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Abstract— This paper presents a novel integrated guidance
and control strategy for docking of Autonomous Underwater
Vehicles (AUVs). The approach to the base, and hence the
control design, is divided in two steps: i) in the first, at higher
speed, the vehicle dynamics is assumed to be underactuated
and an appropriate control law is derived to steer the vehicle
toward the final docking path, achieving convergence to zero of
the appropriate error variables for almost all initial conditions;
ii) in the second stage, at low speed, the vehicle is assumed to
be fully actuated, and a robust control law is designed that
achieves convergence to zero of the appropriate error variables
for all initial conditions. Simulation are presented illustrating
the performance of the proposed controllers.

I. INTRODUCTION

The EU project TRIDENT aims to develop an Intervention
Autonomous Underwater Vehicle (I-AUV) to perform several
tasks such as seabed surveying or intervention operations, af-
ter which the vehicle is expected to autonomously return and
dock to its base station. This problem, commonly referred to
as docking, is one of the many challenges that the design
of AUVs entails and it is one of the key enabling features
of AUVs, providing the means to return to a base station
to perform vital activities such that recharging batteries,
transferring data, changing the payload, and downloading
new mission parameters.

The initial approach to the base, usually denominated as
homing, is not considered in this paper, see [1], [2], and
references therein for further details on that subject. Previous
work in the literature on the docking problem can be found
in [3], where a simple terminal guidance system is proposed
based upon an optical quadrant tracker that locks onto a vis-
ible light source, which requires good visibility conditions.
An alternative based on an electromagnetic homing system
is presented in [4], while in [5] a visual servo controller
approach is proposed. More recently, in [6], the concept of
optical terminal guidance is recovered, while in [7] a sliding
mode control strategy is detailed to solve the homing and
docking problems.

The main contribution of this paper is the development
of two integrated guidance and control laws to solve the
docking problem based upon Ultra-Short Baseline (USBL)
acoustic positioning system measurements, which provides
the positions of two transponders that are fixed in the
base station. With the proposed strategy, the problem is
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divided in two stages: i) in the initial approach, the vehicle
dynamics are assumed to be underactuated, which poses its
own challenges, and the goal is to simply drive the vehicle
towards an appropriate docking path, which is defined as a
straight line that passes through the middle point between the
transponders and that is orthogonal to the direction defined
by these two transponders; and ii) in the final approach,
which is carried out at a lower speed, the vehicle employs a
more efficient thruster to generate transversal force, which
allows to consider fully actuated dynamics. In this case,
and because the desired docking profile should be followed
with great accuracy, an adaptive control law is proposed
that accounts for uncertainty in the hydrodynamic param-
eters, which are often not known with enough accuracy, as
opposed to other parameters like the mass and the inertia
of the vehicle. Finally, the problem is considered only in
the horizontal plane, as in this stage the vehicle is usually
vertically stabilized by an independent controller resorting to
a depth sensor. Nevertheless, the derivation of the integrated
guidance and control law could be easily extended to the
3-D case, which would however result in a more intricate
convergence analysis for the initial docking approach, with
no significant differences in the final approach.

The paper is organized as follows. Section II presents the
problem at hand, while Section III details the control design
and stability analysis for both stages of the docking approach.
Simulation results are presented in Section IV to evaluate the
performance of the proposed solutions and some concluding
remarks are provided in Section V.

II. PROBLEM STATEMENT

Consider an autonomous underwater vehicle moving in
the horizontal plane. Let {I} be an inertial reference frame
and {B} a reference frame attached to the vehicle, whose
origin is located at the center of mass of the vehicle, usually
denominated in the literature as the body-fixed reference
frame. Let p(t) ∈ R

2 denote the position of the origin of

{B}, described in {I}, v(t) = [u(t) v(t)]
T ∈ R

2 the linear
velocity of the vehicle relative to {I}, expressed in body-
fixed coordinates, where u(t) and v(t) are the surge and
sway velocities, respectively, and ω(t) the angular velocity
of the vehicle, expressed in {B}. The vehicle kinematics are
given by

ṗ(t) = R(t)v(t), (1)

where R(t) denotes the rotation matrix from body-fixed to

inertial coordinates, which satisfies Ṙ(t) = R(t)S [ω(t)] ,
where S(.) is the skew-symmetric matrix

