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Abstract This paper presents the design and performance evaluation of a novel
integrated attitude filter with application to space navigation. The design is based
directly on the sensor measurements as opposed to traditional solutions that resort
to rotation parameterizations. The information provided by a low-cost star tracker is
merged with the measurements of a triaxial rate gyro to provide accurate estimates
of the attitude. The proposed multirate solution also includes the estimation of rate
gyro bias and tuning procedures. Simulation and experimental results, including
ground truth data for performance evaluation purposes, are shown that illustrate
the attainable performance in the presence of realistic measurements provided by
low-cost star trackers.

Keywords Navigation systems · Space robotics · Attitude algorithms · Estimation ·
Filtering techniques

1 Introduction

The need to know and explore the space and its frontiers has driven the scientific
community, in the last decades, to develop sophisticated tools and mobile platforms
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such as satellites, spacecrafts, and space stations. Among the myriad of complex
and advanced systems and subsystems that equip these platforms, a major role
belongs to Navigation Systems and, in particular, to Attitude Determination Systems
(ADSs). Indeed, whether it is for data acquisition purposes, pure navigation, or
platform stabilization, accurate attitude information is fundamental in the operation
of space platforms. Strict cost and construction restrictions have recently lead to
the appearance of a new generation of small, cost-efficient attitude sensors. At the
same time, challenging attitude accuracy requirements have presented the scientific
community with interesting ADS design challenges. This paper presents a novel
attitude estimation solution for space applications based on a low cost star tracker
with reduced power, mass, and volume.

Traditional attitude estimation methods consist of a two-step process: i) estimate
the attitude from body measurements and known reference observations, and ii)
filtering the noisy quantities. The first step, where an attitude estimate is obtained
from body measurements to feed a filter (or an observer), ends up in one of many
known representations of the attitude, e.g., Euler angles, quaternions, Euler angle-
axis representation, rotation matrix, etc, see [3, 5, 21, 25, 29, 30, 32], and references
therein. The filtering process builds essentially on a kinematic model combined
either with the integration of rate gyros or dynamic models. In the first case, the
kinematics are propagated using three-axis rate gyros, while in the second case the
dynamic model for the angular velocity is used. Each has its own advantages and
disadvantages. For instance, dynamic models are complex, highly nonlinear, often
time-varying, and the inertia matrix may not be known with sufficient detail, as well
as other dynamic parameters. On the other hand, rate gyros are usually subject to
scale factors and bias, often slowly time-varying. With all possible combinations,
many attitude estimation solutions can be found in the literature. Extended Kalman
Filters (EKFs) and variants have been widely used, see [1, 10, 17, 18, 28] and
references therein. In spite of the good performance achieved by EKF and EKF-
like solutions, divergence due to the linearization of the system dynamics has led
to the pursuit of different solutions, in particular nonlinear observers such as those
presented in [25] and [27]. For a more thorough survey, the reader is referred to
[7]. In all the aforementioned references, the sensor measurements are essentially
algebraically combined to obtain attitude data that are used afterwards to feed an
observer or filter, depending on whether or not measurement noise is considered.
Sensor specificness is therefore disregarded and, even when it is addressed, the
nonlinear transformations that are performed to obtain the attitude from vector
measurements distort noise characteristics. Moreover, apart from EKF and EKF-like
solutions, systematic tuning procedures are often absent. Exceptions are presented
in [22] and [31], where vector measurements are used directly in the feedback of
observers built directly on the Special Orthogonal Group SO(3) and the Special
Euclidean Group SE(3), respectively. In the former, local exponential stability is
achieved and the error is shown to converge to zero for almost all initial conditions,
while in the latter almost global exponential stability (AGES) is shown for the
observer error dynamics.

In space applications the attitude can be measured resorting to various sensors
including Sun sensors, magnetometers, GPS [6, 14, 35] etc. Star trackers are one of
the most popular choices, see [6, 26, 36] since they are not subject to space anomalies
like the magnetic field is, occlusions that can occur in Sun sensors, and do not
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rely on artificial electromagnetic fields as GPS solutions do. Moreover, advances
in sensing devices, materials, and computational capabilities have recently lead to
the appearance of a new generation of star trackers, see [9, 20], highly-integrated
and cost-efficient, especially when compared to first generation star trackers or
other attitude sensors. This is particularly interesting and important as low-cost
compact sensors will be required for future space applications, while keeping high-
performance specifications. Accuracies in the arcsecond range are already attained
by current state of the art low-cost star trackers, which also have low mass, power
consumption, and volume characteristics. However, the update rates are typically
0.5–10 Hz and, since the number of photons emitted by stars is limited, no major
enhancements are expected in the near future, see [20]. Although these update rates
may be sufficient for some tasks, they pose a serious setback for control purposes,
platform stabilization, etc., where fast dynamic systems and demanding maneuvers
require higher attitude update rates.

