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SUMMARY

This paper addresses the problem of decentralized position and velocity estimation in formations of
autonomous vehicles. A limited number of vehicles in the formation have access to absolute position
measurements, while the rest must rely on range measurements to neighboring agents, local sensor data,
and limited communication capabilities to estimate their own position and velocity. The contribution is
threefold: (i) a method for designing local state observers for each agent in the formation that rely only
on locally available information is presented; (ii) the stability of the continuous-time linear time-varying
Kalman filter subject to exponentially decaying perturbations in some variables is studied; and (iii) the
stability of the error dynamics of the resulting decentralized state observer is analyzed for acyclic
formations with fixed topologies, and it is shown that the error converges exponentially fast to the origin
for all initial conditions. Simulation results are presented and discussed to validate the proposed solution, as
well as assessing its performance under the influence of measurement noise. Copyright © 2015 John Wiley
& Sons, Ltd.
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1. INTRODUCTION

There are many applications where the use of formations composed by multiple autonomous
vehicles working cooperatively is advantageous or, in some cases, crucial. To list only a few exam-
ples, formations of autonomous underwater vehicles (AUVs) can be used for applications such as
minesweeping and oceanographic sampling over large areas, see, for example, [1] and [2], and close
formation flight of Unmanned Aerial Vehicles (UAVs) allows for more efficient fuel usage, see [3]
and [4]. As a result of that, the field of control and estimation in formations of autonomous agents
has been the subject of extensive research in the last decade, see, for example, [5–10].

Conceptually, the easiest way to tackle control and estimation problems in formations of vehicles
is to design a centralized solution, in which a central processing node receives all relevant informa-
tion from the agents, performs all the computations, and spreads the results through the formation
by communication. However, the implementation of a centralized solution poses problems in prac-
tical settings, as the heavy computational load in the central processing computer and the extensive
communication that are required may translate into unacceptable delays and high communication
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Figure 1. Simplified measurement and communication scheme for a sample four-agent formation.

loads in the formation. The alternative is to design a decentralized or distributed solution, in which
each agent in the formation only concerns itself with a fraction of the computations, and relies
only on locally available data (provided by a combination of sensor measurements and/or commu-
nication with other agents in the formation). Although a decentralized solution will fall behind a
centralized one in terms of performance because of the fact that each local processing node must
work with incomplete information, the much lower computational and communication load makes
it very attractive for practical applications where communication, computational, and energy con-
straints are commonplace and often of paramount importance. For more on the pros and cons of
decentralized solutions and their relevance in practical applications, see, for example, [11–13].

The problem addressed in this paper is the design of a decentralized state observer to estimate
linear motion quantities (position and linear velocity), in a formation of vehicles with fixed topol-
ogy, moving in a fluid with constant drift velocity. In order to achieve a decentralized architecture,
each agent in the formation must rely only on locally available measurements and limited commu-
nication with other agents in the vicinity to estimate its inertial position and velocity. In the scenario
envisioned in this paper, some agents in the formation have access to measurements of their abso-
lute position, while the rest rely on measurements of their distance, or range, to other agents in the
vicinity, as well as the position estimates of those agents, received through communication. Figure 1
depicts a simplified scheme of the measurements and communication in a sample formation com-
posed by 4 agents. Additionally, to provide awareness of its movement, it is assumed that each agent
has access to a measurement of its velocity relative to the fluid, measurements of its attitude, and
estimates of its depth or altitude. This type of scenario is relevant in underwater applications with
formations of AUVs, as tasks such as oceanographic sampling require accurate inertial position esti-
mates, and the attenuation of electromagnetic waves in water does not allow the use of the GPS. In
such a scenario, one or more AUVs closer to the surface can obtain absolute position measurements
using, for example, range readings to a single mobile source such as an autonomous surface craft
(ASC) [14] or to several fixed beacons [15], while the rest can use acoustic transceivers to obtain
range readings and communicate state estimates. Measurements of the velocity relative to the water
can be obtained using a Doppler Velocity Log (DVL), an attitude and heading reference system
(AHRS) can provide the attitude estimates, and the depth measurements can be obtained using a
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pressure sensor. Note that, while the AHRS and DVL provide measurements with a fast sampling
rate, due to the limitations of communication and sensing in underwater environments, the range and
absolute position measurements will typically be obtained at a rate one sample every few seconds.
Thus, applying the results of this paper to a practical situation will require a continuous-discrete
implementation such as the one detailed in [16]. Our approach to this decentralized estimation
problem can be divided into three main parts:

1. The design of a local state observer for each agent, which features globally exponentially
stable (GES) error dynamics when the position estimates received from neighboring agents are
exact. This problem is tackled by obtaining, through state and output augmentation, a linear
time-varying (LTV) system, which mimics exactly the nonlinear dynamics of a given agent in
the formation. Two cases are considered, depending on the number of range sources available
to the agent, and sufficient conditions for observability of the LTV system are derived for each
case. This reduces the problem of designing the local state observers to a classical linear state
observer design problem.

2. The stability analysis of the continuous-time LTV Kalman filter when some of the variables of
the system are corrupted by exponentially decaying perturbations. This is relevant to problem
at hand because, as it will be discussed ahead, the position estimates received through com-
munication are used to compute estimates of the input of the augmented LTV system, as well
as its output matrix.

3. The stability analysis of the decentralized state observer composed by the local Kalman filters
of all the agents in the formation. It is shown that, when the directed graph associated with
the formation is acyclic and under mild assumptions, the estimation error of the decentralized
state observer converges exponentially to the origin for all initial conditions.

Preliminary results on this subject were presented in [17]. This paper extends the previous work by
providing an improved theoretical basis, as well as more detailed simulation results. In particular,
uniform complete observability results are presented to strengthen the observability analysis, and the
properties of the perturbed LTV Kalman filter are studied in much greater detail to improve the main
result on the stability of the decentralized state observer. In recent years, several research groups
have studied the problem of cooperative range-based localization. One of the first approaches to the
problem can be found in [18], which presents a necessary and sufficient condition for local observ-
ability and an extended Kalman filter (EKF)-based solution. In [19], another EKF-based solution is
presented to estimate the relative motion between two AUVs, featuring an observability analysis,
which results in weak local observability guarantees. Similarly, in [20], the problem of localization
based on range measurements to a single fixed beacon is addressed with weak local observabil-
ity results based on the linearization of the dynamics of the problem and an EKF solution. Other
approaches include the one proposed in [21], in which successive measurements at different points
of the trajectory are used to recover the present position, while [22] presents a centralized EKF solu-
tion backed by extensive experimental results. Finally, [23] studies the minimum number of distinct
range measurements to compute both relative position and orientation in a 2D setting and proposes
an algorithm to solve the problem, as well as a local observability result. To summarize, in most of
the previous approaches to the problem, the observability analysis revolves around the concept of
weak local observability introduced in [24], and the filtering solution is EKF-based. In comparison
with the previous-referenced works, the novelty of the proposed cooperative localization solution
resides in two main points: while other works such as [18] and [25] present similar conditions for
observability, the framework that is employed in this paper allows for the derivation of observabil-
ity conditions that hold globally, and the proposed state estimation solution features exponentially
convergent error dynamics for any initial condition. As it is shown in the simulation results, the
proposed solution achieves a similar performance to the EKF while offering these observability
and stability guarantees, which are significant as it is well known that the EKF can quickly diverge
because of poor choice of initial condition.

The rest of the paper is organized in the following way: Section 2 describes the problem addressed
in this work in more detail and presents the dynamics of the agents in the formation, posed as non-
linear dynamic systems. Section 3 details the observability analysis of the aforementioned nonlinear
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systems, providing a method for designing local state observers for each agent in the formation,
and Section 4 analyzes the stability of the Kalman filter when some of the variables are subject to
exponentially decaying perturbations. In Section 5, the resulting decentralized observer is analyzed
and conditions for its estimation error to converge globally exponentially to zero are derived, and
in Section 6, the results of simulations that were carried out to assess the performance of the pro-
posed decentralized estimation solution under measurement noise are presented. Finally, Section 7
summarizes the main conclusions of the paper.

1.1. Notation

Throughout the paper, the symbol 0 denotes a matrix (or vector) of zeros and I an identity matrix,
both of appropriate dimensions. Whenever relevant, the dimensions of an n � n identity matrix are
indicated as In. A block diagonal matrix is represented as diag .A1; : : : ;An/. The superscript xi is
used to identify the i-th component of a vector x. For a time-dependent vector x.t/, the notation
xŒ1�.t; t0/ and xŒ2�.t; t0/ denotes the time integrals

xŒ1�.t; t0/ WD
Z t

t0

x.�/d�

and

xŒ2�.t; t0/ WD
Z t

t0

Z �1

t0

x.�2/d�2�1;

respectively. For a matrix A, kAk denotes its induced 2-norm, and kAkF denotes its Frobenius
norm. The notation vec.A/ denotes the vectorizing operator, which returns a vector constructed by
stacking the columns of the matrix A.

2. PROBLEM STATEMENT

Consider a formation composed byN agents, evolving in 3D and under the influence of an unknown
constant current. To discriminate between different agents, a distinct integer label between 1 and N
is assigned to each one. It is assumed that each agent has access to either:

� An absolute position measurement, provided, for example, by GPS or a long baseline
positioning system, see e.g. [15] and [26]; or
� Range measurements to one or more neighboring agents, as well as position estimates

communicated by those agents.

Additionally, it is assumed that the sensor suite mounted on-board each agent has: a DVL, which
provides the velocity of the agent relative to the fluid; a sensor, which provides accurate measure-
ments of its depth/altitude (which is readily available in most situations: depth cells for underwater
vehicles, pressure sensors for aerial vehicles); and an AHRS to measure its attitude.

The first of three problems considered here is the design of local state estimators for each agent
to accurately estimate its position and velocity, relying only on locally available measurements
and limited communication with neighboring agents. This process will result in a decentralized
state observer, in which each agent only concerns itself with a fraction of the total information
available in the formation to estimate its state. The second problem to address is the stability
analysis of the local state estimators subject to errors in the received state estimates, which will evi-
dently happen because they are provided by other local estimators. The third and final problem to
address is that of using the previous results to establish conditions that guarantee the stability of the
decentralized estimator.

2.1. Motion kinematics and measurements

Let ¹I º denote an inertial reference coordinate frame and ¹Biº a coordinate frame attached to agent
i , which is usually denoted as the body-fixed coordinated frame. The linear motion of agent i follows

Ppi .t/ D Ri .t/vi .t/;
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where pi .t/ 2 R3 is its inertial position, vi .t/ 2 R3 is its velocity relative to ¹I º, expressed in
body-fixed coordinates, and Ri .t/ 2 SO.3/ is the rotation matrix from ¹Biº to ¹I º. For the agents
that have access to absolute position measurements, the design of a navigation system is well
understood, and it is not elaborated here (for further details, see [15, 26–28] and references therein).