S(x) =

[

0 −x
x 0

]

.
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A. Initial docking approach

The idea during the initial docking approach is to employ
the main propellers of the vehicle, at a certain cruise speed,
to drive the vehicle toward the final docking path. As such,
the vehicle is assumed to be underactuated during this stage.
The dynamic equations of motion, in the horizontal plane,
of an underactuated autonomous underwater vehicle can be
written as [8], [9]










u̇(t) = −Du+du[|u(t)|]
Mu

u(t) + v(t)ω(t) + 1
Mu

τu(t)

v̇(t) = −Dv+dv[|v(t)|]
Mv

v(t)− u(t)ω(t)

ω̇(t) = −Dω+dω[|ω(t)|]
J

ω(t) + 1
J
τω(t)

, (2)

where Mu > 0 and Mv > 0 represent the mass of the
vehicle, including added mass effects, J > 0 denotes the
inertia of the vehicle, Du > 0, Dv > 0, Dω > 0 are
hydrodynamic damping parameters, du [|u(t)|] : R+

0 → R
+
0 ,

dv [|v(t)|] : R
+
0 → R

+
0 , and dω [|ω(t)|] : R

+
0 → R

+
0 are

positive functions that capture higher order hydrodynamic
damping effects, τu(t) ∈ R is the control force along the
surge motion of the vehicle, and τω(t) ∈ R is the angular
motion control torque.

Suppose that there exist two transponders fixed in the
mission scenario, equally spaced from the final docking
position, as depicted in Fig. 1. One of the transponders is
designated as the left transponder while the other is the right
transponder, whose inertial positions are denoted by Itl ∈ R

2

and Itr ∈ R
2, respectively. The first problem considered here

is to drive the underactuated AUV toward the path that passes
through the docking position and is orthogonal to the straight
line defined by the two transponders, shortening the distance
to the docking position, as suggested in Fig. 1. The vehicle
is assumed to be equipped with a navigation system, that
provides its linear and angular velocity, and an Ultra-short
Baseline positioning system that gives the position of the
transponders with respect to the vehicle, expressed in body-
fixed coordinates, as given by tl(t) = RT (t)

[

Itl − p(t)
]

and

tr(t) = RT (t)
[

Itr − p(t)
]

, see e.g. [1].

Left Transponder

Right Transponder

xI

yI

xB

yB

p(t) Itl

Itr

tl(t)

Itr(t)

Fig. 1. Initial docking approach scenario

B. Final docking approach

In the final docking approach the goal is similar to the one
previously presented. However, it is carried out at a much
lower speed and the vehicle eventually reaches the docking
position. In this case, the full actuation capabilities of the
vehicle are exploited, and robustness to model uncertainties
is essential so that the vehicle follows exactly a predefined
straight line trajectory profile, avoiding collisions with the
docking station.

The dynamics of an AUV depend on several physical
parameters, some of which are often only known with large
uncertainty. While the added mass and inertia terms can be
determined with reasonable confidence, the hydrodynamic
damping terms are usually difficult to identify or quantify. As
such, an adaptive controller should be designed. Considering
that the hydrodynamic coefficient are constant, it is possible
to rewrite the hydrodynamic damping terms in (2) as

[

Du + du [|u(t)|]
Dv + dv [|v(t)|]

]

= φT
v
[v(t)]ψ

v

and

Dω + dω [|ω(t)|] = φT
ω [ω(t)]ψω,

where φ
v
[v(t)] ∈ R

nv×2 and φω [ω(t)] ∈ R
nω are known

functions of v(t) and ω(t), respectively, and ψ
v
∈ R

nv and
ψω ∈ R

nω are the hydrodynamic damping coefficients, only
known up to some error, see e.g. [10]. Considering a fully
actuated AUV moving in the horizontal plane, the dynamic
equations of motion can then be written, in compact form,
as
{

Mv̇(t)=−S [ω(t)]Mv(t)− φT
v
[v(t)]ψ

v
+ τv(t)

Jω̇(t) = −φω [ω(t)]
T
ψω + τω(t),

, (3)

where M = diag(Mu,Mv) ∈ R
2×2 is the added-mass matrix

and τ (t) = [τu(t) τv(t)]
T ∈ R

2 is the full control force
input.

