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Abstract. Principal Component Analysis has been recently proposed
as a nonlinear positioning sensor in the development of tools for Terrain
Based Navigation of Underwater Vehicles [10]. In this work the error
sources affecting the proposed unsupervised methodology will be enu-
merated, the stochastic characterization will be studied, and the attain-
able performance will be discussed. Based on a series of Monte Carlo
experiments for a large set of synthesized terrains, conclusions will be
drawn on the adequacy of the proposed nonlinear approach.

1 Introduction

Navigation systems design for long range missions of underwater vehicles (UVs)
in unstructured environments, without resorting to external sensors, and with
bounded error estimates, has been a major challenge in underwater robotics
[6]. Unmodelled dynamics, time-varying phenomena, and the noise present in
the sensor measurements continuously degrades the navigation system accuracy
along time, precluding its use in a number of interesting applications. To over-
come this limitation, external positioning systems have been proposed and suc-
cessfully operated in the past, as extensively enumerated in [13], and integrated
in navigation systems for underwater applications, as reported in the design ex-
amples found in [1, 14]. Unfortunately, all those positioning systems only locally
provide accurate measurements (a few square kilometers), take long time to de-
ploy, and are hard to calibrate, strongly constraining the area where the missions
can take place, and ultimately the use of UVs.

One alternative central to this work has been exploited in the past: in the
case where the missions take place in areas where detailed bathymetric data
are available, the terrain information can aid to bound the error estimates of
the navigation systems leading to Terrain Based, Terrain Reference, or Terrain
Aided Navigation Systems. Applications with relative success have been reported
in the past for air [2, 4], land [3] and underwater [5, 12] robotic platforms.

Extended Kalman Filtering has been the most common synthesis technique
to tackle the terrain based navigation system design, as reported in [4, 12] and
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the references therein. However, examples of performance degradation (including
instability) on the proposed solutions have been reported by the same authors,
precluding their use in general. Correlation techniques [2, 8], image matching
techniques [12], and particle filters [5, 11] have also been proposed requiring
high computational load, with limited performance and robustness.

This paper tries to elucidate on the adequacy of using unsupervised optimal
processing techniques of random signals, namely Principal Component Analysis
(PCA) (based on the Karhunen-Loève Transform) [7], to obtain a nonlinear
positioning sensor instead of using a nonlinear estimator. The performance of
the proposed sensor will be studied in a large set of terrains carefully chosen,
providing bounds on the expected performance for the problem at hand.

The paper is organized as follows: in section 2 the sensor package installed on-
board is introduced and the underlying estimator structure is briefly described.
Section 3 reviews the background on the Karhunen-Loève transform, basis for the
principal component analysis of stochastic signals and details on the approach
for the bathymetric data decomposition. In section 4 relevant terrains are dis-
cussed and the impact of PCA design parameters on the overall performance
are enumerated and studied in detail. A stochastic characterization, resorting
to a series of Monte Carlo experiments, is presented. Finally, in section 5 some
conclusions are drawn on the adequacy of the proposed nonlinear approach and
future work is unveiled.

2 UV Sensor Package and Navigation System

2.1 Notation and Sensor Package

Let {I} be an inertial reference frame located at the pre-specified mission sce-
nario origin with North, East, and Down axes (without loss of generality at
mean sea level), as depicted in Fig. 1 and let {B} denote a body-fixed frame
that moves with an Underwater Vehicle (UV). The vehicle will be equipped
with an Attitude and Heading Reference System (AHRS) that provides mea-
surements of the attitude λ = [φ θ ψ]T , i. e. the vector of roll, pitch, and yaw
angles that parameterize locally the orientation of frame {B} with respect to
{I}, I

BR(λ) and of the angular velocities expressed in body frame B(IωB), i.e.
body-fixed angular velocity. Note that since R is a rotation matrix, it satisfies
the orthogonality condition RT = R−1 that is, RTR = I. To complement the
information available onboard the UV, a Doppler velocity log and a depth cell,
providing measurements of B(IvB) and the vertical coordinate z, respectively,
are used.

