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Abstract— This paper presents an on-line three dimensional
trajectory planner for an unmanned vehicle following a Leader
vehicle, where the Follower remains at a specified relative
position with respect to the Leader. The planner defines the
trajectory for a virtual vehicle that will be used as reference
for the real Follower vehicle. The virtual Follower behaves like
a three dimensional trailer attached to the Leader and its
reference frame is used to specify the relative position vector.
At the kinematic level, the proposed planner requires only the
knowledge of the Leader’s linear speed, but not its angular
speed, and the Follower’s trajectory can be generated on-line, in
the sense that no a priori knowledge of the Leader’s trajectory is
required. Experimental results obtained with quadrotor vehicles
are presented, which demonstrate the richness of the planned
trajectories.

I. INTRODUCTION

Multi-robot systems are an active research topic as they

allow improved performance on accomplishing automated

tasks. Multi-robot systems outperform single robot systems

in situations where a wide area needs to be covered like

terrain mapping or exploration of a sea floor [1], [2]. Another

use case is load transportation where a formation of vehicles

can handle loads that would be otherwise impossible for a

single vehicle to transport [3]. Multiple vehicle formations

are also employed in critical missions, where the objective

is of paramount importance and robustness to vehicle loss is

required [4].

In the Leader-Follower approach to formation control, the

objective is for a Follower vehicle to remain at a fixed

relative position, in a given reference frame, w.r.t. the Leader

vehicle. The problem is completely characterized by the

relative position vector and the reference frame where it is

defined. The choice of reference frame plays an important

role in the definition of the Follower’s trajectory and in the

sensory information necessary for computing such trajectory.

A straightforward approach to the Leader-Follower formation

definition is to specify the relative position vector in the

inertial reference frame as in [5], [6]. This method results

in a simple trajectory for the Follower, in the sense that

both the Leader and the Follower describe an identical path,
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apart from a translation. This is inconvenient for mapping

or terrain covering purposes because the Follower’s path can

overlap with the Leader’s path, reducing the efficiency gains

of using multiple aircraft.

Defining the relative position vector in a reference frame

rotating with the Leader, such as the Leader’s Serret-Frenet

frame, results in Follower trajectories with more complex

behavior. This approach has been proposed by several au-

thors [7], [8], [9] but requires, at the kinematic level, the

explicit knowledge of parameters that are not easily mea-

sured or estimated by the Follower, such as the Leader’s

reference frame angular velocity. Additionally, the works

deal with a two dimensional setting and an extension for

a three dimensional environment is not trivial, as it can

lead to discontinuities or trajectories that are ill-defined as a

consequence of choosing a Serret-Frenet reference frame.

A two part solution to the Leader-Follower formation

problem in here proposed. First, a desired trajectory is

computed for an ideal Follower vehicle, hereafter called

virtual Follower. This reference trajectory is then used as

a reference to a trajectory tracking controller that drives the

real Follower vehicle to the desired trajectory. In this paper,

we focus on the first problem of generating the follower

trajectory and present experimental results for the complete

planning/tracking problem using quadrotor vehicles. A new

trajectory generation strategy is proposed to address the

Leader-Follower problem where the relative position vector

is specified in a reference frame attached to the virtual

Follower, which is always well-defined. By imposing the

appropriate kinematic constraints on the reference frame, the

virtual Follower is made to behave as a three dimensional

trailer attached to the Leader. The trajectory planner does not

require, at the kinematic level, the knowledge of the Leader’s

path curvature and torsion but it still produces trajectories

with a rich behavior that are not a simple translation of the

Leader’s path.

Quadrotors are aerial vehicles ideal for testing algorithms,

due to their simplicity, high maneuverability, VTOL/hover

capability and ability to track any trajectory within the

limits of their actuation dynamics. Tracking controllers for

quadrotor vehicles have been extensively studied in the

literature, c.f. the survey article [10], and the virtual Follower

trajectory generated by our planner can be used as reference

for any generic tracking controller applied to the Follower

vehicle.

The remainder of this paper is structured as follows. Sec-

tion II presents the mathematical notation used throughout

the paper. Section III describes the Leader-Follower problem.