Consider the final docking scenario as depicted in Fig. 2,
where lx(t) ∈ R denotes the distance to the docking position
along the final docking path, ly(t) ∈ R denotes the minimum
distance from the vehicle to docking path, and α1(t) denotes
the error of orientation of the vehicle with respect to the
docking path. Further consider a smooth desired distance
profile along the docking path lxd(t) ∈ R. The problem
considered here is that of designing an adaptive control
law so that lx(t) converges to lxd(t) and both ly(t) and
α1(t) converge to zero, considering that the hydrodynamic
coefficients ψ

v
and ψω are unknown.

Left Transponder

Right Transponder

xB

yB

lx(t)

ly(t)

α1(t)

Fig. 2. Final docking approach scenario

III. CONTROLLER DESIGN AND STABILITY ANALYSIS

A. Initial docking approach

This section details the design and stability analysis of a
control law for the initial docking approach of an underac-
tuated AUV toward a base station. In order to derive the
control law notice that, when the vehicle is moving along
the final docking path, the distance between the vehicle and
each transponder is identical. That suggests the definition of
the error variable

z1(t) := ‖tl(t)‖2 − ‖tr(t)‖2 . (4)
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Taking the time derivative of (4) gives

ż1(t) = −2 [tl(t)− tr(t)]
T
v(t).

Consider the desired vehicle velocity defined by

vd(t) :=
Vd

Lt

√

1 +K2
1z

2
1(t)

K1z1(t) [tl(t)− tr(t)]

− Vd

Lt

√

1 +K2
1z

2
1(t)

S(1) [tl(t)− tr(t)] , (5)

where Vd > 0 is the desired speed of the AUV along
the docking path, K1 > 0 is a constant control gain, and
Lt := ‖tl(t)− tr(t)‖ =

∥

∥

Itl − Itr
∥

∥ is the distance between
the transponders. Clearly, if the linear velocity of the vehicle
coincides with vd(t), then z1(t) converges to zero, as one

gets ż1(t) = − 2LtVdK1√
1+K2

1
z2

1
(t)

z1(t). In order to achieve this

behavior, the first term of (5) would suffice. However, if
the second term of (5) is removed, the speed of the vehicle
converges to zero as z1(t) converges to zero, while the
goal is to drive the vehicle along the final docking path.
The extra term ensures the desired speed of the vehicle
when it is moving along the docking path. Notice also that,
in this way, the norm of the desired velocity is constant,
namely, ‖vd(t)‖ = Vd for all t. Long but straightforward
computations allow to show that the derivative of (5), which
is required in the ensuing, can be written as

v̇d(t)= −
(

ω(t)+
2K1[tl(t)− tr(t)]

T
v(t)

1 +K2
1z

2
1(t)

)

S(1)vd(t). (6)

In order to derive a control law that ensures that the linear
velocity of the vehicle, v(t), converges to the desired linear
velocity, vd(t), consider the error variables

z2(t) := u(t)− Vd (7)

and
z3(t) := vd(t)−

[

Vd

0

]

. (8)

Looking into these definitions one trivially concludes that, in
the absence of sway velocity and with positive surge speed,

vd(t) = v(t) if and only if u(t) = Vd and vd(t) = [Vd 0]
T

or, equivalently, z2(t) = 0 and z3(t) = 0. Even though the
sway velocity is not constrained by these error variables it
will be shown, in the ensuing, that with the control law based
upon these two error variables, not only do z2(t) and z3(t)
converge to zero but the sway velocity also converges to zero,
which implies that the velocity of the vehicle converges to
the desired velocity. The derivation of the control law follows
considering standard Lyapunov and backstepping techniques.

The time derivative of (7) is given by ż2(t) = u̇(t), which
using (2) can be written as

ż2(t) = −Du + du [|u(t)|]
Mu

u(t) + v(t)ω(t) +
1

Mu

τu(t).

Let

τu(t) = (Du + du [|u(t)|])u(t)−Muv(t)w(t)

−MuK2z2(t), (9)

where K2 > 0 is a constant control gain. Then, the derivative
of z2(t) becomes ż2(t) = −K2z2(t), which readily allows
to conclude that z2(t) converges globally exponentially fast
to zero.