To provide measurements for the PCA based positioning system a sonar
ranging sensor is required, with a linear array of beams, where a bearing angle
ε associated with each of the beams is used. See Fig. 1 in detail, where the
seafloor points sensed in several ranging measurements - d(i) - are depicted
in red. Assuming, without loss of generality, that the sonar is installed at the
origin of the reference frame B pointing down, and the bearing angle lies in the
transversal plane (containing the (yB, zB) axes), the ith measurement can be
geo-referenced in the inertial reference frame I using
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Fig. 1. Left: UV inertial and local coordinate frames. Mechanical scanning sonar range
measurements. Right: Block diagram of the nonlinear estimator.

z(i) = p +I
B R(λ)RX (ε)[0 0 d(i)]T , (1)

where RX(ε) is the rotation matrix, relative to the xS axis, from the instan-
taneous sonar bearing to the UV reference frame B and p := [x y z]T is the
UV position relative to the inertial frame I. It is important to remark that no
support from other external systems/devices will be required.

2.2 Navigation System

An estimator for the state estimate ẑ(k) = [p̂T (k) b̂T (k)]T , corresponding to the
vector obtained stacking the position estimate p̂ and the bias estimates b̂, due
to velocity sensor installation and calibration mismatches assumed constant or
slowly varying, can be written resorting to the usual recursions for the Kalman
filter: {

ẑ−(k + 1) = A(k)ẑ+(k) + B1(k)vH(k)
P−(k + 1) = A(k)P+(k)AT (k) + Q(k), (2)

where h is the sampling period, k describes in compact form the time instant
tk = kh, for k = 0, 1, . . . , T (the final mission time), ẑ−(k + 1) is the predicted
state variable estimate, and P−(k) is the covariance of the prediction estimation
error, as detailed in [10]. Given a PCA position measurement, the state and error
covariance updates, ẑ+(k) and P+(k), respectively, will be given by
{

ẑ+(k) = ẑ−(k) + K(k)(y − C(k)ẑ−(k))
P+(k) = P−(k) − P−(k)CT (k)(C(k)P−(k)CT (k) + R(k))−1CT (k)P−(k)

(3)
where K(k) = P−(k)CT (k)(C(k)P−(k)CT (k) + R(k))−1 = [KT

p KT
b ]T is the

Kalman filter gain, separable in two diagonal blocks and

R(k) = f rPCA(k) (4)

is the covariance of the observation noise. The factor f , relating the PCA decom-
position covariance and the sensor noise covariance is central for the problem at
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end and will be the subject of a detailed stochastic characterization study. The
resulting nonlinear estimator is represented in Fig. 1 on the right, with some
abuse of notation.

3 Principal Component Analysis

Considering all linear transformations, the Karhunen-Loève (KL) transform al-
lows for the optimal approximation to a stochastic signal, in the least squares
sense. Furthermore, it is a well known signal expansion technique with uncor-
related coefficients for dimensionality reduction. These features make the KL
transform interesting for many signal processing applications such as data com-
pression, image and voice processing, data mining, exploratory data analysis,
pattern recognition and time series prediction.

3.1 PCA Background
Consider a set of M stochastic signals xi ∈ RN , i = 1, . . . ,M , each represented
as a column vector, with mean mx = 1/M

∑M
i=1 xi. The purpose of the KL

transform is to find an orthogonal basis to decompose a stochastic signal x,
from the same original space, to be computed as x = Uv+mx, where the vector
v ∈ RN is the projection of x in the basis, i.e., v = UT (x −mx). The matrix
U = [u1 u2 . . . uN ] should be composed by the N orthogonal column vectors
of the basis, verifying the eigenvalue problem

Rxxuj = λjuj , j = 1, ..., N, (5)

where Rxx is the ensemble covariance matrix, computed from the set of M
experiments

Rxx =
1

M − 1

M∑
i=1

(xi −mx)(xi −mx)T . (6)

Assuming that the eigenvalues are ordered, i.e. λ1 ≥ λ2 ≥ . . . ≥ λN , the
choice of the first n << N principal components, leads to an approximation
to the stochastic signals given by the ratio on the covariances associated with
the components, i.e.

∑
n λn/

∑
N λN . In many applications, where stochastic

multidimensional signals are the key to overcome the problem at hand, this
approximation can constitute a large dimensional reduction and thus a com-
putational complexity reduction. The advantages of PCA are threefold: i) it is
an optimal (in terms of mean squared error) linear scheme for compressing a
set of high dimensional vectors into a set of lower dimensional vectors; ii) the
model parameters can be computed directly from the data (by diagonalizing the
ensemble covariance); iii) given the model parameters, projection into and from
the bases are computationally inexpensive operations of complexity O(nN).

