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Nonlinear Observer for 3D Rigid Body Motion Estimation
Using Doppler Measurements

Sérgio Bras, Maziar Izadi, Carlos Silvestre, Amit Sanyal, and Paulo Oliveira

Abstract—This work presents a nonlinear observer that esti-
mates the translational and rotational motion of a rigid body
based on measurements of configuration (pose), angular velocity,
and radial velocity as well as modeled forces and torques. The
radial velocity measurements are provided by a single direction
Doppler sensor. Using a conveniently defined Lyapunov function,
a nonlinear observer on the Special Euclidean Group (SE(3)) is
derived and almost globally stability is guaranteed. The resulting
estimation error is almost globally exponentially convergent for
sufficiently rich motion. Numerical simulation results are pre-
sented that illustrate the performance of the proposed solution.

Index Terms—Doppler measurements, navigation, nonlinear
dynamic systems, observers, time-varying systems.

I. INTRODUCTION

The accuracy of the position and attitude estimation system is key
for the operation of many modern vehicles. Due to its importance,
this problem has been the focus of intense research, which resulted
in more accurate and efficient algorithms. However, regardless of
its rich background, there are still challenges and open problems,
some of which are related to the geometry of the state space. In
particular, topological obstructions to global asymptotic stabilization
by continuous state feedback for systems evolving on non-contractible
manifolds are discussed in [1]-{4].

Some pose estimation solutions address the attitude motion sepa-
rately from the translational motion. A position filter based on single
range measurements is proposed in [5]. In [6] and [7], attitude estima-
tion methods are devised which integrate measurements of angles or
directions with inertial data provided by rate gyros. Other approaches

Manuscript received March 10, 2014; revised November 15, 2014 and
August 17, 2015; accepted January 19, 2016. Date of publication February 8,
2016; date of current version October 25, 2016. This work was supported by
the Fundag@o para a Ciéncia e a Tecnologia (FCT) through ISR under LARSyS
FCT [UID/EEA/50009/2013] and through IDMEC, under LAETA FCT
[UID/EMS/50022/2013] projects, by the University of Macau, Macao, China,
under Project MYRG2015-00126-FST, by the Macao Science and Technology
Development Fund under Grant FDCT/048/2014/A1, by the Ph.D. Student
Scholarship SFRH/BD/47456/2008, from FCT, and by the NSF under Grant
CMMI 1131643. Recommended by Associate Editor L. Menini.

S. Brés is with ISR/LARSYyS, Instituto Superior Técnico, Universidade de
Lisboa, 1679-004 Lisboa, Portugal (e-mail: sbras@isr.ist.utl.pt).

M. Izadi is with the Department of Aerospace Engineering, Texas A&M
University, College Station, TX 77840 USA (e-mail: maziar@tamu.edu).

C. Silvestre is with the Department of Electrical and Computer Engineering,
Faculty of Science and Technology, University of Macau, Macau, China, on
leave from the Instituto Superior Técnico, Universidade de Lisboa, 1679-004
Lisboa, Portugal (e-mail: csilvestre @umac.mo).

A. Sanyal is with Department of Mechanical and Aerospace Engineering,
Syracuse University, Syracuse, NY 13244 USA (e-mail: aksanyal @syr.edu).

P. Oliveira is with IDMEC/LAETA and ISR/LARSyS, Instituto Supe-
rior Técnico, Universidade de Lisboa, 1679-004 Lisboa, Portugal (e-mail:
p-oliveira@dem.ist.utl.pt).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TAC.2016.2526671

consider an integrated framework to address the two estimation prob-
lems, as for instance in [8]-[10]. Thus, when a suitable dynamic model
is available, it can be used together with the rigid body kinematics to
improve the position and attitude estimates, as in [11]-{13].

New challenges to observer design arise when full state measure-
ments are not available. An interesting case is when the translational
velocity is measured by a Doppler sensor. This sensor measures the
frequency shift of a signal that occurs when the source and the receiver
have different velocities, i.e., the Doppler effect, and is nowadays
currently used in the operation of many underwater vehicles as well
as spacecrafts.