The time derivative of (8) can be written, using (6), as

ż3(t)= −
(

ω(t)+
2K1[tl(t)−tr(t)]

T
v(t)

1 +K2
1z

2
1(t)

)

S(1)vd(t). (10)

If the angular velocity is set equal to

ωd(t) := −2K1 [tl(t)− tr(t)]
T
v(t)

1 +K2
1z

2
1(t)

+K3 [0 1]vd(t), (11)

where K3 > 0 is a constant control gain, then z3(t)ż3(t)
becomes negative semidefinite. However, the angular veloc-
ity is not an actual control variable. As such, the standard
backstepping technique is employed to extend the control law
to the dynamics of the vehicle. To that purpose, consider the
additional error variable

z4(t) := ω(t)− ωd(t) (12)

and define the Lyapunov candidate function

V1(t) :=
1

2
‖z3(t)‖2 +

1

2
z24(t). (13)

Using (2), (8), (10), (11), and (12) it is possible to write the
time derivative of (13) as

V̇1(t) = −Vdz4(t) [0 1] z3(t)−K3Vd [[0 1] z3(t)]
2

+z4(t)
[

−Dω+dω[|ω(t)|]
J

ω(t) + 1
J
τω(t)− ω̇d(t)

]

.

Setting

τω(t) = (Dω + dω [|ω(t)|])ω(t)
+J [ω̇d(t) + Vd [0 1] z3(t)−K4z4(t)] (14)

yields

V̇1(t) = −K3Vd [[0 1] z3(t)]
2 −K4z

2
4(t), (15)

which is negative semidefinite.
The following proposition establishes the convergence of

the error variables z2(t), z3(t), and z4(t) to zero.
Proposition 1: Consider an underactuated AUV moving

in the horizontal plane in a mission scenario as described
in Section II-A, with kinematics and dynamics given by (1)
and (2), respectively. Then, with the control law (9) and (14),
z2 = 0 is a globally exponentially stable equilibrium point
and z3 = 0, z4 = 0 is an almost globally asymptotically
stable equilibrium point.

Proof: That z2(t) converges globally exponentially fast
to zero is trivially concluded, as with the control law (9)
it follows that ż2(t) = −K2z2(t), where K2 is a positive
constant. With the control law (14), the dynamics of z3(t)
and z4(t) can be written as an autonomous system. The
Lyapunov function V1(t) is, by construction, continuous,
radially unbounded, and positive definite. With the control
law (14), the derivative of V1(t) can be written as (15), which
is negative semidefinite along the trajectories of the system.
The derivative of V1(t) has two zeros, one coincident with
the origin, (z3 = 0, z4 = 0), and another that corresponds
to
(

z3 = −
[

2Vd

0

]

, z4 = 0
)

. That the origin is stable and
the other equilibrium point is unstable is trivially concluded
resorting to Lyapunov stability theory and the Lyapunov’s
first instability theorem, see e.g. [11], applied with the

function Vi(t) :=
1
2 ‖zi(t)‖

2 − 1
2z

2
4(t).

Next, it is shown that, with the proposed control law,
the sway velocity also converges to zero. To that purpose,
consider Fig. 3, where the angle α(t) is the angle between
the x-axis of the vehicle and the desired linear velocity,
vd(t), the angle α1(t) is, as previously defined in Section
II-A, the angle between the x-axis of the vehicle and
the desired final orientation, which is that of the vector
−S(1) [tl(t)− tr(t)]

T
, and finally α2(t) is the angle be-

tween the desired final orientation and the desired linear
velocity, vd(t), such that

α(t) = α1(t) + α2(t) (16)
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vd(t)
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α1(t)

α2(t)

Fig. 3. Angles α(t), α1(t), and α2(t)

holds for all t. In order to show that the sway velocity v(t)
converges to zero, the sway dynamics will be considered
together with that of α1(t). To that purpose, let z5(t) :=
[

v(t) α1(t)
]T

. In compact form, the dynamics of z5(t)
can be written, after straightforward computations, as

ż5(t) = A(t)z5(t) + u(t), (17)

where

A(t) :=

[

a11(t) a12(t)
a21(t) a22(t)

]

,

with

a11(t) := −Dv + dv [|v(t)|]
Mv

+
2K1Lt

1 +K2
1z

2
1(t)

cos [α1(t)] [z2(t) + Vd]

a12(t) :=

{

− 2K1Lt

1+K2

1
z2

1
(t)