The main contribution of the paper is on the design of a low-cost, yet highly
accurate, vector-based attitude estimation system for space applications that

– is based on the exact angular motion kinematics;
– builds on the well-established Kalman filtering theory;
– provides systematic tuning procedures based directly on the sensor

specifications;
– has a complementary structure, fusing low bandwidth vector observations from

a star tracker with high bandwidth rate gyro measurements;
– offers high update rates; and
– can be easily extended to incorporate other attitude sensor measurements, as

well as frequency weights in the design to model colored noise.

As previously mentioned, traditional attitude solutions use the sensor measurements
to obtain instantaneous attitude data and the filtering process resorts to one of many
attitude representation alternatives, as illustrated in Fig. 1. This paper departs from
this approach: star tracker vector observations are included directly in the system
dynamics and the kinematics are propagated using the angular velocity provided by
a triad of orthogonally mounted rate gyros, whose biases are also explicitly estimated.
Therefore, the filtering process takes place directly in the space of the sensors and
no linearizations are considered whatsoever. The concept of vector-based attitude
estimation is illustrated in Fig. 2. Fundamental to the filter design is a modification
of the system dynamics that yields a structure that can be regarded as linear time-
varying (LTV), although it is, in fact, nonlinear, and still captures the exact system
dynamics. The final attitude estimation solution results from combining the vector-
based filter with an optimal attitude determination algorithm. This last problem is

Fig. 1 Classic attitude
estimation solution
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Fig. 2 Vector-based attitude
estimation approach
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commonly known in the literature as the Wahba’s problem, see [34], and the first
solution appeared in [11]. The problem has been subject of extensive research since
then and there are nowadays numerous solutions in the literature, see [23] and
references therein for a thorough survey. Preliminary work by the authors can be
found in [2], where the filtering algorithm was first presented.

The paper is organized as follows. The problem formulation is stated in Section 2,
while the vector-based framework that is the core of the proposed solution is
presented in Section 3. The filter design is developed in Section 4 and its performance
evaluated, in simulation environment, in Section 5. Finally, Section 6 presents
some experimental results and Section 7 summarizes the main contributions and
conclusions of the paper.

2 Problem Formulation

Consider a space vehicle or mobile platform equipped with a star tracker and a set of
three orthogonally mounted rate gyros. Let {B} denote a body-fixed reference frame
and {I} an inertial reference frame. The problem addressed in the paper, which will
be described shortly in greater detail, is that of estimating the attitude of the platform,
i.e., the rotation matrix from {B} to {I}, given the measurements provided by the
sensor suite installed on-board.

First generation star trackers acquired few bright stars and only output the focal
plane coordinates of these stars. They did not provide direct attitude information
and the star identification had to be done externally, see [20]. Current commercial-
off-the-shelf star trackers have evolved significantly in all aspects. In particular, up
to 50 stars can now be tracked and automatic pattern recognition is performed by
powerful microcomputers. The output of state of the art star trackers can therefore
be a quaternion, a rotation matrix, three Euler angles or, as an alternative, the
directions of the stars in the field-of-view (FOV) and the corresponding unit vectors
in a coordinate reference system (e.g. J2000). In this work the latter is considered.

As with star trackers, angular rate sensors technology has also advanced sig-
nificantly, particularly with the recent breakthroughs in Micro Electro Mechanical
Systems (MEMS), see [8], and Fiber Optic Gyros (FOGs). As a result, there are
nowadays commercially available low-cost compact rate gyros adequate for space
applications, that have high-performance characteristics in spite of their low power,
volume, and mass specifications. A problem common to these sensors is, however,
rate gyro bias, which must be taken into consideration during the design stage.
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The problem addressed in this paper is that of estimating, at high-rate, the attitude
of a space platform, merging the measurements provided, at different rates, by the
star tracker and the rate gyros, rejecting sensor noise and considering rate gyro bias.

3 Vector-Based Framework

The vector-based core framework proposed in this paper is presented in this section.
A deterministic continuous-time setting, ignoring sensor noise and data sampling, is
considered here, as it suffices to introduce the main ideas of the paper. Sensor noise
and multirate sensor measurements will be addressed in Section 4.