On the other hand, for the agents that only have access to range measurements, the conditions
for observability, as well as the design of stable state observers, are considerably more complex
and are henceforth the main focus of this section and the next. The DVL provides a measurement
of the velocity relative to the fluid in body-fixed coordinates, so it makes sense to divide vi .t/ into
vri .t/ 2 R3 (velocity of the agent relative to the fluid, in body-fixed coordinates) and vf .t/ 2 R3

(velocity of the fluid relative to ¹I º, in inertial coordinates), yielding

Ppi .t/ D Ri .t/vri .t/C vf .t/:

A range measurement from agent i to agent j will be denoted as

rij .t/ D kpj .t/ � pi .t/k 2 R;

and the depth measurement of agent i is ´i .t/ D p3i .t/ 2 R.

2.2. Agent dynamics

To proceed from the point of view of some agent i , we define the following nonlinear system by
joining the linear motion kinematics and the available measurements:8̂̂<

ˆ̂:
Ppi .t/ D Ri .t/vri .t/C vf .t/
Pvf .t/ D 0
´i .t/ D p

3
i .t/

rij .t/ D kpj .t/ � pi .t/k; j 2 Di

;

whereDi is the set of other agents to whom agent i measures its range. Figure 2 details the quantities
involved in the local state estimation problem for agent i . Define

x.t/ WD
�

x1.t/
x2.t/

�
WD

�
pi .t/
vf .t/

�
2 R6;

and let u.t/ WD Ri .t/vri .t/ 2 R3. Note that, although u.t/ is equivalent to an inertial velocity
measurement in the absence of noise, the fact that it is constructed from different measurements is
reflected later in the simulations by adding sensor noise to both the Euler angles used to construct
R.t/ and the body-fixed velocity measurements. Suppose that agent i has access to measurements of
its range toM other agents in its vicinity and, for the sake of simplicity, take indexes from 1 toM to

Figure 2. For agent i measuring its range to agent j, available data and quantities estimated.
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968 D. VIEGAS ET AL.

identify each of those agents. Additionally, suppose that they transmit both uj .t/ WD Rj .t/vrj .t/ 2
R3 and an estimate of pj .t/ to agent i . Then, the system takes the form8̂̂<

ˆ̂:
Px1.t/ D x2.t/C u.t/
Px2.t/ D 0
´.t/ D x31.t/
rj .t/ D kpj .t/ � x1.t/k; j D 1; 2; : : : ;M

: (1)

The time derivative of rj .t/, which will be useful in the next section, is given by

Prj .t/ D

�
pj .t/ � x1.t/

�
�
�
uj .t/ � u.t/

�
rj .t/

: (2)

Remark 1
While the assumption that agents receive the inputs of other agents in the vicinity might seem strong,
it can realistically be achieved in many practical settings. For example, in underwater applications,
one way to obtain reliable range measurements between vehicles is by using acoustic transceivers
and computing the distance from the round trip time. This effectively creates a communication
channel between the agents, and the input can be transmitted along with the signal used to compute
the range.

The first problem addressed in the paper is the analysis of the observability of the nonlinear
system (1). As the observability analysis is constructive, the estimator design follows naturally.
Two cases are considered, depending on the number of range sources available to the agent. In the
first, the agent has access to only one range source. In the other, it has access to M > 3 range
sources. The consideration of two distinct cases is pertinent because of the different observability
conditions that can be expected for each case: when the agent has three or more range sources, and
given the availability of depth measurements, the position can be recovered through trilateration as
long as the range sources are not positioned in a straight line. On the other hand, with only 1 range
source, trilateration is impossible and the relative movement between the two agents must be rich
enough to allow for some sort of trilateration over time. The intermediate case, two range sources,
is not elaborated on here, but the observability condition can be expected to be a hybrid of the
two other cases: while trilateration is still not possible, there will be less restrictions on the motion
of the agents.

For the second case, M > 3, consider the set Pi of time-varying vectors in R2 composed by
the projections on the horizontal plane (any plane orthogonal to the depth/altitude axis) of the posi-
tions of the agents corresponding to the range measurements available to agent i . The following
is assumed:

Assumption 1
There exists a tnc 2

�
t0; tf

�
for which at least three of the vectors in Pi are non-collinear.

Remark 2
In (1), x.t/ is used to denote the state of agent i instead of xi .t/ or some other form of indexation, as
it simplifies the notation in the rest of the paper considerably. As the observability analysis is carried
out from the point of view of agent i , x1 and x2 always refer to the state of the relevant agent, i ,
while pj always denotes the position of another agent, associated with the range measurement rj .

3. OBSERVABILITY ANALYSIS

This section details the observability analysis of the nonlinear system (1). The method applied here
consists in obtaining, through state augmentation, a LTV system that mimics exactly the dynamics
of (1), allowing to carry out the observability analysis in a linear system framework.

The section is organized as follows. First, new state variables are defined to obtain an LTV rep-
resentation of the nonlinear dynamics of (1). For the case with three or more range sources, output
augmentation is also performed: new outputs are defined by combining available measurements,
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which are used later in the section to derive the observability results. Then, the LTV systems are stud-
ied resorting to classical linear system theory, and sufficient conditions for observability are obtained
for both cases. Following this, the augmented LTV systems are compared with the nonlinear system
(1) to show that the observability conditions are in fact applicable to the original nonlinear system.
Finally, sufficient conditions are derived for uniform complete observability of the augmented LTV
systems. While these conditions are more restrictive than the ones obtained previously in the section,
uniform complete observability guarantees globally exponential stability of the error dynamics of a
Kalman filter for the corresponding LTV system. Previous work by the authors proposed navigation
solutions for single-AUV scenarios using a similar methodology for the observability analysis pro-
cess, see for example, [15] and [14]. The results here differ due to differences in modeling, and the
observability conditions are required for the results of subsequent sections and for the implementa-
tion of the solution in the simulations and potential practical applications. The proofs for the results
detailed in this section can be found in Appendix A.

3.1. State augmentation

Define an additional state variable, x3 2 RM , with each component equal to one of the range
measurements, and let �uj .t/ WD uj .t/ � u.t/ 2 R3. Then, attending to (2), the dynamics of the
augmented system can be described by the following LTV system8̂̂̂

ˆ̂<
ˆ̂̂̂̂
:
Px.t/ D AL.t/x.t/C BL.t/

2
6664

u.t/
p1.t/
:::

pM .t/

3
7775

y.t/ D CAx.t/

; (3)

where

AL.t/ W D

2
6666664

0 I 0 : : : 0
0 0 0 : : : 0

�
�uT

1 .t/

r1.t/
0 0 : : : 0

:::
:::
:::
: : :

:::

�
�uT

M.t/

rM .t/
0 0 : : : 0

3
7777775
2 R.6CM/�.6CM/;

BL.t/ W D

2
6666664

I 0 : : : 0

0 0 : : : 0

0
�uT
1
.t/

r1.t/
: : : 0

:::
:::

: : :
:::

0 0 : : :
�uT
M
.t/

rM .t/

3
7777775
2 R.6CM/�3.1CM/;

and CA W D
��
0 0 1

�
0 0

0 0 I

�
2 R.1CM/�.6CM/:

The transition matrix associated with AL.t/, which is instrumental to the observability analysis
of (3), is given by

ˆL.t; t0/ D

2
6666664

I .t � t0/I 0 : : : 0

0 I 0 : : : 0

�
R t
t0

�uT
1
.�/

r1.�/
d� �

R t
t0

.��t0/�uT
1
.�/

r1.�/
d� 1 : : : 0

:::
:::

:::
: : :

:::

�
R t
t0

�uT
M
.�/

rM .�/
d� �

R t
t0

.��t0/�uT
M
.�/

rM .�/
d� 0 : : : 1

3
7777775
:
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3.2. Output augmentation

Regarding specifically the second case, that is, when there are M > 3 range sources, note that

rj .t/ � rk.t/C
2
�
pj .t/ � pk.t/

�
� x1.t/

rj .t/C rk.t/
D

��pj .t/
��2 � kpk.t/k2

rj .t/C rk.t/
;

for all j; k D 1; 2; : : : ;M; j ¤ k. The right side is assumed to be known, so the left side can be
included as an additional output. In fact, including all distinct combinations provide .M � 1/M=2
new outputs to the system, leading to the following LTV system:8̂̂

ˆ̂̂<
ˆ̂̂̂̂:
Px.t/ D AL.t/x.t/C BL.t/

2
6664

u.t/
p1.t/
:::

pM .t/

3
7775

y.t/ D CB.t/x.t/

; (4)

where

CB.t/ WD

2
4
�
0 0 1

�
0 0

0 0 I
C1.t/ 0 C2

3
5 2 RŒ1C.MC1/M=2��.6CM/;

in which

C1.t/ WD

2
6666664

2.p1.t/�p2.t//T

r1.t/Cr2.t/

2.p1.t/�p3.t//T

r1.t/Cr3.t/

:::
2.pM�1.t/�pM .t//T

yM�1.t/CyM .t/

3
7777775
2 RŒ.M�1/M=2��3

and

C2 WD

2
6664
1 �1 0 0 : : : : : : 0

1 0 �1 0 : : : : : : 0
:::

0 : : : : : : 0 0 1 �1

3
7775 2 RŒ.M�1/M=2��M :

Remark 3
Note that, even though AL.t/, BL.t/, and CB.t/ depend on the system’s input and output, systems
(3) and (4) can still be regarded as LTV systems for analysis purposes, as all involved quantities are
known [14, Lemma 1].

3.3. Observability of the linear time-varying system

The following result provides a sufficient condition for the observability of the LTV system (3) when
there is only M D 1 range source.

Lemma 1
Suppose that the functions of the set

F WD
®
�u11.t/;�u

2
1.t/; .t � t0/�u

1
1.t/; .t � t0/�u

2
1.t/

¯
(5)

are linearly independent in
�
t0; tf

�
; t0 < tf . Then, the LTV system (3) with one range source is

observable on
�
t0; tf

�
.
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The following result provides a sufficient condition for the observability of the LTV system (4)
when there are M > 3 range sources.

Lemma 2
Suppose that Assumption 1 holds. Then, the LTV system (4) with M > 3 range sources is
observable on

�
t0; tf

�
; t0 < tf .

Remark 4
While the physical meaning of the sufficient condition for observability in Lemma 2 is simple to
infer (with M > 3 range sources non-collinearity is required for trilateration), the sufficient con-
dition for observability detailed in Lemma 1 is, at first glance, more obscure. However, noting that
�u1.t/ is the relative velocity between the two vehicles, linearly independence of the functions of
(5) guarantees enough relative motion between the vehicles to perform some sort of trilateration over
time and isolate the effect of the constant current. In practical terms, to guarantee observability, an
agent with only one range source should avoid being immobile or moving in a straight line relative
to its source and instead vary its relative position in the horizontal plane. Note that this requirement
of relative motion to guarantee observability is similar to the local observability conditions in other
works on range-based localization such as [18–20] and [25], although the results presented herein
are not local.