[z2(t) + Vd]
2 sin[α1(t)]

α1(t)
, α1(t) 6= 0

− 2K1Lt

1+K2

1
z2

1
(t)

[z2(t) + Vd]
2
, α1(t) = 0

,

a21(t) :=
2K1Lt

1 +K2
1z

2
1(t)

cos [α1(t)] ,

a22(t) :=

{

− 2K1Lt

1+K2

1
z2

1
(t)

[z2(t) + Vd]
sin[α1(t)]

α1(t)
, α1(t) 6= 0

− 2K1Lt

1+K2

1
z2

1
(t)

[z2(t) + Vd] , α1(t) = 0
,

and u(t) :=
[

uv(t) uα1
(t)

]T
, with uv(t) :=

− [z2(t) + Vd] [z4(t) +K3 [0 1] z3(t)] and uα1
(t) :=

−z4(t) − K3 [0 1] z3(t). Notice that, in the definitions of
a12(t) and a22(t) for α1(t) = 0, any finite value could
have be chosen as it is multiplying by zero. The present
choice, however, allows to conclude that both functions are
continuous.

Before presenting the main results of the section, the
following proposition is introduced.

Proposition 2: Let the controller gain K1 be chosen such
that

0 < K1 <
Dv

Mv

− ǫ1

9LtVd

(18)

for some arbitrarily small positive constant ǫ1 > 0. In
the conditions of Proposition 1, if the error variable z3(t)
converges to zero, given arbitrarily small positive constants
ǫs > 0 and ǫv > 0, then there exists ti ≥ t0 such that















2
π
− ǫs ≤ sin[α1(t)]

α1(t)
≤ 1

|z2(t)| ≤ 1
2Vd

1
2Vd ≤ |z2(t) + Vd| ≤ 3

2Vd

|v(t)| ≤ 3
4Vd + ǫv

(19)

for all t ≥ ti.

Proof: From the definition of α2(t), it is easy to see that
cos [α2(t)] =

1√
1+K2

1
z2

1
(t)

> 0, which allows to conclude

that

α2(t) ∈ ]−π/2, π/2[ . (20)

On the other hand, in the conditions of Proposition 1, it
is possible to conclude that when z3(t) converges to zero,
so does α(t). According to (16) and (20), this allows to
conclude that, in the conditions of the Proposition, given
any arbitrarily small positive constant ǫα1

> 0, it is possible
to choose t∗ ≥ t0 such that |α1(t)| ≤ π/2 + ǫα1

for
all t ≥ t∗. Therefore, given any arbitrarily small positive
constant ǫs > 0, it is possible to choose t1 ≥ t0 such that
the first inequality of (19) holds. As in the conditions of
the proposition, z2(t) converges to zero exponentially fast,
it is possible to choose t2 ≥ t1 ≥ t0 such that the second
inequality of (19) holds for t ≥ t2, which also immediately
entails the third. To show the last inequality, consider the
Lyapunov-like function Vv(t) := 1

2v
2(t). Assuming (18),

using simple inequalities, the previous inequalities, and as
dv [|v(t)|] ≥ 0, it is possible to write

V̇v(t) ≤ −2

3

Dv

Mv

v2(t) +
1

2

Dv

Mv

Vd |v(t)|+ |uv(t)| |v(t)|

for t ≥ t2. In the conditions of the proposition, uv(t)
converges to zero. As such, given any arbitrarily positive
small constant ǫv > 0, there exists t3 ≥ t2 ≥ t0 such that
|uv(t)| ≤ 2

3
Dv

Mv

ǫv for all t ≥ t3 and as such it follows that

V̇v(t) ≤ −2

3

Dv

Mv

v2(t) +
Dv

Mv

(

1

2
Vd +

2

3
ǫv

)

|v(t)|

for all t ≥ t3. But then notice that, for t ≥ t3 and |v(t)| >
3Vd/4 + ǫv, it follows that V̇v(t) < 0. As such, there exists
t4 ≥ t3 such that |v(t)| ≤ 3Vd/4 + ǫv. This concludes the
proof, as (19) holds for ti = t4.

The following theorem is the main result of this section.