For the sake of simplicity, the camera focal point of the star tracker is assumed to
coincide with the origin of {B}, and the rate gyros provide the angular velocity of {B}
with respect to {I}, expressed in body coordinates and corrupted by bias, as given by

ωm(t) = ω(t) + bω,

where ω(t) ∈ R
3 is the angular velocity of {B} with respect to {I}, expressed in

body-fixed coordinates, and bω(t) ∈ R
3 is the rate gyro bias, also expressed in body-

fixed coordinates. Let si(t) ∈ R
3 denote the direction of the i-th star tracked by the

star tracker, expressed in body-fixed coordinates, and Isi ∈ R
3, ‖si‖ = ∥

∥Isi
∥
∥ = 1, the

corresponding direction in inertial coordinates. Then,

si(t) = RT(t)Isi, i = 1, . . . , ns, (1)

where ns is the number of stars simultaneously tracked by the stellar sensor and
R(t) ∈ SO(3) is the rotation matrix from body to inertial coordinates.

The attitude kinematics may be described, using rotation matrices, as

Ṙ(t) = R(t)S [ω(t)] , (2)

where S (x) is the skew-symmetric matrix such that S (x) y = x × y. Traditional
solutions use the star tracker measurements to obtain instantaneous attitude mea-
surements. In this paper the measurements are used directly in the system dynamics
for filtering purposes. The time derivative of Eq. 1, using Eq. 2, is given by

ṡi(t) = −S [ω(t)] si(t), i = 1, . . . , ns.

On the other hand, rate gyro bias is also added to the set of system states. Assuming
it is constant, its time derivative is simply given by

ḃω(t) = 0.
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Considering the vector observations and the rate gyro bias as the system state, the
vector-based system dynamics are given by

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = −S [ωm(t)] x1(t) + S
[

xns+1(t)
]

x1(t)
...

ẋns(t) = −S [ωm(t)] xns(t) + S
[

xns+1(t)
]

xns(t)
ẋns+1 = 0
y1(t) = x1(t)
...

yns(t) = xns(t)

, (3)

where x(t) = [

xT
1 (t) . . . xT

ns+1(t)
]T ∈ R

3(ns+1) is the system state, the output of the

system is y(t) = [

yT
1 (t) . . . yT

ns
(t)

]T ∈ R
3ns , and ωm(t) is considered as a deterministic

known function. Now, notice that, since

S
(

xns+1(t)
)

xi(t) = xns+1(t) × xi(t)

= −xi(t) × xns+1(t)

= −S (xi(t)) xns+1(t), i = 1, . . . , ns,

and

yi(t) = xi(t), i = 1, . . . , ns,

it is possible to rewrite Eq. 3 as

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = −S [ωm(t)] x1(t) − S
[

y1(t)
]

xns+1(t)
...

ẋns(t) = −S [ωm(t)] xns(t) − S
[

yns(t)
]

xns+1(t)
ẋns+1(t) = 0
y1(t) = x1(t)
...

yns(t) = xns(t)

or, in compact form, as

{

ẋ(t) = A(t)x(t)
y(t) = Cx(t)

, (4)

where

A(t) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

−S [ωm(t)] 0 . . . 0 −S
[

y1(t)
]

0
. . .

. . .
... −S

[

y2(t)
]

...
. . .

. . . 0
...

0 . . . 0 −S [ωm(t)] −S
[

yns(t)
]

0 . . . 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦
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and

C =

⎡

⎢
⎢
⎢
⎢
⎣

I 0 . . . 0 0

0
. . .

. . .
...

...
...

. . .
. . . 0 0

0 . . . 0 I 0

⎤

⎥
⎥
⎥
⎥
⎦

.

Now, although the system dynamics are nonlinear, they may, nevertheless, be re-
garded as LTV. This family of transformations, which allows to interpret a nonlinear
dynamic system as a LTV system, is useful for observer design and has been
successfully used in the literature by several authors, see [19] and [33]. It also allows
for the implementation of a standard Kalman filter [16], as detailed in the next
section.

4 Filter Design

This section presents the overall attitude estimation solution. Although rate gyros
provide continuous-time signals that can be sampled at high-rates, star trackers
output discrete-time data, at low-rates. Therefore, filtering solutions based directly
on the continuous-time system dynamics presented in the previous section are
not immediately implementable. To address this issue, a multirate filtering design
framework is introduced in Section 4.1. Afterwards, a standard Kalman filter is
detailed in Section 4.2, and the final attitude estimation solution is described in
Section 4.3.