This work addresses the estimation of the complete translational
velocity assuming that pose, angular velocity, and radial component
of the tranlational velocity are measured. To that end, a nonlinear
observer for the full rigid body motion in SE(3) is designed under
the framework of geometric mechanics. The solution presented is
derived explicitly using the exponential coordinates representation of
SE(3), which is almost global in its description of the motion. If the
position vector of the rigid body is persistently exciting, almost global
exponential stability of the observer is guaranteed for noise-free sensor
measurements. The observer proposed in this work contrasts with the
solution derived in [14] by the authors since it does not rely on full
state measurements.

The remainder of this work is organized as follows. Section II
describes the rigid body equations of motion formulated explicitly on
SE(3) and introduces the state (configuration and velocity) estimation
problem. In Section III, a nonlinear observer that estimates pose and
velocities is proposed, and its convergence and stability properties are
analyzed. In Section IV, simulation results validating the performance
of the proposed observer are presented. Finally, concluding remarks
are given in Section V.

II. PROBLEM FORMULATION AND MEASUREMENT MODEL

Consider a body-fixed coordinate frame with origin at the center of
mass of a rigid body denoted by { B} and an inertially fixed reference
frame denoted by {I}. Let the rotation matrix from {B} to {I} be
given by R and the coordinates of the origin of { B} with respect to
{I'} be denoted by b. The set of rotation matrices, which contains R, is
denoted by SO(3) = {R € R3*3 : RTR = I;,det(R) = 1}, where
I,, denotes the n x n identity matrix. The rigid body kinematics are
given by

where the translational and angular velocities expressed in the body
fixed frame { B} are denoted by v and w, respectively, and the skew-
symmetric operator (.)* : R® — s0(3) satisfies

0 —w, Wy
(W) = | w, 0 —wy
—Wwy Wy 0
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The linear space s0(3) is the Lie algebra associated with the Lie group
SO(3) and corresponds to the set of 3 x 3 skew-symmetric matrices.
Let G be the rigid body configuration, such that

R b
Gg= |:01><3 J € SE(3),

where 0,,,x, denotes an m X n matrix whose elements are zero and
the Lie group SE(3) is characterized by

R b

SE(3) = {g e R4 G — {01 ot

} :ReSO(3),beR3}.

Using this representation, the kinematic equations take the form
g = g£ \/7

where £ = [wT VT]T is the vector of body velocities and the vector

space isomorphism (.)V : R® — se(3) is given by

af e

This space is constructed in a six-dimensional linear space tangent to
SE(3) at the identity vector. The rigid body dynamics is given by

Jw=(Jw)*w+T (1)
mv = (mv)*w + &, @

where m and J denote the rigid body scalar mass and inertia matrix,
respectively, ¢ denotes the external force applied to the rigid body
and T the external torque, both expressed in the body-fixed coordinate
frame. The dynamic (1) and (2) can be expressed in compact form as

1€ = E(I,w)é + ¢,

where p = [T ¢T]T, and
J 03x3} _ {(Jw)X 0343
I= , 2(llw)=
{03><3 mls @w) Osx3 —m(w)*

In many practical situations only partial state information is avail-
able from the sensor data. A particularly relevant case is when the
translational velocity information is given by a Doppler sensor. Such
sensors can be found for instance in underwater autonomous vehicles
and in spacecrafts. A velocity sensor based on the Doppler effect mea-
sures the frequency shift between the emitted signal (electromagnetic
or acoustic) and the received signal. This difference is proportional
to the difference of velocities between emitter and receiver and is
given by

_ & (b, by
(&

Af Jo, 3)
where f, denotes the emitted frequency, c is the propagation velocity
of the signal, and b, and b, denote the positions of the receiver
and of the source, respectively. Thus, the Doppler measurement does
not provide full velocity information but rather only radial velocity
information. Without loss of generality, consider by the center of the
inertial reference frame {1} and consider a receiver installed onboard
the vehicle so that b, = b. Then, (3) can be rewritten as

bT . bT

Af=ap—b=ap—Rwv,

bl bl
where ap = fo/c. Along with the scalar measurement, one also
has information regarding its direction b(¢)/||b(t)||. Without loss of
generality, let the emitter and the receiver be located at the origin of
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{I} and {B}, respectively. Then, projected translational velocity is
given by

b(t) T
vp(t) = RT—Arap = d(t)d” (t)v(t)

b~

where d(t) = R (b(t)/|[b(?)]))-

Finally, let us now introduce &, which comprises the angular
velocity and the projected translational velocity

13 03><3

D(t) = d(t)dT(t) . 4

03x3

Remark 1: Notice that b is not required to be the vehicle’s centre of
mass. However, if convenient, the previous introduced Doppler sensor
model can be easily adapted such that b is the centre of mass and v its
translational velocity even if the receiver is not in such position.