Theorem 1: Consider an underactuated AUV moving in
the horizontal plane in a mission scenario as described in
Section II-A, with kinematics and dynamics given by (1) and
(2), respectively. Suppose that the conditions of Proposition
1 hold. Further assume that (18) is true and, in addition, the
controller gain K1 is chosen such that

Dv

Mv

2K1Lt

1+K2

1
Z2

1

Vd

2

(

2
π
− ǫs

)

− (2K1Lt)
2

(

(

3
2Vd

)2
+ 1

4

[

(

3
2Vd

)2
+ 1
]2
)

≥ ǫ1 (21)

is true, where ǫ1 is an arbitrarily sufficiently small positive
constant. Then, in the conditions of Proposition 1, if the error
variable z3(t) converges to zero, then the sway velocity v(t)
also converges to zero. Moreover, the error z1(t) converges
to zero, hence solving the initial docking approach problem
stated in Section II-A for almost all initial conditions.

Proof: The key idea of the proof is to show that, after
some time, the nonlinear system (17) is input-to-state stable
with respect to the input u(t), which allows to conclude that
the sway velocity converges to zero and, as all the other
variables also converge to zero, it follows that so does z1(t)
as it is input-to-state stable with respect to the other variables.
First, it is shown that, after some time, z1(t) is necessarily
bounded from above. Using Proposition 2, choose ti ≥ t0
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such that (19) holds for ti ≥ t0 and consider the Lyapunov-
like function V0(t) := 1

2z
2
1(t). Using (5), (7), and (8) it is

possible to write

V̇0(t) ≤ − 2LtVdK1√
1+K2

1
z2

1
(t)

z21(t)

+2Lt

∥

∥

[

z2(t)
0

]

− z3(t) +
[

0
v(t)

]∥

∥ |z1(t)| (22)

As in the conditions of the theorem both z2(t) and z3(t)
converge to zero, and using(19), choosing an arbitrarily small
positive constant ǫV > 0, there exists tj ≥ ti such that

∥

∥

[

z2(t)
0

]

− z3(t) +
[

0
v(t)

]∥

∥ ≤ 3

4
Vd + ǫV

for all t ≥ tj and as such it is possible to bound (22) by

V̇0 ≤ − 2LtVdK1
√

1 +K2
1z

2
1(t)

z21(t) + 2Lt

(

3

4
Vd + ǫV

)

|z1(t)|

for all t ≥ tj . Now, notice that, choosing ǫV sufficiently
small, it is possible to choose a sufficiently large positive
value Z1 > 0 such that, if |z1(t)| > Z1, then for t ≥ tj one

has V̇0(t) < 0. But this implies that it is possible to chose
tk ≥ tj such that |z1(t)| ≤ Z1 for all t ≥ tk.

Next, it is shown that, for t ≥ tk, the nonlinear sys-
tem (17) is input-to-state stable with respect to the in-
put u(t). With that in mind, consider the Lyapunov-like

function V2(t) = 1
2 ‖z5(t)‖

2
, whose derivative is given

by V̇2(t) = zT5 (t)As(t)z5(t) + zT5 (t)u(t), with As(t) :=
1
2

[

A(t) +AT (t)
]

. If λM [AS(t)] ≤ LM < 0, where
λM (X) stands for the maximum eigenvalue of X, it is
trivially shown that the system is input-to-state with respect
to u(t), see e.g. [11]. The characteristic polynomial of As(t)
is given by s [c(t)] = c2(t)+ c1(t)c(t)+ c0(t), with c1(t) :=

−a11(t)−a22(t) and c0(t) := a11(t)a22(t)− [a12(t)+a21(t)]
2

4 .
If there exist ǫb > 0 and ǫa > 0 such that c1(t) > ǫb and
c0(t) > ǫa, then it follows that the nonlinear system (17)
is input-to-state stable with respect to u(t). Expanding c1(t)
and using simple inequalities, together with (19), allows to
conclude that c1(t) ≥ Dv

Mv

− 3K1LtVd, for all t ≥ tk. But

then, with (18), it immediately follows that c1(t) ≥ 2
3
Dv

Mv

for
all t ≥ tk, which guarantees the existence of ǫb > 0 such
that c1(t) > ǫb for t ≥ tk. Expanding c0(t) and using simple
inequalities, coupled with (19), it is possible to conclude that

c0(t) ≥ Dv

Mv

2K1Lt

1+K2

1
Z2

1

Vd

2

(

2
π
− ǫs

)