4.1 Design Framework

When it comes to the discretization of system dynamics there exist, in the literature, a
great variety of alternatives. In this paper one of the simplest methods, the first-order
Euler method [12], is considered, with the right side of Eq. 4 subject to sample-and-
hold. Although more recent and powerful methods could be implemented, the fact is
that the resulting integration error with this method is well below the measurement
noise and the achieved standard deviation of the estimation error. Therefore, no
major improvements should be expected from enhancements on the discretization
algorithm.

Let Tg denote the sampling period of the rate gyros and Ts the output period of
the star tracker. Then, ignoring sensor noise for now, the measurements satisfy

ωm (k) := ωm (tk) , tk = kTg + t0, k ∈ N0,

and

si (k) := si (tk) , tk = kTs + t0, k ∈ N0, i ∈ {1, . . . , ns} ,

where t0 is the initial time. It is assumed, for the sake of simplicity, that Ts is a multiple
of Tg, i.e.,

Ts = NsTg, Ns ∈ N.
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This is a mild assumption as the sampling of the rate gyros can be synchronized with
the output of the star tracker.

The Euler discretization of the system dynamics Eq. 4 gives
⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

x1 (k + 1) = x1 (k) − TgS
[

ωm (k)
]

x1 (k) − TgS
[

y1 (tk)
]

xns+1 (k)
...

xns (k + 1) = xns (k) − TgS
[

ωm (k)
]

xns (k) − TgS
[

yns (tk)
]

xns+1 (k)

xns+1 (k + 1) = xns+1 (k)

, k ∈ N0. (5)

Due to the fact that the rate gyros and the star tracker provide measurements at
different rates, it is impossible to propagate the system state exactly according to
Eq. 5 as the output y (tk) is not available for

k
Ns

/∈ N0.

In order to overcome this problem, an estimate of the output, ye (k) ≈ y (tk) is used
instead. The choice of this estimate is discussed in Section 4.2. Including system
disturbances, the new discrete-time system dynamics read as
⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

x1 (k + 1) = x1 (k) − TgS
[

ωm (k)
]

x1 (k) − TgS
[

ye
1 (k)

]

xns+1 (k) + w1 (k)
...

xns (k + 1) = xns (k) − TgS
[

ωm (k)
]

xns (k) − TgS
[

ye
ns

(k)
]

xns+1 (k) + wns (k)

xns+1 (k + 1) = xns+1 (k) + wns+1 (k)

, (6)

for k ∈ N0, where w (k) = [

wT
1 (k) . . . wT

ns+1 (k)
]T ∈ R

3(ns+1) is zero-mean discrete-
time white Gaussian noise, with

E
[

w (k) wT (

j
)] = � (k) δ

(

k − j
)

.

The output equations, including measurement noise, are given by
⎧

⎪⎨

⎪⎩

y1 (k + 1) = x1 (k + 1) + n1 (k + 1)
... , k+1

Ns
∈ N0,

yns (k + 1) = xns (k + 1) + nns (k + 1)
⎧

⎪⎨

⎪⎩

y1 (k + 1) = n1 (k + 1)
... , otherwise,

yns (k + 1) = nns (k + 1)

(7)

where n (k) = [

nT
1 (k) . . . nT

ns
(k)

]T ∈ R
3ns is zero-mean discrete-time white Gaussian

noise, with

E
[

n (k) nT (

j
)] = � (k) δ

(

k − j
)

and

E
[

w (k) nT (

j
)] = 0.

In compact form, Eqs. 6 and 7 may be written as
{

x (k + 1) = Ad (k) x (k) + w (k)

y (k + 1) = Cd (k + 1) x (k + 1) + n (k + 1)
, (8)
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where

Ad (k) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

I − TgS
[

ωm (k)
]

0 . . . 0 −TgS
[

ye
1 (k)

]

0
. . .

. . .
... −TgS

[

ye
2 (k)

]

...
. . .

. . . 0
...

0 . . . 0 I − TgS
[

ωm (k)
] −TgS

[

ye
ns

(k)
]

0 . . . 0 0 I

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

and

Cd (k + 1) =

⎧

⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡

⎢
⎢
⎢
⎢
⎣

I 0 . . . 0 0

0
. . .

. . .
...

...
...

. . .
. . . 0 0

0 . . . 0 I 0

⎤

⎥
⎥
⎥
⎥
⎦

, k+1
Ns

∈ N0,

0, otherwise.