Section IV describes the trajectory planner equations and
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proves the convergence of a Leader-Follower formation for a

Leader describing a trimming trajectory. Section V describes

the experimental set-up for the quadrotor vehicles and Sec-

tion VI presents the obtained experimental results.

II. NOTATION

The configuration of a reference frame {B} w.r.t. a frame

{A} is represented as an element of the Special Euclidean

group, ( A
BR, ApB) ∈ SE(3), where ApB ∈ R

3 is the

position and A
BR ∈ SO(3) is the rotation matrix. For points

in the inertial frame {I}, the upper script frame letter is

often omitted, i.e. pB := IpB. The following functions and

symbols are used throughout this paper. The sign function

sgn(x) : R 7→ R satisfies sgn(0) = 0 and sgn(x) = x|x|−1

for x 6= 0. The map S(x) : R
3 7→ R

3×3 yields a cross-

product skew-symmetric matrix such that S(a)b = a × b.

The map Π(x) : {x ∈ R
3 : xTx = 1} 7→ R

3×3 where

Π(x) = −S (x)
2

yields a matrix that represents the orthog-

onal projection operator onto the subspace perpendicular to

x. The vectors ei ∈ R
3 with i = {1, 2, 3} are used to

denote the unit vectors from the canonical basis for R3. We

write as f (i)(t) the ith time derivative of function f(t) for

i = {1, 2, . . .}.

III. PROBLEM STATEMENT

In a Leader-Follower problem, the primary objective is to

keep the Leader and Follower vehicles separated by a fixed

distance and a fixed direction specified in a given reference

frame. We propose a two step approach to the problem which

separates the problem of trajectory planning from that of

trajectory tracking.

This paper focuses on the first step of generating the

reference trajectory. The problem is addressed by considering

a virtual vehicle that meets the primary objective at all times.

The planner’s output is then fed as a reference trajectory

to the trajectory tracking controller implemented in the real

Follower vehicle.

To describe the problem setup consider the inertial refer-

ence frame {I}, the Leader’s Frenet reference frame {L}
defined by the pair ( I

L
R, pL) ∈ SE(3) and the virtual

Follower reference frame {F} defined as ( I
FR,pF) ∈ SE(3).

The kinematics of I
L
R are given by I

L
Ṙ = I

L
RS(ωL),

with ωL as the Leader’s angular velocity, given by ωL =
‖vL‖

[

τL 0 κL

]T

, and vL, κL and τL as the Leader’s

velocity, path curvature and path torsion, respectively.

In a Leader following strategy, the distance between

Leader and virtual Follower is fixed and the relative position

between them is given by the vector d = [dx dy dz]
T ∈ R

3

specified in the virtual Follower frame {F}, i.e.

pL|F ≡ pL − pF = I

F
Rd, (1)

and the primary goal is to define the time evolution of I
F
R.

IV. TRAJECTORY PLANNER

To completely define the virtual Follower’s trajectory,

we act on the the kinematics of I
F
R which are given by

I
F
Ṙ = I

F
RS(ωF), where ωF := [pF qF rF ]

T ∈ R
3 is the

angular velocity of the frame {F}. The choice of ωF has a

significant impact on the planned trajectory. For example, if

we trivially set ωF = 0 then the virtual Follower path would

simply be a translation of the Leader’s path. If we impose

appropriate constraints on the angular velocity of the virtual

Follower we can generate richer trajectories, e.g. by forcing

the Follower vehicle to behave as a 3D trailer attached to the

Leader. We now derive the conditions on the angular velocity

ωF and show that LpL|F converges to a fixed vector, under

some given assumptions.

A. Trajectory Planner for a Longitudinal Rigid Link

x{I}

y{I}

z{I}

x{F}

y{F}

z{F}

pF

pL

dx

x{L}

y{L}

z{L}

Fig. 1: Leader-Follower separated by a length dx along the

longitudinal axis of the virtual Follower reference frame

Consider a virtual Follower as a 3D trailer attached to a

Leader by a longitudinal rigid link of length dx, as pictured in

Figure 2, so that d = dxe1. Let the 3D trailer body velocity

be u := [u v w]T so that ṗF := I
F
Ru. Taking the time

derivative of (1) it follows

I

F
R

[

I S (−e1)
]

[

u

ωFdx

]

= vL. (2)