3.4. Observability of the nonlinear system

Comparing the nonlinear system (1) with the augmented LTV systems (3) and (4), one might be
tempted to infer that observability of the corresponding LTV system entails observability of the
nonlinear system, because the dynamics of the latter are essentially a subsystem of the dynam-
ics of the former. However, this reasoning is incorrect as this equivalence is only verified if the
algebraic restrictions

x
j
3 .t/ D kpj .t/ � x1.t/k; j D 1; 2; : : : ;M

hold for all t 2
�
t0; tf

�
. Thus, equivalence between the nonlinear system and its augmented

counterpart remains to be proved.
The following result presents a sufficient condition for the observability of the nonlinear system

(1) when there is only M D 1 range source available, as well as a method for designing state
observers for that system whose error converges exponentially fast to zero for all initial conditions.

Theorem 1
If the set of functions (5) is linearly independent, then the nonlinear system (1) with one range source
is observable on

�
t0; tf

�
; t0 < tf , in the sense that, given the outputs ´.t/ and r1.t/ and the input

u.t/, the initial state x.t0/ is uniquely defined. Moreover, a state observer for the LTV system (3)
with GES error dynamics is also a state observer for the nonlinear system (1), whose error converges
exponentially fast to zero for all initial conditions.

The following result presents a sufficient condition for the observability of the nonlinear system
(1) when there are M > 3 range sources.

Theorem 2
If Assumption 1 holds, the nonlinear system (1) with M > 3 range sources is observable on�
t0; tf

�
; t0 < tf , in the sense that, given the outputs ´.t/ and rj .t/; j D 1; 2; : : : ;M and the input

u.t/, the initial state x.t0/ is uniquely defined. Moreover, a state observer for the LTV system (4)
with GES error dynamics is also a state observer for the nonlinear system (1), whose error converges
exponentially fast to zero for all initial conditions.

Remark 5
For the case where the agent has access toM D 2 range sources, it is easy to see that if the sufficient
condition for observability of Theorem 1 holds for at least one of the two agents corresponding to
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the range measurements, then the nonlinear system (1) with two range sources is observable. Future
work will focus on deriving a less restrictive sufficient condition for observability for that case.

3.5. Uniform complete observability

Following the previous results, it is straightforward to design Kalman filters for the LTV systems
(3) or (4), depending on the number of available range sources, to estimate the state of the non-
linear system (1). However, to guarantee that the Kalman filter has GES error dynamics, uniform
complete observability (UCO) is required. The focus of this subsection is the derivation of sufficient
conditions for UCO of the augmented LTV systems (3) and (4). To do so, an additional assumption
is needed.

Assumption 2
The quantities x1.t/, x2.t/, and u.t/ associated with each agent in the formation are bounded for
all t 2

�
t0; tf

�
. Furthermore, there exist positive scalar constants ym and yM such that the range

measurements obey ym 6 ri .t/ 6 yM for all t 2
�
t0; tf

�
.

Note that, in practical terms, this assumption is very mild, as the state x.t/ will be bounded
by the specifications of the mission scenario, and u.t/ is limited by the maximum velocity of the
agents. Furthermore, the particular values of the bounds are not required for observer nor filter
design purposes.

The following result addresses the issue of UCO of the LTV system (3), when there is M D 1

range source.

Theorem 3
Suppose that Assumption 2 holds. If there exist positive constants ˛ > 0 and ı > 0 such that, for all
t > t0 and c 2 R4; kck D 1, it is possible to choose t� 2 Œt; t C ı� such thatˇ̌

�u11.t
�/c11 C�u

2
1

�
t�
�
c21 C

�
t� � t

�
�u11

�
t�
�
c12 C .t

� � t /�u21
�
t�
�
c22
ˇ̌
> ˛;

where c D
�
c11 c

2
1 c

1
2 c

2
2

�T
, then the LTV system (3) with only one range source is UCO.

The following result establishes a sufficient condition for UCO of the LTV system (4), when there
are M > 3 range sources.

Theorem 4
Suppose that Assumption 2 holds. If there exist positive scalar constants ˛ > 0 and ı > 0 such that,
for all t > t0 and c 2 R2; kck D 1, there exist i; j 2 ¹1; 2; : : : ;M º and a t� 2 Œt; t C ı� such thatˇ̌

.p1i .t
�/ � p1j .t

�//c1 C .p2i .t
�/ � p2j .t

�//c2
ˇ̌
> ˛;

where c D
�
c1 c2

�T
, then the LTV system (4) with M > 3 range sources is UCO.

4. STABILITY OF THE PERTURBED KALMAN FILTER

The previous section established sufficient conditions for the observability of (1) depending on the
number of range sources available to the agent. Following this, it is straightforward to design local
Kalman filters for each agent that will feature GES error dynamics when the received state estimates
are exact [29].

However, during operation in a formation setting, the received position estimates will not be
exact as they will be produced by the local Kalman filter of the corresponding agent, thus injecting
perturbations in the input of the augmented LTV system as well as in the output matrix CB.t/.
To address this problem, this section details the stability analysis of the continuous-time Kalman
filter when there are exponentially decaying perturbations in both the input and the output matrix of
the system.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:963–994
DOI: 10.1002/rnc



DECENTRALIZED OBSERVERS FOR RANGE-BASED POSITION AND VELOCITY ESTIMATION 973

This section is organized as follows. First, the equations for the nominal Kalman filter and its per-
turbed version are laid out and assumptions on the boundedness of some of the quantities involved
are detailed. Then, it is shown that uniform complete observability of the nominal system entails
uniform complete observability of the system subject to the aforementioned perturbations. Follow-
ing this, the deviation of the solution of the perturbed Riccati equation from the nominal solutions
is studied, and it is shown that it converges exponentially fast to zero, which entails that the Kalman
gain will also converge to its nominal value. Finally, the main result of the section is laid out: if
the nominal LTV system is UCO, then the Kalman filter subject to exponentially decaying pertur-
bations is a suitable state observer for the nominal LTV system, featuring exponentially convergent
error dynamics.

Consider a generic LTV system²
Px.t/ D A.t/x.t/C B.t/u.t/
y.t/ D C.t/x.t/ ; (6)

where x.t/ 2 Rn is the state of the system, u.t/ 2 Rm is its input, and y.t/ 2 Ro its output. A.t/,
B.t/, and C.t/ are matrix-valued functions of time of appropriate dimensions. It is assumed that
there exist positive scalar constants ˛1, ˛2, and ˛3 such that8<

:
kA.t/k 6 ˛1
kB.t/k 6 ˛2
kC.t/k 6 ˛3

(7)

for all t > t0. The dynamics of the Kalman filter for the LTV system (6) follow8<
:
POx.t/ D A.t/ Ox.t/C B.t/u.t/CK.t/Œy.t/ � C.t/ Ox.t/�
K.t/ D P.t/CT .t/R�1.t/
PP.t/ D A.t/P.t/C P.t/AT .t/CQ.t/ � P.t/CT .t/R�1.t/C.t/P.t/

; (8)

in which the matrices Q.t/ � 0 2 Rn�n and R.t/ � 0 2 Ro�o are used to model process and
observation noise, respectively. Suppose that there exist positive scalar constants ˛4 and ˛5 such that²

˛�14 6 kR.t/k 6 ˛4
kQ.t/k 6 ˛5

(9)

for all t > t0. Now, suppose that instead of using u.t/ and C.t/, the Kalman filter uses estimates of
those quantities, Ou.t/ and OC.t/, respectively, and assume that the errors on those estimates, Qu.t/ WD
u.t/ � Ou.t/ and QC.t/ WD C.t/ � OC.t/, decay exponentially with time. More specifically, suppose
that there exist positive scalar constants ˛6, ˛7, �1, and �2 such that²

kQu.t/k 6 ˛6e��1.t�t0/
k QC.t/k 6 ˛7e��2.t�t0/

(10)

for all t > t0. Then, the Kalman filter equations become8̂<
:̂
POx.t/ D A.t/ Ox.t/C B.t/ Ou.t/C OK.t/Œy.t/ � OC.t/ Ox.t/�
OK.t/ D OP.t/ OCT .t/R�1.t/
POP.t/ D A.t/ OP.t/C OP.t/AT .t/CQ.t/ � OP.t/ OCT .t/R�1.t/ OC.t/ OP.t/

: (11)

The new filter (11) will be referred to as perturbed Kalman filter from hereon for the sake of
convenience.

Consider the implementation of a Kalman filter for the LTV system (4) in which both u.t/ and
CB.t/ are computed using the estimates for pi .t/; i D 1; 2; : : : ;M received through communica-
tion. Then, (11) can be used to model the filter dynamics, and the assumption in (10) is verified only
if the errors in the estimates received through communication decay exponentially with time, which
can be guaranteed when the formation follows a hierarchical structure such as the acyclic directed
graph considered in Section 5.
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Remark 6
An alternative to the observability and stability analysis detailed in this work would be the use of
a fully stochastic model to take the measurement noise into account in every step of the process.
However, the observability and stability analysis carried out in the deterministic framework ensure
that the error dynamics of the decentralized state estimator are inherently stable, while the imple-
mentation of local Kalman filters with correctly tuned noise covariance matrices Q and R for each
agent ensures good filtering performance of the local sensor noise. Thus, a fully stochastic frame-
work falls outside the scope of the present work, and it would also further complicate the already
extensive calculations present in the paper.

4.1. Observability of the perturbed system

It must be shown that UCO of the nominal system (6) entails UCO of the perturbed system²
Px.t/ D A.t/x.t/C B.t/ Ou.t/
y.t/ D OC.t/x.t/

; (12)

to ensure the existence of bounds on OP.t/ and the stability of the perturbed Kalman filter’s error
dynamics. The following result establishes UCO of the perturbed system (12).

Lemma 3
Suppose that the LTV system (6) is UCO. Then, the perturbed system (12) is UCO.

This result will be useful to study the convergence of the perturbed Riccati equation in (11), as it
allows to establish bounds for OP.t/. To be more specific, if the LTV system (6) is UCO, then there
exist positive scalar constants � , ˛8, and ˛9 such that²

˛�18 6 kP.t/k 6 ˛8
˛�19 6 k OP.t/k 6 ˛9

for all t > t0 C � [29].