Remark 1 One should notice that additive Gaussian noise may not be the best mod-
eling option. Indeed, multiplicative noise would do a better job, as the presence of
noise in the rate gyro measurements is reflected as terms like TgS

[

wi (k)
]

xi (k) , i =
1, . . . , ns, instead of simple additive noise. Also, different noise distributions could
better model the rate gyro noise. As an alternative, it is possible to consider w (k) ∈
L2, where L2 denotes the space of square integrable signals, and design an H∞ filter
instead of a Kalman filter. The steps are similar and therefore will be omitted.

4.2 Filter Implementation

The Kalman filter for the dynamic system (Eq. 8) is standard [13, 16]. The propaga-
tion of the state estimate and error covariance matrix is given by

x̂ (k + 1|k) = Ad (k) x̂ (k|k) (9)

and

P (k + 1|k) = Ad (k) P (k|k) AT
d (k) + � (k) , (10)

respectively. Due to the particular form of the output matrix Cd (k), which is zero
for all instants except for k/Ns ∈ N0, the system state estimate and error covariance
matrix are only updated when new star tracker data is available, according to

x̂ (k + 1|k + 1) =
⎧

⎨

⎩

x̂ (k + 1|k) + K (k + 1)
[

y (k + 1) − Cx̂ (k + 1|k)
]

,
k + 1

Ns
∈ N

x̂ (k + 1|k) , otherwise
,

(11)
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for the state estimate, where K (k + 1) denotes the Kalman gain matrix, and

P̂ (k + 1|k + 1) =

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

P̂ (k + 1|k) − P̂ (k + 1|k) CT
[

CP̂ (k + 1|k) CT + �(k + 1)
]−1

CP̂ (k + 1|k) ,
k + 1

Ns
∈ N,

P̂ (k + 1|k) , otherwise,

(12)
for the error covariance matrix. The Kalman gain matrix is given by

K (k + 1) = P (k + 1|k + 1) CT�−1 (k + 1) ,
k + 1

Ns
∈ N.

The Kalman filter is specified by Eqs. 9–12. It remains to see how ye (k) is
chosen. Recall that ye (k) ≈ y (tk), i.e., it is an approximation for the output of
the system. For k/Ns ∈ N0, star tracker measurements are available that provide
such quantity. Between these instants, there are several alternatives to obtain an
estimate. Open-loop integration of the rate gyros measurements is one and it is well
known that this method provides very accurate short-term results [4], as required.
Another solution would be to use the state estimate provided by the filter, i.e.,
ye (k) = Cx̂ (k|k). The first method is adopted.

It is important to stress that the resulting structure is complementary: high band-
width rate gyro measurements are combined with low bandwidth vector observations
to determine a low frequency perturbation in the rate gyro measurements and
provide filtered estimates of the vector observations.

4.3 Attitude Determination

The final attitude determination system results from finding the proper rotation
matrix R that best explains the vector estimates provided by the filter previously
derived. The problem of finding the proper rotation matrix R that minimizes the loss
function

J (R) = 1
2

N
∑

i=1

ai
∥
∥si − RT Isi

∥
∥

2
, ai > 0,

is known in the literature as the Wahba’s problem [34]. Although the first solution
dates from 1966 [11], thorough research has been carried out throughout the years
and there exist nowadays a rather large variety of solutions in the literature,
ranging from fast algorithms, like QUaterion ESTimator (QUEST), to more robust
algorithms, e.g., the optimal solution that resort to the singular value decomposition
(SVD) of a matrix. For a more thorough research the reader is referred to the work
[23]. Since the focus of this work is not on the solution of the Wahba’s problem but
on the overall attitude determination system, a traditional SVD solution is applied
since there are nowadays very robust SVD algorithms.

In the previous section a Kalman filter was derived that yields estimates

ŷ (k) = Cx̂ (k) =
⎡

⎢
⎣

ŷ1 (k)
...

ŷns (k)

⎤

⎥
⎦
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of the star directions s1 (k) , . . . , sns (k), in body-fixed coordinates, for all k ∈ N.
Instead of using the sensor measurements, which are not filtered and are only
available at low rates, the estimates provided by the filter are normalized,

ŝu
i (k) = ŷi(k)

∥
∥ŷi(k)

∥
∥
, i = 1, . . . , ns,

and the final attitude estimate obtained as the solution of

R̂ (k) = arg min
R̂(k)∈SO(3)

J
(

R̂ (k)
)

, (13)

where

J
(

R̂ (k)
)

:= 1
2

ns∑

i=1

ai

∥
∥
∥ŝu

i (k) − R̂T (k) Isi

∥
∥
∥

2
.