Our aim is to design a dynamic nonlinear observer to estimate
the configuration (pose), the angular velocity and, in particular, the
translational velocity of a rigid body. The observer is based on exact
measurements of pose (R and b), angular velocity (w), and Doppler
measurements (A f), as well as modeled forces and torques (¢ and T,
respectively). From the Doppler measurements, only the radial com-
ponent of the translational velocity can be obtained. Moreover, notice
that, in the presence of sensor noise, the use of an observer has clear
advantages over the raw measurements as the sensor information is
fused with the rigid body dynamics and the sensor noise is filtered. The
resulting estimates are less noisy and the errors due to sensor bias have
smaller magnitude than those of the raw sensor data. Robustness to
bounded measurement errors is obtained consequently. This is shown
later through numerical simulation results.

III. OBSERVER DESIGN WITH DOPPLER MEASUREMENTS

In this section, we propose an observer for the configuration and
velocity. Let us denote the configuration estimates by

s [ R b
g_{01><3 1}7

where R and b are the estimated attitude and position, respectively.
The estimated velocity is denoted by

- 5).

where w and v are the angular and translation velocity estimates,
respectively. The configuration and velocity estimation errors are
defined as

G=G"'¢= {Ois ’PITb} € SE(3)
é:é—az[ﬂeﬂ%ﬁ, )

where R:f{TR, B:be, W=w-—w, and v=v —v. The
configuration error can be expressed in exponential coordinates using

7" = logm(G), (6)

where logm(.) : SE(3) — se(3) denotes the logarithmic map on SE(3)
[15, p. 256]. We express the exponential coordinates vector of the pose
estimate error 7) as

n= L(g} € R® ~ s¢(3),
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where @ € R? ~ 50(3) is the exponential coordinate vector (principal
rotation vector) for the attitude estimation error and ,[~3 € R3 is the
exponential coordinate vector for the position estimate error.

The time derivative of configuration error (5) is given by

=26 Mg+67¢
— GGdG+ 6
- 646+ GgeY
= G(e¥ - Adg 1 G1G),

where the adjoint action of G € SE(3) on ¢ € se(3) is given by
Adg(¢Y) = G(¢Y)G ™! and it satisfies

rase) = ([ %]¢)
The velocity error dynamics is given by
1€ = 1€ — 1¢
— 1 - E(Lw) — .

The time derivative of the exponential representation of G is given
by [15]

h = G(#H) (5 - (Adgflé*g‘f) 7 @
where (.)” is such that ((a)¥)" = a, a € RS and
o0 =[reh ) o ®
A®) =T, + %éx + (012 - %‘fj) "
S(@) =1, + 179<;oseéx 0*9‘?“0((1)*)2, and

N (0% B 1+cos€) [C:)BT+((:)TB)A((:))}

20 sin @
(14 cos0)(@ —sinb) ., ~ »~T
— 0)80
20 sin? 0 5(©)8
(14+cosf)(@+sinh) 2\ ~7~~ 7T
- — |0 6

( 203 sin? 0 0+ P ’
(C)]
where 6 = ||®||. The exponential coordinate vector @ for the rota-

tional motion is obtained by inverting the Rodrigues’ formula

R©) =T, + 506" + 1220 (6)7),
which is a well-known formula to express the rotation matrix in terms
of the exponential coordinates on SO(3).
Next, we prove lemmas useful to establish the convergence and
stability properties of the nonlinear observer proposed later in this
section.
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Lemma 1: The matrix G(7), which shows up in the kinematics (7),
(8) for the exponential coordinates on SE(3), satisfies the relationship
G(mn =n.