4.2. Stability of the perturbed Riccatti equation

The main problem that appears when studying the stability of the perturbed Kalman filter (11) is that
the Riccati equation itself will deviate from its nominal counterpart in (8) because of the perturbation
in OC.t/. Following this, define the deviation of OP.t/ from P.t/ as

QP.t/ WD P.t/ � OP.t/: (13)

For the rest of this subsection, explicit time dependency of the various quantities involved in the cal-
culations is dropped to avoid unnecessary cluttering of the notation. Computing the time derivative
of (13) yields

PQP D PP � POP

DAPC PAT CQ � PCTR�1CP � A OP � OPAT �QC OP OCTR�1 OC OP

D
�
A � PCTR�1C

�
QPC QP

�
A � PCTR�1C

�T
C QPCTR�1C QP

C OP
h
QCTR�1 QC � QCTR�1C � CTR�1 QC

i
OP:

(14)

To simplify the notation, define8<
:

F
	
QP


D
�
A � PCTR�1C

�
QPC QP

�
A � PCTR�1C

�T
C QPCTR�1C QP

G
	
QC


D OP

h
QCTR�1 QC � QCTR�1C � CTR�1 QC

i
OP

:

Thus, (14) can be rewritten as
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PQP D F
	
QP


CG

	
QC


: (15)

The following result establishes a sufficient condition for the exponential convergence of the
dynamics of (15).

Lemma 4
Suppose that the LTV system (6) is UCO and verifies the bounds in (7), (9), and (10). Then, QP.t/
converges exponentially fast to the origin, in the sense that, for any given initial condition QP.t0/, it
is possible to choose positive scalar constants ˛ and � such that k QP.t/k 6 ˛e��.t�t0/ for all t > t0.

4.3. Stability of the perturbed Kalman filter

Following the previous results, it is now possible to show that the perturbed Kalman filter (11) needs
a suitable state observer for the nominal LTV system (6).

Theorem 5
Suppose that:

(i) The LTV system (6) is UCO;
(ii) The bounds in (7), (9), and (10) are verified;

(iii) The state x.t/ of the LTV system (6) is bounded for all t > t0.

Then, the perturbed Kalman filter (11) is a state observer for the LTV system (6) with exponentially
convergent error dynamics in the sense that, for any given initial condition Qx.t0/ WD x.t0/ � Ox.t0/,
it is possible to choose positive scalar constants ˛ and � such that the estimation error Qx.t/ WD
x.t/ � Ox.t/ follows k Qx.t/k 6 ˛e��.t�t0/ for all t > t0.

5. STABILITY OF THE DECENTRALIZED STATE ESTIMATOR

The previous sections addressed the issues of observability of the nonlinear system (1), as well as
the stability of the LTV Kalman filter subject to perturbations in the output matrix and the input
of the system. These results establish the necessary foundation to address the main problem of
this article: the stability of the error dynamics of the decentralized state observer composed by the
interconnection of the local Kalman filters of each vehicle in the formation.

Before presenting the main result of this section, it is convenient to introduce some concepts on
graph theory (see e.g., [30] and [31]), as formations of agents can be handily described by a directed
graph. A directed graph, or digraph, G WD .V; E/ is composed by a set V of vertices and a set of
directed edges E , which are represented by ordered pairs of vertices. Such an edge can be expressed
as e D .a; b/, meaning that edge e is incident on vertices a and b, directed towards b. A directed
cycle in G is a sequence .v0; e1; v1; e2; v2; : : : ; en; v0/ of distinct vertices (with the exception of the
first and the last) and edges of G such that ei D .vi�1; vi /. A directed graph is called acyclic if it
contains no directed cycles. If a directed graph G is acyclic, it can be represented graphically by a
tiered drawing such as the one depicted in Figure 3, that is, the drawing is divided in K hierarchical
tiers, in which tier 0 is composed of the vertices with no edges directed towards them while, for a
vertex in tier k > 0, all directed paths ending in that vertex start in a node of a lower tier.

Now, consider the agent formation described in Section 2. This kind of formation can be associ-
ated with a directed graph G D .V; E/, where each vertex represents a distinct agent, and an edge
.a; b/ means that agent b measures its range to agent a. The nodes with no edges directed towards
them refer to agents with access to measurements of their own absolute position.

The following result establishes a sufficient condition for exponential convergence to zero of the
estimation error for the distributed state observer.

Theorem 6
Consider a formation composed by N agents, as described in Section 2, and suppose that:

1. The directed graph associated with the formation is acyclic;
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Figure 3. Example of an acyclic directed graph divided in tiers.

2. The agents in tier 0 implement GES state observers to estimate their position and velocity from
the absolute position measurements available to them (see [27, 28]);

3. The agents in the other tiers implement Kalman filters for the LTV system (3) or (4), depending
on the number M of range sources available to them;

4. The sufficient condition for UCO of the LTV system associated with each agent in the
formation holds (Theorem 3 for the system (3) and Theorem 4 for the system (4)).

Then, the estimation error of the decentralized state observer composed by the interconnected local
Kalman filters of all the agents in the formation converges exponentially fast to the origin in the
sense that for any given initial condition, it is possible to choose positive scalar constants ˛ and �
for which k QxT .t/k 6 ˛e��.t�t0/ for all t > t0, where QxT .t/ WD

�
Qx1.t/ Qx2.t/ : : : QxN .t/

�
is the

total estimation error in the formation.

Proof
Because the directed graph G D .V; E/ associated with the formation is acyclic, consider its drawing
withK tiers, and notice that because the local state observer of an agent in a given tier only depends
on estimates received from lower tiers, its properties can be studied disregarding the dynamics of
agents in higher tiers as well as those of other agents in the same tier.

Consider an agent i in tier k > 0 and assume that the local observers of each agent in tiers 0
to k � 1 have exponentially convergent error dynamics. From the necessary conditions for UCO,
as described by either Theorem 3 or 4 depending on the number of available range sources, in par-
ticular, Assumption 2, it follows that the bounds in (7) hold for all t > t0. Moreover, because the
local observers in the previous tiers are assumed to feature exponentially convergent error dynam-
ics, the errors in the position estimates received through communication decay exponentially fast,
which implies that the bounds in (10) also hold for all t > t0. Then, as long as the matrices Q
and R used to tune the Kalman filter obey the bounds in (9), it follows by application of Theorem
5 that the estimation error of the Kalman filter of agent i also converges exponentially fast to
the origin.

So, as the dynamics of agents in the same tier have no mutual impact, this means that because
the local observers of each agent in the tiers 0 through k � 1 have exponentially convergent error
dynamics, the local observers of the agents in tier k will also feature error dynamics that converge
exponentially to zero. Considering this, plus the fact that the local observers of the agents in tier
0 feature GES error dynamics, it follows by induction that all local state observers in the forma-
tion feature error dynamics that converge exponentially fast to the origin, that is, the decentralized
estimator that results when considering all the local estimators as a whole has error dynamics that
converge exponentially fast to the origin. �
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Remark 7
The analysis in this section is restricted to acyclic formation graphs, as the introduction of algebraic
loops in the global dynamics due to cycles in the graph cannot be solved using this methodology.
For a solution with stability and performance guarantees even with cyclic formation graphs, using
relative position measurements instead of range readings, see [32]. Nevertheless, this method can
also be used to design a stable state observer when the formation graph G is cyclic, by removing
edges from the graph until it is no longer cyclic while making sure to never remove the last edge
directed towards a vertex. It seems naturally advantageous to remove as few edges as possible;
therefore, this procedure could be restated as that of finding the maximum acyclic subgraph of G
[33], with the added restriction that the last edge directed towards a vertex may not be removed (as
this would obviously leave the corresponding agent without any positioning information apart from
the depth measurement). This straightforward approach is then applied to the local observers by
disregarding the range measurements referring to edges that were removed during this process.

6. SIMULATION RESULTS

This section presents simulation results to assess the performance of the proposed decentralized
estimation solution in the presence of measurement noise. The filtering solution detailed in this
paper is tested in a simulated mission scenario to assess its performance. To provide meaningful
comparison terms, two alternative solutions are also simulated: a decentralized EKF implementation
and a centralized EKF, both detailed further ahead in this section.

6.1. Simulation parameters

In the simulations detailed here, a formation composed by eight agents is considered. The graph
associated with this formation is depicted in Figure 4. The agents are assumed to be evolving in
a fluid with constant inertial velocity vf D

�
0:4 �0:2 0

�T
.m=s/, and their initial positions are

depicted in Figure 5.
Regarding the motion of the agents during the simulations, agent 1 follows the path depicted in

Figure 5 with a constant surge velocity of 1m=s, and agents 2 to 7 follow the same trajectory offset
by their respective initial positions. Agent 8 requires a richer trajectory to guarantee observability
as it has access to only one range source. To do so, it was made to perform oscillations around the
nominal trajectory followed by the rest of the formations by actuating on its yaw velocity. To be
more specific, denote the yaw velocity of agent 1 by 1.t/. Then, the yaw velocity of agent 8 follows

 8.t/ D  1.t/C 0:15 cos.2� � 0:05 � t /

throughout the course of the mission.

Figure 4. Directed graph associated with the formation used in the simulations.
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Figure 5. Initial positions of the agents and trajectory followed by the formation.

To simulate noise in the measurements, zero-mean, uncorrelated, and normally distributed per-
turbations were added to the range, depth, and velocity measurements, with standard deviation of
0:2 m for the range and depth measurements and 0:01 m/s for the velocity measurements. For the
absolute position measurements available to agents 1 to 3, as the noise in absolute positioning sys-
tems such as the GPS is usually area-dependent, they were corrupted by additive, zero-mean white
Gaussian noise with standard deviation of 0:1 m, and some correlation between the measurements
was added, resulting in the following covariance matrix:

Rabs D 0:01 �

2
4 1 0:1 0:1

0:1 1 0:1

0:1 0:1 1

3
5˝ I3:

In addition to these perturbations, noise was also simulated in the attitude measurements required
for computing the inputs of each system. To this effect, zero-mean, uncorrelated white Gaussian
perturbations were added to the roll, pitch, and yaw Euler angles used to parametrize attitude, with
standard deviation of 0:03ı for the roll and pitch and 0:3ı for the yaw.

In all simulations that were carried out, the initial value for all state estimates was set to zero
regardless of the real initial value of the variables.