Let

wk :=
ns∑

i=1

aiŝu
i (k) Isi

T
,

which admits the singular value decomposition

wk = UkDkVk.

The optimal solution of Eq. 13 can be written as [23]

R̂ (k) = Vk

⎡

⎣

1 0 0
0 1 0
0 0 det (Uk) det (Vk)

⎤

⎦ UT
k .

Remark 2 There is nothing in the filter structure imposing any particular relation
between the filter estimates ŷ1(k), . . . , ŷns(k). Therefore, it may happen, due to bad
initialization or by accident, that the estimates are all parallel for some instant k. In
this case, the solution previously presented is not well defined. On the other hand,
the same happens if, for some k and i, ŷi(k) = 0 . If any of these situations was to
happen, the sensor measurements could be used directly to obtain an estimate of the
attitude. However, notice that the filter may be initialized with the first set of vector
observations. In addition to that, it will be shown shortly that the filter convergence
is very fast, and warming-up delays below 5 s are common. Therefore, none of these
situations are to happen in practice.

5 Simulation Results

This section provides simulation results in order to evaluate the performance
achieved by the proposed attitude determination solution. A low-cost star tracked
is considered: the star tracker specifications are those of the SUN-STAR, from
SunSpace, that can track over 10 stars at the same time. The specifications of the
star tracker and triaxial rate gyro are shown in Table 1. Gaussian white noise is



232 J Intell Robot Syst (2011) 64:221–243

Table 1 Sensor specifications Sensors Output rate Noise standard
deviation

Gyros 100 Hz 0.005◦/s
Star tracker 1 Hz 22 arcsec

considered and no scaling factor errors are taken into account. The rate gyro bias
was set to

bω = π

180
[−0.2 0.3 − 0.1]T rad/s.

In a real-world application it is necessary to consider star switching for large
angular maneuvers, as different stars enter and leave the FOV. This does not affect
the complexity of the algorithm as when one of the stars that is being tracked
by the star tracker is replaced by a different star, all that is required in the filter
implementation is to reinitialize the corresponding state estimate with the new
value. Analogously, if a star exits the FOV and it is not replaced by a new one,
the corresponding set of states (and covariance matrix blocks) is simply discarded.
Likewise, if a new star enters the FOV, the set of states (and the covariance matrix)
are simply augmented. This should also have only a very mild effect in the filter
performance as the states that are reinitialized due to changes in the set of stars
present in the FOV are initialized very close to the true values, as given by the star
tracker. Therefore, no significant transients are expected whatsoever. For the sake
of simplicity and clarity of presentation, in the simulations provided in the paper
the vehicle does not perform large angular maneuvers and therefore the stars that
are being tracked do not change. In particular, it is assumed that the star tracker,
whose boresight axis coincides with the x-axis of the body-fixed reference frame,
tracks the seven most brightest stars of the Orion constellation, depicted in Fig. 3.
The coordinates and magnitude of these stars are shown in Table 2, where the J2000
coordinate reference system is used.

Fig. 3 Seven brightest stars of
the Orion constellation, in
J2000 coordinates
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Table 2 Seven brightest stars of the Orion constellation

Star Magnitude Right ascension Declination
(J2000) (J2000)

Rigel 0.18 5 h 15m −8◦12′
Betelgeuse 0.45 5 h 55 m 7◦24′
Bellatrix 1.64 5 h 25 m 6◦21′
Alnilam 1.69 5 h 36 m −1◦12′
Alnitak 1.74 5 h 41 m −1◦57′
Saiph 2.07 5 h 48 m −9◦40′
Mintaka 2.25 5 h 32 m 0◦18′

For illustration purposes, roll, pitch, and yaw Euler angles λ = [φ θ ψ]T were
chosen and the initial attitude is λ(0) = [0 0 75]T (◦). The angular velocity is
given by

ω(t) = π

180

⎡

⎢
⎢
⎢
⎢
⎣

sin
(

2π

20
t
)

0.5 cos
(

2π

30
t
)

0

⎤

⎥
⎥
⎥
⎥
⎦

(rad/s)

and the evolution of the Euler angles is shown in Fig. 4.

5.1 Discretization Analysis

The discretization approximation of the system dynamics is briefly discussed in
this section. In order to have an idea of the effect of the discretization of the
exact continuous-time system dynamics, an open-loop simulation of the attitude
determination system was carried out. The filter states are initialized with the true
values and no measurement noise affects the sensor readings. The simulation step is
identical to the sampling time of the rate gyros, 10 ms.
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Fig. 4 Evolution of the Euler angles
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Fig. 5 Euler angle error due to discretization: open-loop simulation

The error of the rate gyro bias remains null. Indeed, the discretization for the rate
gyro bias model is exact as this quantity is constant. The evolution of the resulting
Euler angle errors is shown in Fig. 5. As it is possible to observe, the integration error
is very small for small periods of open-loop integration.