In a three dimensional setting, a trailer is a vehicle that can

only move longitudinally, i.e. u = ue1, and it is allowed to

yaw and pitch freely. Due to the nature of the longitudinal

link, the roll rate pF does not play any role in defining the

position of the Follower and can be interpreted as a degree

of freedom. Applying these restrictions to (2) it follows

u = eT

1 u = vT

L

I

F
Re1, (3)

ωF = d−1
x S(e1)

F

I
RvL + pFe1. (4)

For pF(t) = 0, the reference frame ( I
FR,pF) is a parallel

transport frame [11]. Notice that the trajectory generation is

completely defined by (4), which only requires the knowl-

edge of the Leader’s linear speed and I
FR (which is always

well defined). The variables defined in what follows are only

used for the purposes of analysis. We write the Leader’s

velocity as vL = ‖vL‖ I
LRe1 and introduce the shorthand

notation

R :=
[

r1 r2 r3
]

:= L

F
R.

For a longitudinal link connecting the two vehicles, the

Leader-Follower formation is defined by the relative position

vector LpL|F = r1dx and, consequently, a rigid formation is

obtained if r1 converges to a fixed vector. Rotations around

r1 are allowed as they do not break the rigid formation. From

(3), if the Leader is at rest so is the virtual Follower; in

that case, the formation stays fixed w.r.t. {I}. Hereafter, this

trivial situation is ignored by assuming ‖vL(t)‖ ≥ vmin

L
> 0
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for all t.

1) Stability analysis of the three dimensional trailer for-

mation for trimming trajectories : Consider a Leader vehicle

describing a trimming trajectory characterized by constant

torsion τL and curvature κL, i.e. a helix trajectory. The

kinematics of the rotation matrix R are given by

Ṙ = S(RωF − ωL)R. (5)

From the kinematics (5), it can be shown that r1 is a fixed

vector if and only if the error z given by

z(r1) = Π(r1)

(RωF

‖vL‖
− ωL

‖vL‖

)

(6)

is zero. Notice that the error is defined to be velocity-

independent, that is, it depends only on the characteristics

of the Leader’s path and not on the velocity with which it

is described by the vehicle. Solving z(r⋆1) = 0 and denoting

the solution by its components r⋆1 = [r⋆11 r⋆12 r⋆13]
T we get

r⋆11 = ±

√

√

√

√
r̃211
2

+

√

d2xτ
2
L
+

(

r̃211
2

)2

, (7)

r⋆12 = −1− r⋆211
κLdx

,

r⋆13 =
1− r⋆211

r⋆11

τL

κL

, (8)

where r̃211 = 1− d2x(κ
2
L
+ τ2

L
) and the additional relation

[

τL 0 κL

]

r⋆1 = τLr⋆−1
11 . (9)

It can be shown the derivative of r⋆211 with respect to the

variable γ = (τLdx)
2 is always positive, which means that

for a path with curvature κL we have

lim
τL→0

r⋆211 ≤ r⋆211 ≤ lim
τL→∞

r⋆211 ⇒ 1− (dxκL)
2 ≤ r⋆211 ≤ 1.(10)

Equation (10) guarantees that (7)-(8) are well-defined and

provide two solutions for z(r⋆1) = 0 when (dxκL)
2 < 1.

We now introduce Lemma 1 to help determine which of the

two solutions coming from (7)-(8) is attained by the Leader-

Follower formation, i.e. to which solution r1 converges to.

Lemma 1: Consider a Leader vehicle describing a path

with non-zero velocity vL(t) ∈ C1(R3) and with curvature

κL(t) ∈ C1 and a virtual Follower vehicle imbued with

kinematics (4). If the initial conditions for matrix R = L
FR

verify r11(0) sgn(dx) ≥ 0 and if the Leader’s path curvature

is bounded such that |κL(t)dx|∞ < 1, then it follows that

r11(t) sgn(dx) > 0 for all t > 0.

Proof: Computing the time derivative of r11 yields

ṙ11 = ‖vL‖d−1
x

(

1− r211 + (κLdx)r12
)

. (11)

The function r11(t) :=
v
T
L

‖vL‖
I
FRe1 is continuous in time

and consequently it cannot become negative without crossing

r11 = 0. However, for r11 = 0 and |κL(t)dx|∞ < 1, it follows

from (11) that ṙ11 sgn(dx) > 0 and r11(t) sgn(dx) will

increase and become positive. Then, if the initial condition

r11(0) sgn(dx) is positive or zero, it will remain positive for

all subsequent time.

