these

also converge exponentially fast to zero for all initial condi-

tions.

IV. SIMULATION RESULTS

This section presents briefly some simulation results in

order to illustrate the excellent performance achieved by

the proposed solution. The initial position of the vehicle

is p(0) = [0 0 10]
T
m, while the ocean current velocity

was set to vc(t) = [0.1 − 0.2 0]
T
m/s. The trajectory that

was described by the vehicle is shown in Fig. 1, which

lasts one hour. In the simulations presented herein, the
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Fig. 1. Trajectory described by the vehicle

LBL configuration is composed of 5 acoustic beacons and

their inertial positions are s1 =
[

0 0 0
]T

(m), s2 =
[

0 0 500
]

(m), s3 =
[

500 0 500
]

(m), s4 =
[

1000 0 500
]

(m), and s5 =
[

0 750 500
]

(m),
so that the rank condition (12) is satisfied. The scale factor

that accounts for the unknown speed of propagation of the

acoustic waves was set to vs = 1.05, while the term that

accounts for the clocks’ offset was set to bc = 50m.

Sensor noise was considered for all sensors. In partic-

ular, the LBL range measurements and the DVL relative

velocity readings were assumed to be corrupted by additive

uncorrelated zero-mean white Gaussian noise, with standard

deviations of 1m and 0.01m/s, respectively. The attitude,

provided by the AHRS and parameterized by roll, pitch,

and yaw Euler angles, was also assumed to be corrupted

by zero-mean, additive white Gaussian noise, with standard

deviation of 0.03° for the roll and pitch and 0.3° for the yaw.

The sampling period for the range measurements was set to

T = 10 s, while the remaining sensors were sampled at 5

Hz. The discrete-time input u(k), corresponding to a definite

integral, was approximated using the trapezoid rule, while the

open-loop solution of the position and ocean current velocity
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estimates, between range measurements, was computed using

the Euler method. In fact, as it also corresponds to a definite

integral, it is equivalent to the application of the trapezoid

rule.

To tune the Kalman filter, the state disturbance covariance

matrix was chosen as

diag
(

10/0.2× 0.012I, 0.0012I, 0.012, 0.012, 10−4I
)

and the output noise covariance matrix was set to

diag (2I, 0.2I) . The initial condition for the scaled po-

sition was set with a large initial error, x̂1(0) =
[200 200 200]

T
(m), while the initial estimates of both the

ocean current velocity and term that accounts for the offset

between the clocks were set to zero. The initial estimate of

the factor that accounts for the unknown speed of propaga-

tion was set with an error of 10%. The initial estimates of

the pseudo-range differences were set according to the first

measurement set that was obtained.

The convergence of the position and velocity errors is

depicted in Figs. 2 and 3. The discrete-time updates are

visible in these figures, as well as the open-loop propagation

intervals. As it is possible to observe, the error converges
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Fig. 2. Initial convergence of the position error
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Fig. 3. Initial convergence of the ocean current velocity error

very fast to a neighborhood of zero (due to the presence

of sensor noise, otherwise it would converge to zero). The

convergence of the factors that account for the speed of

propagation and the acoustic waves and the clock offset

errors are now shown due to the lack of space but similar

behaviors occur. The detailed evolutions, in steady-state, of

the errors of the position and velocity are not shown either.

However, the most noticeable feature is that the position

and velocity errors remain, most of the time, below 1m
and 0.005m/s, respectively. In steady-state, the position

error does not surpass 2m and the inertial current velocity

error does not surpass 0.015m/s, which are excellent results

considering the sensor suite noise, low update times, and

the demanding framework, which includes estimation of the

clock offset and speed of propagation of the acoustic signals.

V. CONCLUSIONS

This paper proposed a novel solution for OWTT LBL nav-

igation with explicit estimation of the clock offset between

the receiver and the emitters and the speed of propagation of

the acoustic waves in the medium. The design is construc-

tive, with the derivation of a novel augmented system that

can be regarded as linear in the state for observer design

purposes. Its observability was analyzed and a Kalman filter

provides the estimation solution. The final estimates feature

exponential convergence to the true values for all initial

conditions and the multi-rate characteristics of the sensors

were taken into consideration. Finally, simulation results

evidence excellent performance.
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