In practice, the filter operates in closed-loop: every time the star tracker provides
vector observations, the feedback counteracts not only initial conditions mismatch
and sensor noise but also any errors resulting from the discretization process. In
order to better assess the effect of the discretization approximation during the filter
operation, a simulation was carried out with initial bias estimate mismatch but no
sensor noise. For illustration purposes, the initial convergence of the Euler angle
errors is shown in Fig. 6 and its evolution in Fig. 7, while the initial convergence of the
bias error is shown in Fig. 8 and its evolution in Fig. 9. From these plots it is possible
to observe that the convergence rate is very fast and the steady-state error stays well
below the magnitude of sensor noise typical of low-cost star tracker units. Therefore,
the discretization method should not compromise the estimation results, in spite of
its simplicity. The performance of the overall attitude solution, in the presence of
realistic measurements, is discussed in the following section.
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Fig. 6 Initial convergence of the Euler angle error: closed-loop simulation
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Fig. 7 Detailed evolution of the Euler angle error due to discretization: closed-loop simulation
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Fig. 8 Initial convergence of the rate gyro bias error: closed-loop simulation
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Fig. 9 Detailed evolution of the rate gyro bias error due to discretization: closed-loop simulation
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5.2 Filter Simulations

The final attitude determination system simulation is presented in this section, con-
sidering also sensor noise. The filter parameters were chosen as ai = 1, i = 1, . . . , 7,

�(k) = diag
(

0.5 × 10−6I, . . . , 0.5 × 10−6I, 10−9I
)

,

and

� (k) = 0.005I.

The set of states corresponding to the star directions was initialized with the first set
of measurements, while the rate gyro initial bias estimate was set to zero. The initial
convergence of the Euler error is shown in Fig. 10 and its evolution in Fig. 11. The
filter convergence is extremely fast and the performance quite good, considering the
low-cost sensor suite. An interesting result is the difference between the error for the
roll and for the pitch and yaw angles. This is due to the fact that the FOV of the star
tracker is quite narrow and the directions of the stars that are tracked are all close
to the star tracker boresight axis, which coincides with the x-axis of the body-fixed
reference frame. As a result, the orthogonal plane is very well defined but not the roll
angle. One way to overcome this limitation is to include additional attitude sensing
devices. A Sun sensor, e.g., would improve the performance of the roll estimation
(and the pitch and yaw), and its inclusion in the filter is trivial. Indeed, all it takes is
to add another set of three states to the Kalman filter.

The initial convergence of the rate gyro bias error is shown in Fig. 12 and its
evolution in Fig. 13. Once again, the filter convergence is quite fast. Notice also that
the steady-state bias error is well below the rate gyro noise.

In order to better evaluate the performance achieved by the proposed solution,
Monte Carlo simulations were carried out and the standard deviation of the steady-
state error of the Euler angles is depicted in Table 3. The resulting performance is
quite good, in spite of the low cost, reduced power, mass, and volume characteristics
of the sensor suite. Notice also that a very limited number of stars was used compared
to the number of stars that existing low-cost star trackers can track and future
generation star trackers are expected to track. The performance would improve if
more stars were tracked [20].
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Fig. 10 Initial convergence of the Euler angle error
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Fig. 11 Detailed evolution of the Euler angle error
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Fig. 12 Initial convergence of the rate gyro bias error
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Fig. 13 Detailed evolution of the rate gyro bias error
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Table 3 Standard deviation of
the steady-state error of the
Euler angles

Angle Standard deviation
(arcsec)

Roll 18.0134
Pitch 5.0762
Yaw 4.5711

6 Experimental Evaluation

In order to experimentally evaluate the performance of the proposed ADS for
Space Applications, an experience was carried out in a controlled environment that
attempts to emulate the conditions of applications in space. The sensor suite is
composed of a low-cost Inertial Measurement Unit (IMU), model nanoIMU NA02-
0150F50 from MEMSENSE, see [24] for the specifications, and a low-cost camera,
model AXIS 215 PTZ Network Camera, due to budget constraints. These sensors are
not space-graded, i.e., their specifications are not compatible with space applications.
Nevertheless, the results offer a proof of concept and, as it will be shown, highlight
the applicability of the proposed solution not only for space applications but also
for other scenarios, vehicles, and mobile platforms, e.g., Unmanned Aerial Vehicles
(UAVs), Autonomous Underwater Vehicles (AUVs), ground vehicles, manipula-
tors, etc.