Proof: Beginning with the expression for G(7) given by (8), we
evaluate
L A(O)O
GO = 16,56+ A©)3

From the expression for A(®), it is clear that
A(6)6 = 6.
On evaluation of the other component, after some algebra, we obtain

T(©,0)© =B - A(©)B.
Therefore, we get
T(©,8)0 + A(©)3 =5,
which gives the desired result. O

Remark 2: In [16, p. 39], an expansion for G(7}) is given in terms
of matrix powers of

(©)" om}
adsy = | = P ,
! {(ﬁ)X (@)~
from which the result in Lemma 1 can be concluded given that
ad;,ﬁ =0.
Lemma 2: The matrix G (7)) satisfies the following equality:
K™'GT (K = G" (Kn), (10)
I; O3x3
here K = ko > 0.
where {03><3 Iles} ?
Proof: The left-hand side of (10) fulfills
_ s I 0 AT(©) T7(©e,B8)
K 1T K= 3_><3 2
@ {03x3 ky 'I| | O3y AT(©
I 0O3x3
X
|:03><3 kzl}
_ [AT@) kgTT@,Za)}
Osx3 AT(@©) |’
On the other hand
- _[AT®©) T17(® Ifzé)}
G"(Kn) = { . .
( 77) 03><3 AT(@)

Notice that 3 multiply each term of T((:), ,@) in (9). Thus, T((:), ,@)
is proportional to the norm of 3, and consequently we have
kT (©,08) =T(0,k:3). g

The following theorem establishes the stability and convergence of
the proposed observer.

Theorem 1: Assume that the rigid body pose (R and b), angular
velocity (w), and Doppler shift (Af) are measured and that the
external forces and torques (¢ and T, respectively) can be accurately
modeled. Moreover, let the configuration and velocity observer be
described by

G = (Adg(€+ki)") an

2 ~ 1 o~
I = E(Lw)é + o+ ;SGT(Kn)n

+12 (60 - DOE) (12)
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I; O3x3
O3x3 k213
that the initial conditions satisfy the inequality

where K = { }, and where k1, ko, k3, k4 > 0 are such

1©0ll” + kaullbo|[* + ks&y KIE, < 72, (13)
where @ = O(tg), bg = b(to), €, = &(to), and p = /1 + 72 /2.
Then, there exists 6 < 7 rad such that for all ¢ > t,, the attitude
error satisfies |©(t)| < 6 and the estimation error x(t) = [/” éT]T
is almost globally asymptotically stable.

Proof: Topological limitations precludes global asymptotic sta-
bility of the origin [2]. In fact, if @ = 7 rad, the exponential coordinates
of the configuration error 77 cannot be computed without ambiguity.
This proof is divided in two parts: (i) using a judiciously selected
Lyapunov function establish that (13) is a sufficient condition to ensure
that for all ¢ > to, 0(t) < 7 rad and thus, the critical points where 7
is not well defined are not part of the error system trajectories and (ii)
show that all system trajectories converge to the origin. To that end,
consider the Lyapunov function candidate

V= %~TK1~7 + %ETK]IE.
Taking its time derivative, one obtains
V =7"G(q) (s - (Adg_lﬁ-lé)A)
+ k€K (]Ié CE[w)E - cp)
= 7G(0) (&~ (Adg1GGAdg(E + lam)”))
+ ks€K (E(H, w)é+ ¢+ kigGT(Kﬁ)ﬁ

+1* (60 - DOE) = W)~ o)

From (4), we have £, = D(¢)§ and by noticing that Z(I, W)€ is
perpendicular to &, the time derivative of V' is given by

V =77 G@H) (€ — ki) + EK (GT(K) + kD (1)E) -

Finally, using the result in Lemma 1 and Lemma 2 to update the
Lyapunov function derivative, one obtains

V= kK — k& KD(1)E,

which is negative semi-definite.
Notice that, the exponential coordinates of the configuration error
are related to R and b by [15, p. 256]

= 0 = =7 . tr(R)-1
8_2sin0 R-R")",cosf = 5 ,10] < 7 rad
B=5"'(©)b,

where (.)® is the inverse of the (.)* map, tr(.) denotes the trace

operator, tr(R) # —1, and

= 1, - 2sinf — 0(1 —cosB) /, ~ 2
1 _ _ X X
5@ =L -3(@)"+ 202 sin 6 ((9) ) '
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From the relation between matrix norms [17], one concludes