We are now able to state the following Theorem, aggre-

gating the results for the proposed Follower path generation

and convergence of the Leader-Follower system to a rigid

formation.

Theorem 2: Consider a Leader vehicle with non-zero ve-

locity vL(t) ∈ C1(R3) describing a trimming trajectory path

with constant curvature κL and torsion τL and a virtual

Follower imbued with kinematics (4). If the initial conditions

for matrix R = L
F
R verify r11(0) sgn(dx) ≥ 0 and if the

Leader’s path curvature is bounded such that |κLdx| < 1,

then the Leader and Follower vehicles converge to a rigid

formation with relative position vector given by

Lp⋆L|F = r⋆1dx,

with r⋆1 coming from the solution (7)-(8) that renders

r⋆11 sgn(dx) > 0.

Proof: Consider the Lyapunov function V (z) = 1
2z

Tz

with the error z defined as in (6). The time derivative of the

error can be computed with the help of (5), yielding

ż =− ‖vL‖d−1
x r11z+ Π̇(r1)

(RωF

‖vL‖
− ωL

‖vL‖

)

. (12)

From (12), and noticing that Π̇(r1)z = 0, it follows that the

time derivative of the Lyapunov function is

V̇ (t, z) = −r11(t)d
−1
x ‖vL‖zTz. (13)

From Lemma 1, and for the conditions stated in the Theorem,

it follows trivially that the time derivative (13) is negative

definite. The system dynamics for the error z has an expo-

nentially stable point at the origin, resulting in convergence

of r1 to the solution (7)-(8) with positive r⋆11sgn(dx).
From (13) it is clear that the solution in (7) satisfying

r11sgn(dx) > 0 is stable and the one satisfying r11sgn(dx) <
0 is unstable. To gain some insight into the physical interpre-

tation of this result, notice that the solution r11sgn(dx) > 0
corresponds to a trailer being pulled (which is a stable

operation) and the solution r11sgn(dx) < 0 corresponds to

a trailer being pushed (which is an unstable operation).

An interesting characteristic of the virtual Follower’s

equilibrium path is that it is also a curve of constant torsion,

τF and curvature κF , with τF = τL
r⋆2
11

and κF =

√
1−r⋆2

11

|dx|r⋆11
.

B. Trajectory Planner for a Generic Rigid Link

We now consider a Leader-Follower formation with a

generic relative position vector d ∈ R
3 where dy and dz

are no longer constrained to be zero. In order for the path

generation method to be an extension of the one described

in Section IV-A we maintain the virtual Follower kinematics

as defined in (4). Like with the longitudinal link situation,

the choice of roll rate plays no role in the convergence of

r1 and the reasoning in Theorem 2 is applicable, which

guarantees convergence of r1 to r⋆1 remains valid. Unlike

the previous situation, however, the roll rate does influence

the generated path since we now have the components dy

and dz that interact with r2 and r3 to generate the virtual
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Follower’s position.

For the purposes of studying the generated Follower path

when the Leader is performing a trimming trajectory, the

convergence of r2 and r3 is analyzed through the introduc-

tion of a new error

z2 =
p

‖vL‖
− ωT

L

‖vL‖
r1, (14)

relating the angular velocities of the Leader and Follower

along the direction r1. Keeping in mind that the Leader-

Follower formation is defined by the relative position vector
LpL|F = Rd, a rigid formation is attained when the rotation

matrix is constant. Given the rotation matrix kinematics (5)

and convergence of the error (6) to zero, a rigid formation

with a generic relative position vector is attained if and only

if the error z2 is zero.

n

I
L
Re1

I
L
Re1

ψd

I
F
Re1I

F
Re1 R⋆

1

R⋆
2

R⋆
2

R⋆
1

dx

dy

dy

κ−1
L

{ I
LR,pL}={L} : Leader Frenet frame

{ I
FR,pF}={F} : Longitudinal link

{ I
FR,pF}={F} : Generic link

ψd=− arcsin(κLdx)
L
IR I

FR⋆
1
≡R⋆

1
=Rz(ψd)