6.2. Filter implementation

For agents 1 to 3, which have access to measurements of their own inertial position, the dynamics
are modeled by the linear time-invariant (LTI) system´

Px.t/ D ALTIx.t/C BLTIu.t/

y.t/ D CLTIx.t/
; (16)

in which

ALTI D

�
0 I
0 0

�
; BLTI D

�
I
0

�
; CLTI D

�
I 0
�
;

and u.t/ is defined as in (1). The local estimator for those agents is an LTI Kalman filter, whose
dynamics follow

POx.t/ D ALTI Ox.t/C BLTIu.t/CKLTI.y.t/ � CLTI Ox.t//;

in which

KLTI D PLTICTLTIR
�1
LTI;
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where PLTI is the positive definite solution of the algebraic Riccati equation

0 D ALTIPLTI C PLTIATLTI CQlTI � PLTICTLTIR
�1
LTICLTIPLTI;

and ²
QLTI D 0:01 � diag.1; 1; 1; 0:001; 0:001; 0:001/
RLTI D I :

For these three agents, no information is required from the other agents.
For the other agents in the formation, which have access to range measurements, LTV Kalman

filters were implemented based on their respective augmented LTV systems. For agents 4 to 7, which
have access to three range sources, the local Kalman filters are based on (4) and follow

8̂̂̂
ˆ̂̂̂̂̂
<
ˆ̂̂̂̂
ˆ̂̂̂:

POx.t/ D AL.t/Ox.t/C BL.t/

2
6664

u.t/
Op1.t/

Op2.t/

Op3.t/

3
7775C OK.t/Œy.t/ � OCB.t/Ox.t/�

OK.t/ D OP.t/ OCTB.t/R
�1
3

POP.t/ D AL.t/ OP.t/C OP.t/ATL.t/CQ3 � OP.t/ OCTB.t/R
�1
3
OCB.t/ OP.t/

;

in which ²
R3 D 0:01 � diag.1; 1; 1; 0:001; 0:001; 0:001; 1; 1; 1/

Q3 D diag.1; 1; 1; 1; 2; 2; 2/
:

In this case, the agent needs to receive information through communication: updated position esti-
mates and inputs of the range sources (agents 1 to 3 for agents 4, 5, and 6, and agents 4 to 6 for
agent 7).

Finally, for agent 8, because it only has access to one range source, the local Kalman filter is
based on (3), and its dynamics follow

8̂̂̂
<̂
ˆ̂̂̂:

POx.t/ D AL.t/Ox.t/C BL.t/
�

u.t/
Op7.t/

�
C OK.t/Œy.t/ � CA Ox.t/�

OK.t/ D OP.t/C TAR�11
POP.t/ D AL.t/ OP.t/C OP.t/ATL.t/CQ1 � OP.t/C TAR�11 CA OP.t/

;

in which ²
R1 D 0:01 � diag.1; 1; 1; 0:001; 0:001; 0:001; 1/

Q1 D I2
:

In this case, the agent needs to receive updated position estimates from agent 7, as well as its input.

6.3. Extended Kalman filter-based solutions

Both EKF-based implementations (centralized and decentralized) are based on the original nonlin-
ear, non-augmented dynamics (1).

For the decentralized case, agents 1 to 3, with measurements of their own position, implement the
LTI Kalman filter (16). The other agents in the formation implement an EKF based on their local
dynamics (1). For example, for agent 4, the filter dynamics follow
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Figure 6. Initial evolution and detailed view of the norm of the total estimation error in the formation.

Table I. Mean of the steady-state total estimation error in
the formation.

Decentralized LTV Decentralized EKF Centralized EKF

6:17 � 10�2 5:40 � 10�2 4:83 � 10�2

8̂̂<
ˆ̂:
POx.t/ D ALTI Ox.t/C BLTIu.t/C OK.t/Œy.t/ � Oy.t/�

OK.t/ D OP.t/ OCTEKF.t/R
�1
LTI

POP.t/ D ALTI OP.t/C OP.t/ATLTI CQLTI � OP.t/ OCTEKF.t/R
�1
LTI
OCEKF.t/ OP.t/

;

in which

OCEKF.t/ D
@y

@x

ˇ̌̌
ˇ
Ox.t/
D

2
6666664

�
0 0 1

�
0

OxT
1
.t/�OpT

1
.t/

r14.t/
0

OxT
1
.t/�OpT

2
.t/

r24.t/
0

OxT
1
.t/�OpT

3
.t/

r34.t/
0

3
7777775

and

Oy.t/ D

2
6664

Ox31.t/

kOp1.t/ � Ox1.t/k

kOp2.t/ � Ox1.t/k

kOp3.t/ � Ox1.t/k

3
7775 :

In this case, agent 4 needs to receive update position estimates from agents 1, 2, and 3 through
communication.

The centralized EKF solution estimates the state variables in (1) for each agent in the formation
in a single EKF, tuned with the covariance matrices
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Figure 7. Initial evolution and detailed view of the norm of the position estimation error at agent 4.
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Figure 8. Initial evolution and detailed view of the estimation error for the first coordinate of the position at
agent 7.

²
RCEN D diag .Rabs; I18/
QCEN D I8 ˝QLTI

:

6.4. Performance comparison

Figure 6 depicts the initial evolution and a detailed view of the norm of the total estimation error
in the formation over the course of the simulation. In the computation of this norm, the errors rel-
ative to the augmented state variables in the decentralized LTV solution are omitted for fairness of
comparison. As it can be seen, after large transients caused by the errors in the initial estimates, the
estimation error converges to the vicinity of zero (not converging to zero only because of the noise
present in the measurements) and, qualitatively, the three competing solutions appear to offer simi-
lar filtering performance. To complement the graphical data, Table I details the mean of the norm of
the steady-state estimation error for the three filtering solutions, averaged over 1000 runs of the sim-
ulation. The data shows that the centralized EKF outperforms both decentralized solutions, and that
the decentralized EKF implementation achieves a better overall performance than the decentralized
LTV solution.

However, looking at individual agents in the formation paints a different picture. Figures 7, 8, and
9 depict the initial evolution and detailed view of the norm of estimation error for the position and
velocity at agents 4, 7, and 8, respectively, and Table II details the measured average norm of the
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Figure 9. Initial evolution and detailed view of the estimation error for the first coordinate of the position at
agent 8.

Table II. Average steady-state error norm of the position and velocity estimates
at agents 4, 7, and 8.

Variable Decentralized LTV Decentralized EKF Centralized EKF

kp4.t/k (m) 1:48 � 10�2 1:50 � 10�2 1:36 � 10�2

kvf 4.t/k (m/s) 2:80 � 10�4 3:15 � 10�4 2:81 � 10�4

kp7.t/k (m) 1:61 � 10�2 1:68 � 10�2 1:47 � 10�2

kvf 7.t/k (m/s) 3:18 � 10�4 3:72 � 10�4 2:96 � 10�4

kp8.t/k (m) 4:96 � 10�2 3:95 � 10�2 3:47 � 10�2

kvf 8.t/k (m/s) 4:21 � 10�4 4:36 � 10�4 3:69 � 10�4

estimation error for the same agents, averaged over 1000 runs of the simulation. As the data shows,
the decentralized LTV solution performs as well or better than the decentralized EKF in agents 4
and 7, while falling behind at agent 8.

Looking at the overall results, it can be concluded that, even though EKF-based solutions perform
well and have shown good results in practical applications, the decentralized LTV solution pre-
sented in this paper is a viable alternative with similar performance, with the added value of global
stability guarantees.

7. CONCLUSIONS

The problem of decentralized position and velocity estimation in formations of autonomous vehicles
was addressed in this paper. A limited number of vehicles in the formation have access to absolute
position measurements, while the rest must rely on range measurements to neighboring agents, local
sensor data, and limited communication capabilities to estimate their own position and velocity.
A method for designing local state observers for each agent in the formation that rely only on
locally available information was presented, and the stability of the continuous-time LTV Kalman
filter subject to exponentially decaying perturbations in some variables was analyzed. Building on
this, the stability of the error dynamics of the resulting decentralized state observer was established
for acyclic formations. Simulation results were presented and discussed to validate the proposed
solution, as well as assessing its performance under the influence of measurement noise.
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APPENDIX A: PROOFS FOR THE RESULTS OF SECTION 3

Proof for Lemma 1
The observability Gramian of the LTV system (3) is defined as

WA.t0; t / D

Z t

t0

ŒCAˆL.�; t0/�TCAˆL.�; t0/ d�:

If the system is not observable, then there exists a d 2 R7 ¤ 0, d WD
�
dT1 dT2 d3

�T
, with d1; d2 2

R3, and d3 2 R, such that

dTWA.t0; t /d D 0

for all t 2
�
t0; tf

�
. This implies that

CAˆL.t; t0/d D 0

for all t 2
�
t0; tf

�
. From this, it follows that

Z t

t0

�u1.�/ � d1
r1.�/

d� C

Z t

t0

.� � t0/�u1.�/ � d2
r1.�/

d� � d3 D 0 (17)

and

d31 C .t � t0/d
3
2 D 0 (18)

for all t 2
�
t0; tf

�
. Making t D t0 in (18) shows that d13 D 0, and it follows that d23 must also be

0. Taking (17) and making t D t0 shows that d3 D 0. Taking its time derivative yields

�u11.t/d
1
1 C�u

2
1.t/d

2
1 C .t � t0/�u

1
1.t/d

1
2 C .t � t0/�u

2
1.t/d

2
2 D 0 (19)

for all t 2
�
t0; tf

�
. Then, because the functions of the set (5) are assumed to be linearly independent

on
�
t0; tf

�
, (19) implies that d11 D d21 D d12 D d22 D 0. Then, d D 0, which is a contradiction.

Thus, the system is observable on
�
t0; tf

�
. �

Proof for Lemma 2
The observability Gramian of the LTV system (4) is defined as

WB.t0; t / WD

Z t

t0

ŒCB.�/ˆL.�; t0/�TCB.�/ˆL.�; t0/ d�:

Following a similar reasoning as in Theorem 1, if (4) is not observable, then there exists a d 2
R6CM ¤ 0, d WD

�
dT1 dT2 dT3

�T
, with d1; d2 2 R3, and d3 2 RM , such that

dTWB.t1; t2/d D 0

for all t1; t2 2
�
t0; tf

�
; t2 > t1. This implies that

CB.t2/ˆL.t2; t1/d D 0 (20)

for all t1; t2 2
�
t0; tf

�
; t2 > t1. Expanding (20) yields

Z t2

t1

�uj .�/ � d1
rj .�/

d� C

Z t2

t1

.� � t1/�uj .�/ � d2
rj .�/

d� � d
j
3 D 0; j D 1; 2; : : : ;M; (21)
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d13 C .t2 � t1/d23 D 0; (22)

and

0 D C1.t2/d1 C C2

2
6664
�
R t2
t1

�uT
1
.�/

r1.�/
d�

:::

�
R t2
t1

�uT
M
.�/

rM .�/
d�

3
7775d1 C .t2 � t1/C1.t2/d2

C C2

2
6664
�
R t2
t1

.��t1/�uT
1
.�/

r1.�/
d�

:::

�
R t2
t1

.��t1/�uT
M
.�/

rM .�/
d�

3
7775 d2 C C2d3

(23)

for all t1; t2 2
�
t0; tf

�
; t2 > t1. Proceeding as in the previous case, (21) and (22) imply that

d31 D d
3
2 D 0 and d3 D 0. If Assumption 1 is verified, making t2 D t1 D tnc in (23) yields

C1.tnc/d1 D 0;

that is, 8̂̂̂
<
ˆ̂̂:

�
p11.tnc/ � p

1
2.tnc//d

1
1 D .p

2
1.tnc/ � p

2
2.tnc/

�
d21 D 0�

p11.tnc/ � p
1
3.tnc//d

1
1 D .p

2
1.tnc/ � p

2
3.tnc/

�
d22 D 0

:::�
p1M�1.tnc/ � p

1
M .tnc//d

1
1 D .p

2
M�1.tnc/ � p

2
M .tnc/

�
d21 D 0

which, under Assumption 1, implies that it must be d11 D d21 D 0. Taking the time derivative of
(23) and making t2 D t1 D tnc yields

C1.tnc/d2 D 0: (24)

Following the same argument, (24) means that, under Assumption 1, d12 D d22 D 0. So d D 0,
which is a contradiction. Therefore, the LTV system (4) is observable on

�
t0; tf

�
. �

Proof for Theorem 1
Let x.t0/ WD

�
xT1 .t0/ x

T
2 .t0/

�T
be the initial state of the nonlinear system (1) and w.t0/ WD�

wT1 .t0/ wT2 .t0/ w3.t0/
�T

the initial state of the LTV system (3). Because the functions of the
set (5) are assumed to be linearly independent, the initial state of the LTV system (3) is uniquely
defined. Notice that ´.t0/ D x31.t0/ D w31.t0/ and that r1.t0/ D w3.t0/ D kp1.t0/ � x1.t0/k. The
comparison of ´.t/ for the nonlinear system and the LTV system yields

.t � t0/
�
x32.t0/ � w

3
2.t0/

�
D 0;

so it follows that x32.t0/ D w32.t0/. On the other hand, comparing Œr1.t/�2 for the nonlinear system
and the LTV system yields

2�uŒ1�1 .t; t0/ � Œw1.t0/ � x1.t0/�C 2.t � t0/�uŒ1�1 .t; t0/ � Œx2.t0/ � w2.t0/�

� 2�uŒ2�1 .t; t0/ � Œx2.t0/ � w2.t0/� D 0:
(25)

Taking the time derivative of (25) yields

2�u1.t/ � Œw1.t0/ � x1.t0/�C 2.t � t0/�u1.t/ � Œx2.t0/ � w2.t0/� D 0: (26)
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Clearly, because the functions of the set (5) are linearly independent, (26) implies that
x11.t0/ D w11.t0/, x

2
1.t0/ D w21.t0/, x

1
2.t0/ D w12.t0/, and x22.t0/ D w22.t0/. So the initial state of

the nonlinear system (1) with one range measurement matches the initial state of the LTV system
(3), which means that the initial state of the nonlinear system is uniquely defined. Moreover, equiv-
alence between the states of both systems also implies that a state observer for the LTV system (3)
will act simultaneously as a state observer for the nonlinear system (1) and that if it features GES
error dynamics for (3), the error on the estimates corresponding to the state variables of (1) will
converge exponentially fast to zero regardless of the initial conditions.

�

Proof for Theorem 2
Let x.t0/ WD

�
xT1 .t0/ xT2 .t0/

�T
be the initial state of the nonlinear system (1) and w.t0/ WD�

wT1 .t0/ wT2 .t0/ wT3 .t0/
�T

the initial state of the LTV system (4). Because Assumption 1 holds, the
initial state of the LTV system (4) is uniquely defined. As in the previous case, comparison of ´.t0/,
rj .t0/ and the time evolution of ´.t/ in both systems show that x31.t0/ D w

3
1.t0/, x

3
2.t0/ D w

3
2.t0/,

and rj .t0/ D w
j
3 .t0/ D kpj .t0/ � x1.t0/k. Denote each augmented output as cjk.t/, where

j and k refer to the range measurements used in its construction. By comparing the quantities
cjk.t/

�
rj .t/C rk.t/

�
for the nonlinear system (1) and the LTV system (4), it can be shown that,

under Assumption 1,

0 D 2Œpj .tnc/ � pk.tnc/� � Œw1.tnc/ � x1.tnc/�

C 2.t � tnc/Œpj .tnc/ � pk.tnc/� � Œw2.tnc/ � x2.tnc/�

� 2
h
uŒ2�j .t; tnc/ � uŒ2�

k
.t; tnc/

i
� Œx2.tnc/ � w2.tnc/�

(27)

for j; k D 1; 2; : : : ;M; j ¤ k and all t > tnc . The time derivative of (27) follows

2Œpj .tnc/�pk.tnc/��Œw2.tnc/�x2.tnc/��2
h
uŒ1�j .t; tnc/ � uŒ1�

k
.tnc/

i
�Œx2.tnc/�w2.tnc/� D 0; (28)

for all t > tnc and j; k D 1; 2; : : : ;M; j ¤ k. Now making t D tnc in (28) yields8̂̂̂
ˆ̂̂̂̂
ˆ̂̂<
ˆ̂̂̂̂
ˆ̂̂̂̂
:̂

.p11.tnc/ � p
1
2.tnc//.w

1
2.tnc/ � x

1
2.tnc// D 0

.p21.tnc/ � p
2
2.tnc//.w

2
2.tnc/ � x

2
2.tnc// D 0

.p11.tnc/ � p
1
3.tnc//.w

1
2.tnc/ � x

1
2.tnc// D 0

.p21.tnc/ � p
2
3.tnc//.w

2
2.tnc/ � x

2
2.tnc// D 0

:::

.p1M�1.tnc/ � p
1
M .tnc//.w

1
2.tnc/ � x

1
2.tnc// D 0

.p2M�1.tnc/ � p
2
M .tnc//.w

2
2.tnc/ � x

2
2.tnc// D 0

: (29)

If Assumption 1 is verified, then (29) implies that it must be x12.tnc/ D w12.tnc/ and x22.tnc/ D
w22.tnc/, which also means that x12.t0/ D w12.t0/ and x22.t0/ D w22.t0/. Making t D tnc in (27), it
follows by the same argument that x11.tnc/ D w

1
1.tnc/ and x21.tnc/ D w

2
1.tnc/. Noticing that

x1.t0/ D x1.tnc/ � .tnc � t0/x2.t0/ � uŒ1�.tnc ; t0/

and

w1.t0/ D w1.tnc/ � .tnc � t0/w2.t0/ � uŒ1�.tnc ; t0/;

it is clear that x11.t0/ D w11.t0/ and x21.t0/ D w21.t0/. Then, as the initial state of the nonlinear
system (1) matches the initial state of the LTV system (4), it is uniquely defined, which means the
nonlinear system is observable, and that a state observer for the LTV system (4) featuring GES error
dynamics will also be a state observer for the nonlinear system (1) withM > 3 range measurements,
whose error converges exponentially fast to zero for all initial conditions. �
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The following proposition [28, Proposition 4.2] is needed for the two proofs that follow.

Proposition 1
Let f.t/ W

�
t0; tf

�
� R ! Rn be a continuous and i-times continuously differentiable function on

` WD
�
t0; tf

�
; T WD tf � t0 > 0 and such that

f.t0/ D Pf.t0/ D : : : D f.i�1/.t0/ D 0:

Further, assume that

max
t2`

���f .iC1/.t/
��� 6 C:

If

9˛ > 0; t1 2 ` W
���f .i/.t1/

��� > ˛;
then

9 0 < ı 6 T; ˇ > 0 W kf .t0 C ı/k > ˇ:

Proof for Theorem 3
That there is a positive constant cM such that

dTWA.t; t C ı/d 6 cM ;

for all t > t0 and d 2 R7, kdk D 1, is evident as the observability Gramian is the integral of a
continuous bounded function on all intervals Œt; t C ı�; t > t0.

Now consider

d D

2
4d1

d2
d3

3
5 ; d1;d2 2 R3; d3 2 R;

with kdk D 1 and notice that

CAˆL.t; t/d D
�
d31
d3

�
:

Suppose that there is a positive scalar constant "1 such that
���d31 d3��� > "1. Then,

kCAˆL.t; t/dk > "1:

By applying Proposition 1, it follows that there exists a positive scalar constant cm1 such that

dTWA.t; t C ı/d > cm1

for all t > t0, which means the LTV system (3) is UCO. Suppose now that
ˇ̌
d32
ˇ̌
> "2 for some

"2 > 0. Then, ���� dd�CAˆL.�; t/d

ˇ̌̌
ˇ
�Dt

���� > ˇ̌d32 ˇ̌ > "2:
By applying Proposition 1, it follows that, for some ı� 2 �0; ıŒ and "3 > 0,����CAˆL.t C ı�; t /d �

�
d31
d3

����� > 2"3 (30)

for all t > t0. Now, if
���d31 d3��� > "3, then the LTV system (3) is UCO. On the other hand, if���d31 d3��� 6 "3, (30) implies that
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kCAˆL.t C ı�; t /dk > "3

for all t > t0, and by application of Proposition 1, it is clear that there exists a positive scalar
constant cm2 such that

dTWA.t; t C ı/d > cm2

for all t > t0, and the LTV system (3) is UCO.
Finally, suppose that there exists a positive scalar constant "4 such that

���d11 d21 d12 d22 ��� > 2"4,
and note that if it is not the case, then UCO immediately follows from the previous arguments as d
is a unit vector. From the assumptions of the theorem, for all t > t0, there exists a t� 2 Œt; t C ı�
such thatˇ̌

�u11.t
�/d11 C�u

2
1.t
�/d21 C .t

� � t /�u11.t
�/d12 C .t

� � t /�u21.t
�/d22

ˇ̌
> 2˛"4

for all t > t0. Now assume that
ˇ̌
�u31.t

�/d31 C .t
� � t /�u31.t

�/d32
ˇ̌
< ˛"4. If this is not verified,

UCO immediately follows from the previous arguments. On the other hand, if it is in fact verified,
one can write

j�u1.t�/ � d1 C .t� � t /�u1.t�/ � d2j > ˛"4;

which in turn implies that ���� dd� CAˆL.�; t/d

ˇ̌̌
ˇ
�Dt�

���� > ˛"4yM :

Then, applying Proposition 1 twice, it can be concluded that there exists a positive scalar constant
cm3 such that

dTWA.t; t C ı/d > cm3

for all t > t0, and the LTV system (3) is UCO, which concludes the proof. �

Proof for Theorem 4
As in the previous result, because the observability Gramian is the integral of a continuous bounded
function on all intervals Œt; t C ı�; t > t0, it immediately follows that there is a positive scalar
constant cM such that

dTWB.t; t C ı/d 6 cM

for all t > t0 and d 2 R6CM , kdk D 1. Now, consider a

d D

2
4d1

d2
d3

3
5 ; d1; d2 2 R3; d3 2 RM ;

with kdk D 1 and, to simplify the notation in the computations that follow, let

CB.�/ˆL.�; t/d DW

2
4‚1.�; t/‚2.�; t/

‚3.�; t/

3
5 2 R1C.MC1/M=2;

in which

‚1.�; t/ WD d
3
1 C .� � t /d

3
2 2 R;