[s—1 @b < |[s@®)| 1Bl <

s®@)| Il

where ||.||2 and ||.||r denote the Euclidean and Frobenius norms
of matrices, respectively. Through some algebraic manipulations one
obtains ||S71(®)]||» < u. Hence

711 < I8]* + 12b|>. (14)

Consider the level set described by
2
Cy = {x SV (x(t),1) < %}

Then, using (14), one can infer that the condition (13) guarantees
that x(to) € Cy. As Cy is a positive invariant set, one concludes
that, for all ¢ > ¢, x(¢t) € Cy, which in turn yields x(¢t) € Cy =
[©(t)|| < 7 rad. Thus, we have concluded the first part of the proof
by establishing that condition (13) guarantees that the configuration
error 7) can be computed from the sensor measurements and current
estimates using (5) and (6).

To show that all system trajectories converge to the origin notice that
Vis negative semi-definite. On the other hand, for bounded angular
velocity, V' is finite. Then, according to Barbalat’s Lemma [18], V —
0, from which one concludes that ||7]| — 0. Since the configuration
coordinates are bounded, this result implies that (d/dt)||7| — 0.
Thus, ||€|| — 0 and consequently ||x|| — 0.

Remark 3: The exponential coordinate ® for SO(3) cannot be
uniquely obtained when @ = ||@| = = rad, since in this case @ and
-6 correspond to the same rotation matrix according to Rodrigues’
formula. In such circumstances, the matrix G(77) also becomes
singular.

In case of a rich enough trajectory, a stronger result is obtained. To
that end, consider the following definition.

Definition 1 (Persistency of Excitation—see [19]): A vector z(.) is
said to be persistently exciting (PE) if there exist 7' > 0, u; > 0, and
uo > 0 such that
t+T

z(7)z7 (1)dr < u,l,

u11§ vtzto

t

This definition states that a trajectory is rich if its position wobbles
around enough in all time intervals of duration 7'. In fact, if the position
of the rigid body is PE, the following result can be established.

Theorem 2: Assume that the rigid body pose (R and b), angular
velocity (w), and Doppler shift (Af) are measured and that the
external forces and torques (¢ and T, respectively) can be accurately
modeled. Let (11) and (12) describe the configuration and velocities
observer, and ki, ko, k3, k4 > 0 be such that (13) holds. Moreover,
assume that the position of the rigid body expressed in {B} is PE.
Then, the estimation error x(¢) converges exponentially fast to the
origin.

Proof: Without loss of generality let ¢ = 0. Under condition (13),

the configuration error 7) can be retrieved from the sensor measure-
ments and the current estimates. The Lyapunov function V' fulfills

%@ < V(xp,t) <2 [Ix(®)]*, (15)
where 1 = min{1, ko, mkoks, ksoz}, 72 = max{l, ko, mk2ks,
G3ks}, and 65 and g denote the maximum and minimum singular
values of J, respectively. According to the premises of the theorem,
the position of the rigid body expressed in the body fixed frame {B}
is PE. Thus, by Definition 1, there exist 7' > 0 and w > 0 such that

t+T

D(r)dr > ul, Vt>0.
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Hence, the following inequality holds:

t+T
V(x,7)dr < = [lx(t)]|*, Vt>0, (16)
t
where v3 = min{k1, k1k2, uks, ukaks }. Then, we have
t+T
VEt+T)=V(t)+ / V(x,7)dr. (17)

t

Using (15) and (16), we obtain

V) < VO - lxOF <V (1- 2,
Let 1 — (y3/72) = Aand t = NT +t,, where N € N° and ¢,. €
[0,T). Notice that, A < 1, since by definition -y, and 73 are positive
real numbers. Moreover, A > 0, as shown in the following. By defi-
nition, if ||x(0)|| # 0, V(¢ +T") > O for a finite ¢t. Thus, from (17),
we have
t+T
0<V(t)+ /
t
From (15) and (16), we have 0 < ~ya||x(¢)||2 — v3|/x(¢t)||, for all 0 <
t < oo. Then, v2 > ~3 and consequently A > 0.
Since V/(t) is a time decreasing function, we have
V(t) < V(NT) <V ((N — 1)T) A
SV (N =2)T) 2 <V (0)\Y
<V(O)A/T