L
IR I

FR⋆
2
≡R⋆

2
=Rz(ψd)Rx(π)

Fig. 2: Possible L
F
R configurations for dx, dy > 0

Similarly to what occurs for the error z, there are two

solutions that satisfy z2 = 0. To have a better understanding

of what the solutions correspond to, consider a Leader

describing a circular path and d = [dx dy 0] with dx > 0
and dy > 0, as shown in Figure 2. In the figure, two Leaders

are shown describing a path in clockwise and anti-clockwise

directions. The notion of clockwise and anti-clockwise is

arbitrary and it is defined in this work as follows: consider

the unit vector n, then if the Leader’s angular velocity

is aligned with n, i.e. nT I
LRωL > 0, the rotation is

clockwise; if those are misaligned, i.e. nT I
L
RωL < 0, the

rotation is anti-clockwise (an ambiguous situation exists if

nT I
LRωL = 0). For each of these situations, the Follower

can meet the rigid formation specification d in two different

ways, corresponding to the two solutions R⋆ for z2(R⋆) = 0
as follows

R⋆
1 = Rz(ψd) ∨ R⋆

2 = Rz(ψd)Rx(π) (15)

with where ψd is such that sin(ψd) = −κLdx and Rx and Rz

denote rotation matrices about the x and z axis, respectively.

We propose a trajectory planner that imbues the Follower

vehicle with the following behavior. If the Leader’s rota-

tion is clockwise the Follower moves in an outer circle,

corresponding to R⋆
1 in (15). On the other hand, if the

Leader’s rotation is anti-clockwise the Follower moves in an

inner circle, corresponding to the solution R⋆
2 in (15). This

behavior is proposed because the Leader’s third axes I
LRe3

inverts direction from clockwise to anti-clockwise paths but

it is desirable that the virtual Follower’s third axes I
F
Re3

remains aligned with n, mimicking the behavior of a 2D

trailer with dy 6= 0 [12]. For a Leader vehicle describing

a planar path, the Follower is also required to describe a

planar path in a plane parallel to that of the Leader, leading

to ( I
L
Re3)

T I
F
Re3 = ±1. In that situation, the planes of

motion where the vehicles evolve are separated by a distance

dz, specified along the direction I
F
Re3, and the condition

vT

L
I
F
Re3 = 0 is met. In order to remain in a planar path, the

Follower vehicle cannot roll nor pitch. From (4) we have that

q ∝ vT

L
I
F
Re3 and consequently, for the Follower to remain

in a planar path the roll rate must satisfy p ∝ vT

L
I
F
Re3.

With the previous comments in mind, the following roll rate

is selected

p = s⋆(t)vT

L

I

FRe3|d−1
y | (16)

= s⋆(t)r31‖vL‖|d−1
y |

where s⋆(t) ∈ C2 is an altered signum function that is

obtained by solving the differential equation

s⋆(3) + a2s⋆(2) + a1s⋆(1) + a0s⋆ = a0 · η (17)

where η = sgn(nT I
FRe3)sgn(vT

L
I
FRe2) and a0, a1, and

a2 are such that {a2 > 0, a2a1 > a0}. The conditions

on the coefficients of (17) ensure that s⋆(t) converges

asymptotically to the current value of η, which takes values

in {−1, 0, 1} and is allowed to change during the maneuver.

The value of η is defined to ensure that the stable solution to

z2(R⋆) = 0 follows the behavior specified in the preceding

paragraph and thus mimics the motion of a 2D trailer for the

case of planar trajectories. The function s⋆(t) ∈ C2 is used

instead of the discontinuous function η so as to provide a

smooth enough reference position to the trajectory tracking

controller. With the roll rate defined as in (16), the error z2
in (14) can be rewritten as

z2 = s⋆(t)r31|d−1
y | −

[

τL 0 κL

]

r1.

Considering the equilibrium where (9) is satisfied and

s⋆(t) = η, a solution R⋆ can be computed for z2(R⋆) = 0.