3.2 PCA Based Positioning System
Assume a mission scenario where bathymetric data are available and that a
terrain based navigation system should be designed. The steps to implement a
PCA based positioning sensor using this bathymetric data will be outlined next.
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Prior to the mission, the bathymetric data of the area under consideration
is partitioned in mosaics with fixed dimensions Nx by Ny. After reorganizing
these two-dimensional data in vector form, e.g. stacking the columns, a set of M
stochastic signals xi ∈ RN , N = NxNy, results. The number of signals M to be
considered depends on the mission scenario and on the mosaic overlapping. The
KL transform is computed a priori, using (5) and (6), the eigenvalues are ordered,
and the number n of the principal components to be used are selected, according
with the required level of approximation. The following data should be recorded
for latter use: i) the data ensemble mean mx; ii) the matrix transformation
with n eigenvectors Un = [u1 . . . un]; iii) the projection on the selected basis
of all the mosaics,computed using vi = UT

n (xi − mx), i = 1, . . . ,M ; and iv)
the coordinates of the center of the mosaics, (xi, yi), i = 1, . . . ,M . During
the mission, the last geo-referenced range measurements are packed and will
constitute the input signal x to the PCA positioning system. The following
tasks should then be performed:

i) compute the projection of the signal x into the basis, using v = UT
n (x−mx);

ii) given an estimate on the actual horizontal coordinates of the UV position x̂
and ŷ, provided by the navigation system, search on a given neighborhood
δ the mosaic that verifies

∀i‖[x̂ ŷ]T − [xi yi]T ‖2 < δ, rPCA = min
i

‖v − vi‖2; (7)

iii) given the mosaic i that is the closest to the present input, its center coordi-
nates (xi, yi) will be selected as the position measurement.

Special attention should be taken next to two well known cases of poor per-
formance: i) if the data correspond to white noise, the decomposition will result
in equal eigenvalues, thus the use of n << N principal components will only
explain the data covariance fraction n/N ; ii) in the case where data is spatially
homogeneous (flatland) the decomposition is not unique, as any eigenvalue with
null components associated, explains the (information empty) data.

4 PCA Positioning Sensor Performance

To study the performance of PCA as a positioning sensor a series of Monte Carlo
tests were carried out using synthesized stochastic terrains

z(x, y) =
100∑

m=1

A(m)sin(Ωx(m)x+ Φx(m))sin(Ωy(m)y + Φy(m)),

where the spatial amplitude A(m) ≈ N (0, 1), i.e. a white noise random vari-
able with zero expected value and unitary variance, spatial frequency Ωi(m) =
2πf(m), i = {x, y}, f(m) ≈ U(0, f) 1, where f is the maximum terrain band-
width, and random spatial phase offsets Φx(m) and Φy(m). The height is known
1 Compact form to describe an uniformly distributed stochastic variable, in the interval

expressed by the first and second arguments, respectively.
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in a lattice x ∈ [x, x] and y ∈ [y, y], at half meter intervals. Note that selecting
f = 1 m, the Nyquist spatial frequency for the terrain representation in the
present study, corresponds to white noise terrain and the flatland case is recov-
ered in the limit where f → 0. Each experiment consists of randomly select a
position (x, y) and bathymetric data (or some percentage of it) of the mosaic size
according to (1), where each SONAR measurement is corrupted by zero mean
white noise with σSONAR = 0.1m. The search in (7) is then performed over all
the PCA data and the average and covariance of the position error are updated
accordingly.

Fig. 2. Covariance relation f from (4), for 1000 Monte Carlo experiments in each
parameter combination, where M = 50 ∗ 50 mosaics were considered. Left: variations
on the percentage of scanned points in the mosaic with dimensions N = 20 ∗ 20 versus
terrain bandwidth. Right: variations on the mosaic leght versus terrain bandwidth.

A number of parameters impact on the PCA positioning sensor performance.
Next, some of the more relevant parameters are enumerated and the impact
is discussed both based on Monte Carlo results and on the properties of the
bathymetric terrain model:

1. Number of Principal Components - the increase on the number of
components n increases the covariance accuracy explained (according to the ratio∑

n λn/
∑

N λN ) [7]. Monte Carlo simulations revealed that a small number of
components, are enough to explain in the excess of 95% of data covariance, thus
validating the use of PCA as a low complexity positioning sensor.