V(x,7)dr.

and from (15), we get 1 ||x(¢)[|? < 2 ||x(0)[|?A¥/ 7. After some alge-
braic manipulations, we finally obtain

Ix(t)]| < ./%e—“/m 1081/ |[5(0)]]

IV. SIMULATIONS

In this section, simulation results that illustrate the robustness
and convergence properties of the proposed solution are presented.
The sensor suite onboard the rigid body provides configuration and
Doppler measurements. Moreover, it is considered that forces and
torques are accurately modeled. The rigid body performs a typical
trajectory, illustrated in Fig. 1. The inertia of the rigid body is
assumed as

1.1 0 0
J=10 1 0 | kg.m?,
0 0 0.9

and its mass is assumed as m = 2 kg. The simulation param-
eters are set to k1 =1, ko =1, ks =1, ky = 4, (:)(to) =[-04 —
0.2 —0.17 rad, B= [-1.073 —0.349 0.488]T m, &(ty) =
1073[7 4 10]T rad/s, and v(to) = 1073[10 0 — 5]T m/s. Note that,
with these parameters, the condition (13) is satisfied.

Fig. 2 shows the time-evolution of the estimation error of the
translational velocity, a quantity not measured by the sensors. As
established in the previous section, the estimated translational velocity
converges exponentially fast for its actual value.

The convergence and robustness properties of the estimation error
of the proposed observer are illustrated in Fig. 3. In the lower plot,
a logarithmic scale is adopted to highlight the exponentially fast
convergence of the estimation error to the origin. Since the proposed
observer is exponentially stable, the estimation error in presence
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Fig. 1. Rigid body trajectory.

Uy — Uy L
— 0y =y
—0, -,
Il Il Il Il
15 20 25 30 35

time (s)

Fig. 2. Time-evolution of the translational velocity estimated with noise-free
measurements.

; ; ; : ;
- = = with exact sensor meas. and model of forces and torques
with some unmodeled forces and torques

with sensor noise

‘ ‘ ; T 3

le-1 - 8
_ le-2 -

X le3r 3 o

le-d - e 8

1 1 1 1 1 :.--‘-

0 5 10 15 20 25 30 35

time (s)

Fig. 3. Norm of the estimation error of the observer under perfect conditions,
under unmodeled disturbances forces and torques and with the noise in all
Sensors.

of disturbances in the torques and forces is ultimately bounded
[18, Theorem 4.16 and Theorem 4.18]. This robustness property is
also illustrated in Fig. 3, where the estimation error is depicted for the
case when there are unmodeled disturbances in the torques and forces,
which are assumed to be random variables with uniform distribution
and amplitude of 0.01 Nm and 0.1 N in each axis, respectively.
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Additionally, Fig. 3 also depicts the results without disturbances but
with noise in all sensor measurements to show the advantages of
the estimated quantities when compared with the direct sensor mea-
surements. The noise characteristics are given by std(®) = 0.01 rad,
std(b) = 0.01 m, std(w) = 0.01 rad/s and std(d”v) = 0.01 m/s,
where std(.) denotes the standard deviation of each axis of the sensor.
The standard deviation of the resulting estimates after the initial
transient (¢ > 15 s) are

[0.0009] 0.0019
std(©) = [0.0007| rad,  std(b) = [0.0026| m
0.0006 | 0.0023
[0.0009] 0.0009
std(@) = [0.0010 | rad/s, std(¥) = |0.0011| m/s.
0.0006 | 0.0013

Note the higher accuracy of the estimates when compared with the
sensor measurements.

V. CONCLUSION

A nonlinear observer for arbitrary rigid body motion that takes
advantage of Doppler data was obtained and expressed in terms of
the exponential coordinates on the group of rigid body motions in the
three-dimensional Euclidean space. The estimation error was shown
to be asymptotically stable whenever the exponential coordinates are
defined, which includes all attitude estimate errors except for those
corresponding to a principal rotation angle of 180 deg or m rad.
Therefore, the convergence of the estimates given by this observer was
shown to be almost global over the state space of rigid body motions.
Given persistency of excitation of the position vector of the rigid
body, almost global exponential stability of the observer is guaranteed.
Numerical simulation results confirmed the convergence and stability
properties of the observer.
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