− (2K1Lt)
2

(

(

3
2Vd

)2
+ 1

4

[

(

3
2Vd

)2
+ 1
]2
)

for t ≥ tk and α1(t) 6= 0, which is also trivially shown
to hold for α1(t) = 0. But then, if (21) is true, it follows
that there exists ǫa > 0 such that ca(t) > ǫa for t ≥ tk.
This allows to conclude that the nonlinear system (17) is
input-to-state stable with respect to u(t). As u(t) converges
to zero in the conditions of the theorem, it follows that the
sway velocity v(t) converges to zero and, as the dynamics
of z1(t) are also tribally shown to be input-to-state stable
with respect to v(t), z2(t), and z3(t), it follows that z1(t)
converges to zero, hence concluding the proof.

B. Final docking approach

This section details the design and stability analysis of
an adaptive control law for the final docking approach of an
AUV, as defined in Section II-B. The goal here is to drive the
lateral error, ly(t), and the orientation error, α1(t), to zero,

while the longitudinal distance lx(t) follows a predefined
profile.

The longitudinal distance is defined as

lx(t) := −
[

tl(t) + tr(t)

2

]T [

S(1)
tl(t)− tr(t)

Lt

]

=
1

Lt

tTl (t)S(1)tr(t).

The lateral error is defined as

ly(t)=

[

tl(t) + tr(t)

2

]T
tl(t)− tr(t)

Lt

=
‖tl(t)‖2− ‖tr(t)‖2

2Lt

.

The orientation error α1(t) is as defined in Section II-
A, whose derivative is α̇1(t) = −ω(t). After some rather
straightforward computations, it is possible to write the
derivatives of lx(t) and ly(t), in compact form, as

[

l̇x(t)

l̇y(t)

]

= −Rα1
(t)v(t),

where Rα1
(t) is the rotation matrix

Rα1
(t) =

[

cos [α1(t)] sin [α1(t)]
− sin [α1(t)] cos [α1(t)]

]

.

Let l(t) := [lx(t) ly(t)]
T

and define the error variable
z6(t) := l(t) − ld(t), with ld(t) := [lxd(t) 0]. De-
fine also the error variable z7(t) := α1(t) and consider

the Lyapunov candidate function V3(t) := 1
2 ‖z6(t)‖

2
+

1
2z

2
7(t). The time derivative of V3(t) is given by V̇3(t) =

−zT6 (t)
[

Rα1
(t)v(t) + l̇d(t)

]

− z7(t)ω(t). Setting v(t) and

ω(t) equal to vd2(t) := −RT
α1
(t)
[

l̇d(t)−K5z6(t)
]

and

ωd2(t) := K6z7(t), respectively, where K5 and K6 are
positive constant control gains, results in a negative definite
derivative of V3(t). As v(t) and ω(t) are not actual control
variables, and following the standard backstepping technique,
consider the error variables z8(t) := v(t)−vd2(t), z9(t) :=
ω(t)−ωd2(t), and define the augmented Lyapunov function

V4(t) := V3(t) +
1
2 ‖z8(t)‖

2
+ 1

2z
2
9(t). Setting

τv(t) = S [ω(t)]Mv(t) + φT
v
[v(t)]ψ̂

v
(t)

+M
[

v̇d2(t) + RT
α1
(t)z6(t)−K7z8(t)

]

(23)

and

τω(t) = φω [ω(t)]
T
ψ̂ω(t)

+J [ω̇d2(t) + z7(t)−K8z9(t)] , (24)

where K7 and K8 are positive constant control gains and

ψ̂
v
(t) and ψ̂ω(t) are estimates of ψ

v
and ψω , respectively,

allows to write

V̇4(t) = −K5 ‖z6‖2 −K6z
2
7(t)−K7 ‖z8(t)‖2 −K8z

2
9(t)

−zT8 (t)M
−1φT

v
[v(t)]

[

ψ
v
− ψ̂

v

]

− 1

J
z9(t)φω [ω(t)]

T
[

ψω − ψ̂ω

]

.