‚2.�; t/ WD �ˇ1.�; t/d1 � ˇ2.�; t/d2 C d3 2 RM ;
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and

‚3.�; t/ WD C1.�/d1�C2ˇ1.�; t/d1C.��t /C1.�/d2�C2ˇ2.�; t/d2CC2d3 2 RM.M�1/=2; (31)

with

ˇ1.�; t/ WD

2
66664
R �
t

�u
T

1
.�/

r1.�/
d�

:::R �
t

�uT
M
.�/

rM .�/
d�

3
77775 2 RM�3

and

ˇ2.�; t/ WD

2
6664
R �
t

.��t/�u
T

1
.�/

r1.�/
d�

:::R �
t

.��t/�uT
M
.�/

rM .�/
d�

3
7775 2 RM�3:

Suppose that there exists a positive scalar constant "1 such that
���d31 dT

3

��� > "1. Then,����
�
‚1.t; t/

‚2.t; t/

����� D
����
�
d31
d3

����� > "1
for all t > t0, and, by application of Proposition 1, it follows that there exists a positive scalar
constant cm1 such that

dTWB.t; t C ı/d > cm1

for all t > t0, which means the LTV system (4) is UCO. Suppose now that there exists a positive
scalar constant "2 such that

ˇ̌
d32
ˇ̌
> "2. Then,ˇ̌̌
ˇ dd� ‚1.�; t/

ˇ̌̌
ˇ
�Dt

ˇ̌̌
ˇ D ˇ̌d32 ˇ̌ > "2

for all t > t0. Through application of Proposition 1, one can conclude that, for some ı� 2�0; ıŒ and
"3 > 0, ˇ̌

‚1.t C ı
�; t / � d31

ˇ̌
> 2"3 (32)

for all t > t0. Now, if
ˇ̌
d31
ˇ̌
> "3 then, following the previous argument, the LTV system (4) is

guaranteed to be UCO. However, if
ˇ̌
d31
ˇ̌
< "3, (32) implies that

j‚1.t C ı
�; t /j > "3

for all t > t0, and by applying Proposition 1 it follows that there exists some positive scalar constant
cm2 such that

dTWB.t; t C ı/d > cm2

for all t > t0, and the LTV system (4) is UCO. Now suppose that there exists a positive scalar
constant "4 such that

���d11 d21 ��� > 4"4. Then for all t > t0, there exist i; j 2 ¹1; 2; : : : ;M º and a
t� 2 Œt; t C ı� for which the inequalityˇ̌�

p1i .t
�/ � p1j .t

�//d11 C .p
2
i .t
�/ � p2j .t

�/
�
d21
ˇ̌
> 4˛"4 (33)
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holds. Fixing � D t D t� in (31) yields

‚3.t
�; t�/ D C1.t�/d1 C C2d3: (34)

Now if ������C1.t�/

2
4 00
d31

3
5C C2d3

������ >
˛"4

yM
;

it follows from the previous arguments that the LTV system (4) is UCO. On the other hand, if������C1.t�/

2
4 00
d31

3
5C C2d3

������ <
˛"4

yM
;

then (33) and (34) imply that

k‚3.t
�; t�/k > ˛"4

yM

and Proposition 1 entails that there exists a positive scalar constant cm4 such that

dTWB.t; t C ı/d > cm3

for all t > t0, and thus the LTV system (4) is UCO.
Finally, suppose that there exists a positive scalar constant "5 such that

���d12 d22 ��� > 4"5 and
note that if this is not verified, then from the previous discussion, the LTV system (4) is guaranteed
to be UCO. Then, for all t > t0, there exist i; j 2 ¹1; 2; : : : ;M º and a t� 2 Œt; t C ı� for which the
inequality ˇ̌�

p1i .t
�/ � p1j .t

�/
�
d12 C

�
p2i .t

�/ � p2j .t
�/
�
d22
ˇ̌
> 4˛"5 (35)

holds. Differentiating‚3.�; t
�/ once and fixing � D t� yields

d

d�
‚3.�; t

�/

ˇ̌̌
ˇ
�Dt�

D
d

d�

�
C1.�/d1 � C2ˇ1.�; t

�/d1
�ˇ̌̌ˇ
�Dt�
C C1.t�/d2: (36)

Now if ������
d

d�

�
C1.�/d1 � C2ˇ1.�; t

�/d1
�ˇ̌̌ˇ
�Dt�
C C1.t�/

2
4 00
d32

3
5
������ >

˛"5

yM
;

it follows from the assumptions of the theorem and the previous arguments that the LTV system (4)
is UCO. On the other hand, if������

d

d�

�
C1.�/d1 � C2ˇ1.�; t

�/d1
�ˇ̌̌ˇ
�Dt�
C C1.t�/

2
4 00
d32

3
5
������ <

˛"5

yM
;

then (35) and (36) imply that ���� dd�‚3.�; t
�/

ˇ̌̌
ˇ
�Dt�

���� > ˛"5yM :

By applying Proposition 1 twice in the same fashion as in the previous case, it follows that there
exists some positive scalar constant cm4 such that

dTWB.t; t C ı/d > cm4

for all t > t0, and the LTV system (4) is UCO, which concludes the proof. �
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APPENDIX B: PROOFS FOR THE RESULTS OF SECTION 4

Proof for Lemma 3
The observability Gramian of the LTV system (6) is given by

WO.t0; t / D

Z t

t0

ˆT .�; t0/CT .�/C.�/ˆ.�; t0/ d�;

in which ˆ.t; t0/ denotes the transition matrix associated with A.t/. As the system (6) is assumed
to be UCO, it follows that there exist positive scalar constants ı, �1, �2, and �3 such that²

�1 6 dTWO.t; t C ı/d 6 �2
kˆ.t C ı; t/k 6 �3

(37)

holds for all t > t0 and d 2 Rn, kdk D 1 [29].
The observability Gramian for the perturbed system (12) follows

OWO.t0; t / D

Z t

t0

ˆT .�; t0/ OCT .�/ OC.�/ˆ.�; t0/ d�;

or, expanding the terms OC.�/,

OWO.t0; t / DWO.t0; t /C �1.t0; t / � �2.t0; t /;

with ´
�1.t0; t / D

R t
t0
ˆT .�; t0/ QCT .�/ QC.�/ˆ.�; t0/ d� � 0

�2.t0; t / D
R t
t0
ˆT .�; t0/

h
QCT .�/C.�/C CT .�/ QC.�/

i
ˆ.�; t0/ d�

: (38)

The norm of �2.t; t � �/ satisfies

k�2.t; t C ı/k D

�����
Z tCı

t

ˆT .�; t/
h
QCT .�/C.�/C CT .�/ QC.�/

i
ˆ.�; t/ d�

�����
6
Z tCı

t

���ˆT .�; t/��� ���h QCT .�/C.�/C CT .�/ QC.�/
i��� kˆ.�; t/k d�

62
Z tCı

t

kˆT .�; t/k2
��� QC.�/��� kC.�/k d�:

Then using the bounds in (7), (10), and (37), it follows that there is a positive scalar constant �4
such that

k�2.t; t C ı/k 6 �4e��2.t�t0/

for all t > t0 or, equivalently,

dT�2.t; t C ı/d 6 �4e��2.t�t0/ (39)

for all t > t0 and d 2 Rn, kdk D 1. Thus, (38) and (39) imply that

dT OWO.t; t C ı/d > �1 � �4e��2.t�t0/

for all t > t0 and d 2 Rn, kdk D 1. Then for any 0 < �5 < �1, there exists a ı� > ı such that

dT OWO.t; t C ı
�/d > �5

for all t > t0 and d 2 Rn, kdk D 1. As the perturbed observability Gramian is an integral of
bounded functions of time, it also follows that there is a �6 > 0 such that
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dT OWO.t; t C ı
�/d 6 �6

for all t > t0 and d 2 Rn, kdk D 1. Thus, the perturbed system (12) is UCO. �

Proof for Lemma 4
First, note that when there are no errors in OC.t/, the dynamics of QP follow

PQP D F. QP/; (40)

whose origin is GES [34]. Defining 8̂̂
<
ˆ̂:
QPv D vec. QP/

Fv. QP/ D vec
	

F. QP/



Gv. QC/ D vec
	

G. QC/

 ;

the systems (15) and (40) can be represented respectively as

PQPv D Fv
	
QP


CGv

	
QC



(41)

and

PQPv D Fv
	
QPv


: (42)

Then as the origin of (42) is GES, there exist positive constants c1, c2, c3, and c4 and a Lyapunov
function V W .0;1/ �Rn

2
! R that satisfy8̂̂
ˆ̂<
ˆ̂̂̂:

c1

��� QPv���2 6 V 	t; QPv
 6 c2 ��� QPv���2
@V
@t
C @V

@QPv
Fv
	
QP


6 �c3

��� QPv���2��� @V
@QPv

��� 6 c4 ��� QPv���
for all t > t0 [35, Theorem 4.14]. On the other hand, there exists a t1 > t0 for which the term G

	
QC



can be bounded as follows:���G
	
QC

��� D ��� OP h QCTR�1 QC � QCTR�1C � CTR�1 QC

i
OP
���

6
��� OP���2 ��� QCTR�1 QC � QCTR�1C � CTR�1 QC

���
6˛29

	��� QCTR�1 QC
���C 2 ��� QCTR�1C

���


6˛�14 ˛29

��� QC���2 C 2˛3˛�14 ˛29

��� QC���

(43)

for all t > t1. Now define QCv WD vec
	
QC



and note that

8<
:
��� QC��� 6 ��� QC���

F
D
��� QCv������Gv. QC/

��� D ���G. QC/
���
F
6
p
n
���G. QC/

��� : (44)

Using (44) in (43), it is clear that there exist positive constants ˛10 and ˛11 such that���Gv. QC/
��� 6 ˛10 ��� QCv���C ˛11 ��� QCv���2
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for all t > t1. Then the derivative of V along the trajectories of (15) follows

@V

@t
C
@V

@ QPv
Fv
	
QP


C
@V

@ QPv
Gv

	
QC


6 �c3

��� QPv���2 C c4 ��� QPv���
�
˛10

��� QCv���C ˛11 ��� QCv���2
�
:

Choosing any 	 such that 0 < 	 < 1, it is straightforward to show that

@V

@t
C
@V

@ QPv
Fv
	
QP


C
@V

@ QPv
Gv

	
QC


6 �c3.1�	/

��� QPv���2 ; 8 ��� QPv��� > c4

c3	

�
˛10

��� QCv���C ˛11 ��� QCv���2
�
;

and thus, (41) is input-to-state stable (ISS) with QCv as input on the interval Œt1;C1� [35, Theorem
4.19]. As (10) implies that QCv decays exponentially with time, it follows that QP.t/ also does decay
exponentially fast for t > t1 [35, Lemma 4.7]. Then, because neither P.t/ nor OP.t/ (and conse-
quently QP.t/) grow unbounded between t0 and t1 [36], it follows that there exist positive scalar
constants ˛ and � such that