2. Number of Mosaics - In the case where the neighborhood δ → ∞ in (7),
as considered in all this study, the performance of the overall PCA positioning
system degrades linearly with the number of mosaics, due to the linear increase
on the number of elements to be searched. In real applications, a careful choice
of this parameter can improve the PCA performance, given an estimated posi-
tion available from the estimator briefly introduced in section 2, as depicted in
figure 1, on the right, thus bounding the positioning sensor error.

3. Percentage of Points Scanned in a Mosaic - Due to the velocity of
propagation of sound in the water, only a fraction of the total mosaic area can be
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scanned with a sonar. A graceful degradation on the performance is confirmed
from the results, along any vertical line on the left of figure 2.

4. Terrain Bandwidth - This parameter is of utmost importance on the
performance of the PCA positioning system, confirmed by the results depicted
in Fig. 2. Note that on both left and right pictures, the white noise and the
”flatland” cases were considered. The variation on f is nonlinear in both cases,
thus prior to be used in real applications a multi model adaptive estimation
strategy should be considered, specially when missions taking place on large
areas are considered.

5. Mosaic Dimension - The mosaic dimension represents a compromise:
small mosaic sizes increase the accuracy of the PCA positioning system, with an
increase on the total number of mosaics. Large mosaic sizes diminish the accuracy
and augments the correlation stored in each mosaic requiring an increase on
the number of components. On the right part of Fig. 2, for a fixed number
of components n, the performance degradation is evident, with a more severe
increase in large mosaics. The impact on the performance is also nonlinear, thus
providing an insight on strategies to tune the mosaic length selection.

The results obtained reinforce the usefulness of the proposed method as a
basic positioning sensor, allowing the design of bounded accuracy underwater
navigation and guidance systems. For a design example on the development of
navigation tools, based on a PCA positioning sensor see [10].

5 Conclusions and Future Work

After performing a large number of Monte Carlo experiments with the proposed
PCA positioning sensor, some conclusions can be drawn: the sensor is non-biased
however it presents nonlinear characteristics for different terrains and PCA pa-
rameters’. In general, equal covariance in both dimensions were found, given the
homogeneous definition of the set of terrains used. Thus, the results obtained
pave the way to the use of the proposed sensor in real positioning applications
for underwater robotics.

Future work will be carried out on the implementation of multi model adap-
tive estimator design and analysis tools for underwater navigation systems, where
Doppler log/PCA and INS/PCA systems are of interest. It is important to re-
mark that the design of navigation systems based on other geophysical sensors,
such as magnetometers and gradiometers, is obvious.

References

1. Alcocer, A., Oliveira, P., Pascoal, A.: ”Study and Implementation of an EKF GIB-
based Underwater Positioning System,” IFAC Conference on Control Applications
in Marine Systems CAMS04, Ancona, Italy, 2004.

2. Baker, W., Clem, R.: ”Terrain Contour Matching (TERCOM) Primer,” ASD-TR-
77-61, Aeronautical Systems Division, Wright-Patterson AFB, Ohio, Aug. 1977
(AD B021328).



622 Paulo Oliveira

3. Crowley, J., Wallner, F., Sciele, B.: ”Position Estimation Using Principal Com-
ponents of Range Data,” In Proceedings 1998 IEEE International Conference on
Robotics and Automation, 1998.

4. Hostetler, L., Andreas, R.: ”Nonlinear Kalman Filtering Techniques for Terrain-
Aided Navigation,” IEEE Transactions on Automatic Control, vol. AC-28, No. 3,
March 1983.

5. Karlsson, R., Gustafsson, F.: ”Particle Filter for Underwater Terrain Navigation,”
2003 IEEE Workshop on Statistical Signal Processing, September 2003.

6. Leonard, J., Bennett, A., Smith, C., Feder H.: ”Autonomous Underwater Vehi-
cle Navigation,” MIT Marine Robotics Laboratory Technical Memorandum, USA,
1998.

7. Mertins A.: Signal Analysis: Wavelets, Filter Banks, Time-Frequency Transforms
and Applications, John Wiley & Sons, 1999.

8. Nygren, I., Jansson, M.: ”Robust Terrain Navigation with the Correlation Method
for High Position Accuracy,” in OCEANS 2003 Marine Technology and Ocean
Science Conference San Diego, CA, Vol. 3, September 2003.

9. Oliveira, P.: Periodic and Nonlinear Estimators with Applications to the Navi-
gation of Ocean Vehicles, Ph.D. Thesis, Instituto Superior Técnico, Universidade
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