We provide the result for r⋆33 only,

r⋆33 = sgn(r⋆21)
−τ2L|dy||dx|+

√

r⋆211(1− r⋆211)− (τLdy)2

κL|dx|r⋆11
,(18)

which is uniquely defined for κL 6= 0 and exists provided that

dy is upper bounded by an expression, which is omitted due

to space limitations. Qualitatively, an upper bound on |dx|
and |dy| exist because beyond those bounds, the condition

RωF −ωL = 0 cannot be met, in which case an equilibrium

does not exist. (However, for planar paths dy can take any

value because pF = 0 regardless of dy). If κL = 0, the Leader

describes a rectilinear trajectory and there are no preferred

directions for r⋆2 and r⋆3, leading to an infinitude of solutions
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for R⋆ (all solutions R⋆ = Rx(φ), for all φ ∈ R, satisfy

z2(R⋆) = 0).

To check the stability of the solutions consider the Lya-

punov function V2(z2) = 1
2z

2
2 . The time derivative of the

error z2 is given by

ż2(t, z2) = −η r21‖vL‖|d−1
y |z2 + g(t) + h(t), (19)

with g(t) = ζT

z
z and h(t) = ζT

s⋆

[

s⋆ − η s⋆(1) s⋆(2)
]

and

where ζz and ζs⋆ are bounded. Then, under the conditions

of Theorem 2 the term g(t) converges exponentially fast to

0. Additionally, η is constant if we are sufficiently close to

the stable equilibrium, implying that h(t), which aggregates

the errors due to using s⋆(t) instead of η, also converges ex-

ponentially fast to 0. The Lyapunov function time derivative

yields

V̇2 = −η r21‖vL‖|d−1
y |z22 + z2(g(t) + h(t))

= −sgn(nT I

FRe3)|r21|‖vL‖|d−1
y |z22 + z2(g(t) + h(t)),

meaning that the system (19) is locally input-to-state sta-

ble (ISS), with g(t) + h(t) as input, if and only if

sgn(nT I
FRe3) > 0 (notice that, for κL 6= 0 and τL = 0

we have r⋆21 6= 0). The ISS property guarantees that in

a given domain, if g(t) + h(t) converges to zero, then

z2 will also converge to zero. Notice that the solution for

which the virtual Follower third axis is aligned with n, i.e.

sgn(nT I
F
Re3) > 0, is stable, whereas the other solution

with sgn(nT I
FRe3) < 0 is unstable.

C. Trajectory Planner Summary

The proposed trajectory planner is a dynamic one, in the

sense that it computes the virtual Follower’s trajectory based

on (1). The virtual Follower rotation matrix I
FR can be

interpreted as the state of the planner and whose kinematics

are ruled by (4) and (16).

For the initialization, two options are available. If the

Leader is initially at rest then the desired Follower position

should be that which is closest to the real Follower. If the

Leader is initially moving then the best guess is that it

is moving straight, in which case the virtual Follower is

initialized to match the equilibrium solution, i.e. I
F
R(0)e1 =

vL(0)
‖vL(0)‖ sgn(dx).

V. EXPERIMENTAL SET-UP

The proposed trajectory planner was tested with two

radio controlled Blade mQX quadrotor vehicles [13]. A

VICON Bonita motion capture system [14], composed of

12 cameras and markers attached to the quadrotors, provides

highly accurate position and orientation measurements for

the Leader and Follower at a rate of 100Hz. The trajectory

planner is implemented in a Matlab/Simulink model, which

computes the Follower’s position reference and feeds it to the

quadrotors’ trajectory tracker controller developed in [15]

which requires a time-parametrized position reference of

class C3. Consequently, the trajectory planner requires the

knowledge of p
(i)
L (t) for i ∈ {1, 2, 3}, which are obtained
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Fig. 4: Circular path with sinusoidal altitude variation

from the raw position measurements by means of dynamic

differentiators.

VI. EXPERIMENTS

Three experiments are presented, where the Leader’s path

is depicted in red, the real Follower’s path in blue and

the virtual Follower’s path in magenta, with the magenta

reference frame being that of the virtual Follower, i.e. I
FR. In

Figures 5(a), 5(b), 5(c), 3(a) and 4(a) the vehicles’ positions

are shown five times, with ♦ symbol for the initial position

and  symbol for the other positions, equally spaced in

time (elapsed time divided by four). In all experiments, the

Leader’s velocity was set at 0.5m/s and n was set to −e3.

The position tracking error between the virtual Follower and

the real Follower is only presented for one of the experiments

in Figure 4(b).