��� QP.t/��� 6 ˛e��.t�t0/, which concludes the proof. �

Proof for Theorem 5
First, note that as a consequence of Lemma 4, the deviation of OK.t/ from the nominal Kalman gain
K.t/, defined as QK.t/ WD K.t/ � OK.t/, converges exponentially fast to zero. Using (6) and (11), it
can be shown that the time derivative of Qx.t/ follows

PQx.t/ D f .t; Qx.t//C Qf
	
t; Qx.t/; QC.t/; QK.t/



C g

	
t; Qu.t/; QC.t/; QK.t/



; (45)

where

f.t; Qx.t// D .A.t/ �K.t/C.t// Qx.t/

are the error dynamics of the nominal Kalman filter (8),

Qf
	
t; Qx.t/; QC.t/; QK.t/



D
h
K.t/ QC.t/C QK.t/C.t/ � QK.t/ QC.t/

i
Qx.t/

and

g
	
t; Qu.t/; QC.t/; QK.t/



D
h
QK.t/ QC.t/ �K.t/ QC.t/

i
x.t/C B.t/ Qu.t/:

Notice that this last term is identically equal to zero when Qu.t/ D 0 and QC .t/ D 0, and that it does
not depend on the observer error Qx.t/. Now consider the system

PQx.t/ D f.t; Qx.t//C Qf
	
t; Qx.t/; QC.t/; QK.t/



: (46)

This system can be regarded as a perturbation of the system PQx.t/ D f.t; Qx.t//; which,
under the assumptions of the theorem, is GES. Then, because the terms that multiply Qx.t/ in
Qf
	
t; Qx.t/; QC.t/; QK.t/



converge exponentially fast to zero, there is a t1 > t0 for which the perturbed

system (46) is also GES on the interval .t1;C1/ [35, Lemma9.1]. Following this, because the sys-
tem of error dynamics (45) is GES when Qu.t/ D 0 and QC.t/ D 0 and, under the assumptions of
the theorem, B.t/, x.t/, and K.t/ are bounded, then for t > t1, it is also ISS with Qu.t/ and QC.t/ as
inputs [35, Lemma 4.6]. Then, because Qu.t/ and QC.t/ converge exponentially fast to zero, the error
dynamics (45) also converge exponentially fast to the origin for t > t1 [35, Lemma 4.7]. Finally,
as under the assumptions of the theorem neither x.t/ nor Ox.t/ can grow unbounded between t0 and
t1, it follows that there exist positive scalar constants ˛ and � such that k Qx.t/k 6 ˛e��.t�t0/ for all
t > t0. �

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:963–994
DOI: 10.1002/rnc



DECENTRALIZED OBSERVERS FOR RANGE-BASED POSITION AND VELOCITY ESTIMATION 993

ACKNOWLEDGEMENTS

This work was supported by the Fundação para a Ciência e a Tecnologia (FCT) through ISR under LARSyS
FCT [UID/EEA/50009/2013] and through IDMEC, under LAETA FCT [UID/EMS/50022/2013] projects,
and by Macao Science & Technology Development Fund (FDCT) through Grant FDCT/065/2014/A. This
work was also supported by the EU Project TRIDENT (Contract No. 248497) and by the FCT project
PTDC/EEACRO/111197/2009 MAST/AM. The work of D. Viegas was supported by the Ph.D. Student
Scholarship SFRH/BD/71486/2010, from FCT.

REFERENCES

1. Healey A. Application of formation control for multi-vehicle robotic minesweeping. Proceedings of the 40th IEEE
Conference on Decision and Control, Vol. 2, Orlando, Florida, USA, 2001; 1497–1502.

2. Curtin TB, Bellingham JG, Webb D. Autonomous oceanographic sampling networks. Oceanography 1993; 6:86–94.
3. Wolfe JD, Chichka DF, Speyer JL. Decentralized controllers for unmanned aerial vehicle formation flight. Proceed-

ings of AIAA Conference on Guidance, Navigation, and Control, San Diego, California, USA, 1996; AIAA paper
96-3833.

4. Giulietti F, Pollini L, Innocenti M. Autonomous formation flight. IEEE Control Systems Magazine 2000; 20(6):
34–44.

5. Fax JA. Optimal and cooperative control of vehicle formations. Ph.D. Thesis, California Institute of Technology,
2002.

6. Middleton RH, Braslavsky JH. String instability in classes of linear time invariant formation control with limited
communication range. IEEE Transactions on Automatic Control 2010; 55(7):1519–1530.

7. Sousa R, Oliveira P, Gaspar T. Joint positioning and navigation aiding systems for multiple underwater robots. 8th
IFAC Conference on Manoeuvring and Control of Marine Craft-MCMC 2009, Guaruja, Brazil, 2009; 167–172.

8. Tanner HG, Pappas GJ, Kumar V. Leader-to-formation stability. IEEE Transactions on Robotics and Automation
2004; 20(3):443–455.

9. Martinelli A, Pont F, Siegwart R. Multi-robot localization using relative observations. Proceedings of the 2005 IEEE
International Conference on Robotics and Automation, Barcelona, Spain, 2005; 2808–2813.

10. Mariottini GL, Martini S, Egerstedt M. A switching active sensing strategy to maintain observability for vision-
based formation control. Proceedings of the 2009 IEEE International Conference on Robotics and Automation,
Kobe, Japan, 2009; 2637–2642.

11. Mutambara AG. Decentralized Estimation and Control for Multisensor Systems. CRC Press: Boca Raton, Florida,
1998.

12. Shamma JS. Cooperative Control of Distributed Multi-Agent Systems. Wiley Online Library: New York, 2007.
13. Gupta V. Distributed estimation and control in networked systems. Ph.D. Thesis, California Institute of

Technology, 2006.
14. Batista P, Silvestre C, Oliveira P. Single range aided navigation and source localization: observability and filter

design. Systems & Control Letters 2011; 60(8):665–673.
15. Batista P, Silvestre C, Oliveira P. Sensor-based long baseline navigation: observability analysis and filter design.

Asian Journal of Control 2014; 16(4):974–994.
16. Viegas D, Batista P, Oliveira P, Silvestre C. Gas decentralized navigation filters in a continuous-discrete fixed topol-

ogy framework. 2013 21st Mediterranean Conference on Control & Automation (MED), IEEE, Platanias-Chania,
Crete, Greece, 2013; 1286–1291.

17. Viegas D, Batista P, Oliveira P, Silvestre C. Decentralized range-based linear motion estimation in acyclic vehicle
formations with fixed topologies. Proceedings of the 2012 American Control Conference, Montreal, Canada, 2012;
6575–6580.

18. Song TL. Observability of target tracking with range-only measurements. IEEE Journal of Oceanic Engineering
1999; 24(3):383–387.

19. Antonelli G, Arrichiello F, Chiaverini S, Sukhatme G. Observability analysis of relative localization for AUVs based
on ranging and depth measurements. 2010 IEEE International Conference on Robotics and Automation, Anchorage,
Alaska, USA, 2010; 4286–4271.

20. Gadre A, Stilwell D. A complete solution to underwater navigation in the presence of unknown currents based
on range measurements from a single location. Proceedings of the 2005 IEEE/RSJ International Conference on
Intelligent Robots and Systems - IROS 2005, Edmonton, Alberta, Canada, 2005; 1420–1425.

21. Bahr A, Leonard JJ, Fallon MF. Cooperative localization for autonomous underwater vehicles. The International
Journal of Robotics Research 2009; 28(6):714–728.

22. Webster S, Eustice R, Singh H, Whitcomb L. Advances in single-beacon one-way-travel-time acoustic navigation for
underwater vehicles. The International Journal of Robotics Research 2012; 31(8):935–650.

23. Zhou XS, Roumeliotis SI. Robot-to-robot relative pose estimation from range. IEEE Transactions on Robotics 2008;
24(6):1379–1393.

24. Hermann R, Krener A. Nonlinear controllability and observability. IEEE Transactions on Automatic Control 1977;
22(5):728–740.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:963–994
DOI: 10.1002/rnc



994 D. VIEGAS ET AL.

25. Fallon MF, Papadopoulos G, Leonard JJ, Patrikalakis NM. Cooperative auv navigation using a single maneuvering
surface craft. The International Journal of Robotics Research 2010; 29(12):1461–1474.

26. Batista P, Silvestre C, Oliveira P. Position and velocity optimal sensor-based navigation filters for UAVs. Proceedings
of the 2009 American Control Conference, Saint Louis, USA, 2009; 5404–5409.

27. Batista P, Silvestre C, Oliveira P. Optimal position and velocity navigation filters for autonomous vehicles.
Automatica 2010; 46(4):767–774.

28. Batista P, Silvestre C, Oliveira P. On the observability of linear motion quantities in navigation systems. Systems &
Control Letters 2011; 60(2):101–110.

29. Jazwinski DB. Stochastic Processes and Filtering Theory. Academic Press: New York and London, 1970.
30. Wallis WD. A Beginner’s Guide to Graph Theory (2nd edn). Birkhauser: Boston, Massachusetts, 2007.
31. West DB. Introduction to Graph Theory (2nd edn). Pearson: New York, 2001.
32. Viegas D, Batista P, Oliveira P, Silvestre C. Decentralized H2 observers for position and velocity estimation in

vehicle formations with fixed topologies. Systems & Control Letters 2012; 61(3):443–453.
33. Berger B, Shor PW. Approximation algorithms for the maximum acyclic subgraph problem. Proceedings of the First

Annual ACM-SIAM Symposium on Discrete Algorithms, SODA ’90, San Francisco, California, USA, 1990; 236–243.
34. Kalman RE. Contributions to the theory of optimal control. Proceedings of the Conference on Ordinary Differential

Equations, Mexico City, Mexico, 1959; 102–119.
35. Khalil HK. Nonlinear Systems (3rd edn). Prentice Hall: Englewood Cliffs, New Jersey, 2002.
36. Bucy RS. Global theory of the Riccati equation. Journal of Computer and System Sciences 1967; 1(4):349–361.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2016; 26:963–994
DOI: 10.1002/rnc


	Decentralized state observers for range-based position and velocity estimation in acyclic formations with fixed topologies
	Summary
	Introduction
	Notation

	Problem Statement
	Motion kinematics and measurements
	Agent dynamics

	Observability Analysis
	State augmentation
	Output augmentation
	Observability of the linear time-varying system
	Observability of the nonlinear system
	Uniform complete observability

	Stability of the perturbed Kalman Filter
	Observability of the perturbed system
	Stability of the perturbed Riccatti equation
	Stability of the perturbed Kalman filter

	Stability of the decentralized state estimator
	Simulation results
	Simulation parameters
	Filter implementation
	Extended Kalman filter-based solutions
	Performance comparison

	Conclusions
	REFERENCES