The IMU outputs, among other variables that are not used in this setup, the
angular velocity of the body, while directions of a constellation of points are obtained
from the camera images. The sampling frequency of the IMU is 150 Hz, while the
noise maximum standard deviation is 0.95◦/s. The camera provides images of the
constellation of points depicted in Fig. 14, with 704 × 576 pixels and at a rate of 1 Hz.

To obtain high quality results, comparable with ground truth date, the camera
and the IMU are mounted on top of a high precision Motion Rate Table (MRT),
Model 2103HT from Ideal Aerosmith [15]. This is a three-axis MRT that provides
precise angular position, rate, and acceleration for development and testing of
inertial components and systems. The table outputs, in a fixed-frequency profile

Fig. 14 Wood board with a
constellation of points
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Fig. 15 Experimental setup

mode, the angular position of the table with a resolution of 0.00025◦, considered as
a ground truth signal. Figure 15 displays the calibration table with the experimental
setup mounted on the table top. The IMU is interfaced through RS-422 bus, while
the camera interface is through Ethernet. A major drawback of this experimental
setup is the distance between the constellation of points and the camera, which is
about 5 meters only. While in space applications the distance between the stars and
the star tracker is so large that the plane-wave assumption is valid, and therefore
the direction of the stars is assumed constant in the inertial frame, this is not true

Fig. 16 Evolution of the Euler
angle estimate
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Fig. 17 Evolution of the rate
gyro bias estimate
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when this distance is so small. Nevertheless, the results are still very encouraging and
clearly highlight the applicability of the proposed solution.

Due to the size of the constellation of points that was available, the motion of
the calibration table was limited so that all points are always visible during the
experience. The resulting attitude estimate, in the form of Euler angles, for the
sake of clarity of presentation, is depicted in Fig. 16, while the evolution of the bias
estimate is depicted in Fig. 17. These plots evidence that the filter produces smooth
estimates and the convergence rate is very fast.

Since the calibration table provides ground-truth signals for the attitude, the
evolution of the attitude filter error is depicted in Fig. 18. While these results are
certainly not compatible with the most demanding accuracies for space applications,
the fact is that they are very good considering the quality of the sensors and the fact
that the distance between the camera and the constellation of points if very small.
Moreover, the resulting error is compatible with other less demanding applications,

Fig. 18 Evolution of the Euler
angle error
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while the computational requirements and cost of the sensor suite are very low, which
evidences the potential of the proposed solution.

7 Conclusions

This paper presented the design and performance evaluation of a novel vector-based
attitude estimation system for space platforms. Although the system dynamics for
attitude estimation are inherently nonlinear, a linear time-varying interpretation was
possible after algebraic manipulation. Taking advantage of the new formulation,
which is still exact and resorts to no linearizations whatsoever, a Kalman filter was
derived and the overall performance of the attitude determination system evaluated
in a realistic simulation environment.

Classic attitude estimation solutions typically ignore the specificness of the sen-
sors and the measurements are basically used to construct instantaneous algebraic
attitude measurements. These algebraic measurements take one of many forms, e.g.,
Euler angles, quaternions, rotation matrices, etc., and the filtering process takes place
in one of these representations. In this paper the filtering process is carried out
directly in the space of the measurements, allowing the specifications of the sensors
to be directly incorporated in the filter design process, which is therefore systematic.
The proposed solution is based on the kinematic model, which relies on angular
velocity measurements provided by rate gyros to propagate the system state, and the
rate gyro bias is also taken into account and explicitly estimated. The main sensing
device is a low cost, reduced power, mass, and volume star tracker, ideal for use in
space applications where strict cost and construction restrictions are becoming more
and more common. The low rate star tracker measurements are merged with high
rate gyro measurements in a complementary structure yielding attitude estimates at
fast rates.

Simulation results were included that illustrate the achievable performance in
the presence of realistic measurements provided by the low cost sensor suite.
The convergence rate is very fast, while the resulting performance is very good
considering the low-grade characteristics of the sensor set. Finally, experimental
results were presented with a sensor suite that, although not compatible with Space
Applications, exhibiting much lower sensor specifications, allowed to demonstrate
the concept and the applicability of the proposed ADS to other scenarios, vehicles,
and mobile platforms. A Motion Rate Table, which provides ground truth data, was
employed for experimental performance evaluation purposes.
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