Consider the xyz Euler angles for attitude parametrization,

defined such that R := Rz(ψ)Ry(θ)Rx(φ) and R⋆ :=
Rz(ψ

⋆)Ry(θ
⋆)Rx(φ

⋆). We have shown that if the Leader

describes a trimming path, i.e. a helix, the relative position

between Leader and Follower converges to Lp⋆F|L = R⋆d,

where R⋆ := R⋆(κL, τL), with constant κL and τL. For non

trimming paths, the matrix R is expected to follow the matrix

R⋆ := R⋆(κL(t), τL(t)) where κL(t) and τL(t) are time-

varying. The Euler angles {φ, θ, ψ} and {φ⋆, θ⋆, ψ⋆} are

presented in dashed and full lines, respectively in Figures

5(d) and 3(b), with {φ⋆, θ⋆, ψ⋆} computed from (7)-(8) and

(18) and {φ, θ, ψ} computed from R := L
I
R I

F
R.

Figures 5(a)-5(c) depict the paths for d = [0.4 −
0.4 0]T (m) and with the Leader quadrotor describing a path

composed of two circular paths: one in a horizontal plane

and the other in a plane tilted 45◦, meaning that τL = 0 for

most of the path, except during transition between planes.

Notice the convergence of the virtual Follower’s path to
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Fig. 5: Leader describing circular paths in planes tilted 0◦ and 45◦

a zero-torsion path in the Leader’s plane, which follows

from dz = 0. Except during the transition between planes,

the Leader describes trimming paths and for that reason

{φ, θ, ψ} converge to {φ⋆, θ⋆, ψ⋆} which are constant (see

Figure 5(d)). The virtual Follower’s third axis I
FRe3 remains

aligned with n, i.e. sgn(nT I
FRe3) > 0 (φ⋆ = 180◦ because

sgn(nT I
L
Re3) < 0).

In Figure 3(a), d = [0.35 0.35 −0.3]T (m) and the Leader

quadrotor describes a lemniscate path in a horizontal plane,

defined as

p(γ) = 1.7Rz

(

−π
4

) [

cos(γ)
1+sin2(γ)

1
2

sin(2γ)
1+sin2(γ)

−1.1
]T

(m)

with γ̇ = 0.5
1.7

√

1 + sin2(γ). Again, τL = 0 and the virtual

Follower converges to a plane parallel to the Leader’s plane,

without any prior knowledge that the Leader is moving

in that plane. The Leader’s path is not a trimming one,

consequently {φ⋆, θ⋆, ψ⋆}, presented in Figure 3(b), vary in

time. Notice that ψ follows ψ⋆ with a certain delay; θ and

θ⋆ are zero because the trajectory is planar; and φ and φ⋆

switch between 0◦ and 180◦ for clockwise and anticlockwise

rotations, respectively. Because I
F
Re3 is aligned with n, the

Follower’s curvature is smaller when the Leader’s rotation

is clockwise and larger when the Leader’s rotation is anti-

clockwise.

Finally, in Figure 4(a), d = [0.4 0.4 0]T (m) and a Leader

quadrotor describes a circular path with a sinusoidal altitude

variation. The Leader’s path is not planar but the virtual

Follower, which behaves like a 3D trailer attached to the

Leader, is at each moment compelled to remain in the oscu-

lating plane of the Leader (spanned by I
LRe1 and I

LRe2). As

shown in Figure 4(b), the tracking error converges to zero,

which is equivalent to the convergence of the magenta and

blues lines.

VII. CONCLUSION

In this paper, a real-time three dimensional trajectory

planner for Leader following is presented. The proposed

solution maintains a fixed relative position vector between

Leader and Follower, written in a virtual Follower reference

frame, and it does not require a priori knowledge of the

Leader’s path. For a longitudinal relative position vector,

the virtual Follower reference frame is that of a three

dimensional trailer attached to the Leader. Convergence of

the formation for a Leader describing a trimming trajectory

was shown, considering both a longitudinal and a generic

relative positive vector. Experiments performed with quadro-

tor vehicles were conducted that demonstrate the richness

and suitability of the generated trajectories. Directions for

future work include studying a sequence of n-trailers and

incorporating a collision avoidance strategy.
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