In order to design an adaptive control law, let ψ̃
v
(t) := ψ

v
−

ψ̂
v
(t) and ψ̃ω(t)(t) := ψω − ψ̂ω(t) denote the estimation

errors of ψ̂
v
(t) and ψ̂ω(t), respectively, and consider the

augmented Lyapunov candidate function

V5(t) := V4(t) +
1

2

∥

∥

∥
ψ̃

v
(t)
∥

∥

∥

2

+
1

2

∥

∥

∥
ψ̃ω(t)

∥

∥

∥

2

.

With the estimation laws
˙̂
ψ

v
(t) = −φ

v
[v(t)]M−1z8(t) (25)
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and
˙̂
ψω(t) = − 1

J
z9(t)φω [ω(t)] (26)

the derivative of V5(t) results in

V̇5(t) = −K5 ‖z6‖2 −K6z
2
7(t)−K7 ‖z8(t)‖2 −K8z

2
9(t),

(27)
which is negative semidefinite. The following theorem is the
main result of this section.

Theorem 2: Consider a fully actuated AUV moving in
the horizontal plane in a mission scenario as described in
Section II-B, with kinematics and dynamics given by (1) and
(3), respectively. Then, with the adaptive control law (23),
(24), (25), and (26), where K5, K6, K7, and K8 are positive
constant control gains, the error variables z6(t), z7(t), z8(t)
and z9(t) converge to zero, hence solving the problem of
final docking approach stated in Section II-B.

Proof: First, notice that V5(t) is positive definite and
radially unbounded. Moreover, under the conditions of the
theorem, the derivative of V5(t), given by (27), is negative
semidefinite, which allows to conclude that V5(t) approaches
its own limit and V5(t) ≤ V5 (t0) for all t ≥ t0 which, in
turn, allows to conclude that all error variables z6(t), z7(t),
z8(t) and z9(t), ψ̃v

(t), and ψ̃ω(t) are bounded. Computing
the second derivative of V5(t), and using the fact that all error
variables are bounded, immediately allows to conclude that

V̈5(t) is also bounded, which implies that V̇5(t) is uniformly

continuous. But then, as V5(t) has a finite limit and V̇5(t) is
uniformly continuous, it follows from the Barbalat’s Lemma

that V̇5(t) converges to zero, thus concluding the proof.

IV. SIMULATION RESULTS

To illustrate the performance of the proposed integrated
guidance and control law, a computer simulation is presented
in this section. In the simulation a simplified model of the
SIRENE vehicle was employed, assuming that the vehicle
is directly actuated in force and torque, see [12]. The initial

position of the vehicle is p0 = [−100 10]
T
(m), its initial

yaw is 150 °, its initial linear velocity is v0 = [1 0]
T
m,

and its initial angular velocity is ω0 = 0 °/s. The positions
of the left and right transponders, in the inertial frame,

are Itl = [1 0]
T

and Itr = [−1 0]
T

, respectively. The
controller parameters were tuned in order to achieve an
interesting trajectory, and were thus set to K1 = 0.05,
K2 = K3 = K4 = 1, K5 = K6 = 0.025, K7 = 2, and
K8 = 0.5. The controller switches to the second stage when
the distance between the vehicle and the docking position
reaches 25 meters, and it stops when this distance reaches
0.5 meters. For the second control law, the initial estimates
of the hydrodynamic parameters were set with offsets of
around 10% of the nominal value. Finally, control saturation
was also considered in order to see that effect in the overall
performance of the proposed strategy.

The evolution of the trajectory described by the vehicle is
depicted in Fig. 4. As it is possible to observe, the vehicle
describes a smooth trajectory and the desired behavior is
achieved. The controller switches to the final docking sce-
nario at t = 62.37s. Although not shown here due to the
lack of space, the speed profile is as desired and the error
variables converge to zero.
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Fig. 4. Trajectory described by the vehicle

V. CONCLUSIONS

This paper presented preliminary results on a novel inte-
grated guidance and control law to solve the docking problem
of an autonomous underwater vehicle. The control approach
was divided into two steps, one farther away from the base
and another in the close proximity in order to better explore
the configuration of the AUV. In the first case, convergence
to zero of the appropriate error variables was shown for
almost all initial conditions, while in the second case this
is shown for all initial conditions. In addition, uncertainty in
the hydrodynamic parameters was considered and explicitly
addressed, with an adaptive control law, in the final approach
to the base.
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