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a b s t r a c t

This paper presents a strategy for real-time generation of formation trajectories using a leader–follower
approach. A trajectory generator prescribes the motion of a group of virtual vehicles, using a Lyapunov-
based nonlinear controller that stabilizes the position of the leader in the reference frame of the virtual
vehicles at a predefined distance vector. This strategy differs from the standard approach of defining
the desired distance vector in an inertial frame and can be used to obtain rich formation trajectories
with varying curvatures between vehicles. By imposing adequate constraints on the motion of the virtual
vehicles, the generation of valid formation trajectories is naturally guaranteed, bypassing the demanding
task of obtaining complete path descriptions. The trajectories are generated online and provided to a
trajectory tracking controller specifically designed for quadrotor vehicles. Simulation and experimental
flight tests are presented to evaluate the performance of the solution proposed, applied to formation
control of quadrotors.

© 2014 Elsevier B.V. All rights reserved.
1. Introduction

The problem of controlling multiple vehicles to perform coop-
erative tasks poses important challenges to automatic control. It
has been the scope of a number of publications and experimen-
tal results are beginning to appear (see [1] for a survey on the
topic and [2–7] for more specific examples). Cooperative control of
multi-vehicle systems has proven to be advantageous in carrying
out a variety of tasks such as surveillance and area exploration [3],
where it results in a faster and more efficient process, or load
transportations [4], where the use of multiple vehicles allows for a
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reduction in the size of the platforms. Within the field of coopera-
tive control, the problem of maintaining a multi-vehicle formation
while moving in space, known as formation control, has received
considerable attention, with several methodologies proposed over
the past 15 years, including the behavioral approach [8], potential-
field and graph theorymethods [9–11], and leader–follower strate-
gies [12–16].

The leader–follower approach is particularly attractive due to
its simplicity and scalability. It has been applied to different vehi-
cles, including mobile robots [12–14], AUVs [15], and UAVs [16]. It
consists in ensuring that one ormore follower vehicles converge to
andmaintain a desired distance and orientation relative to a leader
vehicle, whose trajectory may not be known a priori. Its scalability
derives from the fact that each follower can become the leader for
additional vehicles and the process can be repeated. A characteri-
zation of the error amplification with respect to leader inputs and
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disturbances, and stability analysis of leader–follower formations
in cascaded form can be found in [12].

In this paper, we adopt a leader–follower approach and focus on
generating rich formation trajectories, in the sense that the follow-
ers can describe trajectories that differ considerably from that of
the leader, namely in terms of curvature. The proposed trajectory
generator is vehicle independent and takes the form of a nonlinear
control law, which stabilizes, at a predefined distance vector, the
position of the leader in the body frame of a virtual follower. Then,
a trajectory tracking controller uses the generated trajectories as
references for real vehicles. This strategy differs from the major-
ity of approaches found in the literature, which define the desired
distance vector in either the body frame of the leader (see [12–14],
for examples applied to unicycles) or the inertial frame (see [17],
for an example applied to quadrotors). Notice that the latter can
only be used to define formations where the followers describe an
offset version of the leader’s trajectory. In contrast, by imposing
adequate kinematic constraints on the motion of the virtual vehi-
cles, the current approach gives rise to curvature-rich formation
trajectories that are naturally acquired without the need to explic-
itly compute the path parameters of the leader.

The solution proposed exhibits some additional properties of
interest. Given that the leader–follower distance is expressed in
the body frame of the follower, relative position measurements
can be directly acquired by sensors installed onboard the follower
vehicles. Also, the trajectories are generated at runtime, based
solely on themotion of the leader, which is tracking a pre-assigned
trajectory unknown to the followers. As such, deviations in the
leader’s motion are captured by the trajectory generator and the
trajectories to be tracked are changed accordingly.

The adopted approach of defining the position error in the body
frame of the follower dictates the existence of an inner dynam-
ics given by the angular distance between vehicles, whose bound-
edness must be guaranteed in order to generate valid formation
trajectories. Such a result is ensured by imposing adequate con-
straints on themotion of the virtual vehicles and guaranteeing that
well-defined conditions relating the curvature of the leader’s tra-
jectory and the desired distance between vehicles are satisfied, so
that stabilizing the position of the leader in the body frame of the
virtual follower naturally entails an attitude stabilization.

To derive the control law for both trajectory generation and tra-
jectory tracking, we resort to the Lyapunov-based backstepping
technique. Backstepping is a well known technique extensively
used for control of nonlinear systems [18]. The backstepping pro-
cedure can be complemented by other methodologies to obtain
additional characteristics for the control law. In the proposed tra-
jectory generation controller, we combine backstepping with the
use of integral control to achieve rejection of constant distur-
bances, as discussed in [19]. The trajectory tracking controller
presented builds on the solution proposed in [20] for quadrotor ve-
hicles and adopts the principle of assigning an appropriate thrust
and using the torque actuation to ensure convergence to an appro-
priate thrust direction. Using an alternative and simpler saturated
control law, global trajectory tracking is guaranteed together with
boundedness of the thrust actuation.

The resulting methodology is experimentally validated in a
rapid prototyping and testing architecture based on the Matlab/
Simulink environment,which integrates navigation data from aVI-
CON motion capture system [21], the control algorithms, and the
communications with three radio controlled Blade mQX quadro-
tors [22]. In the experiment presented, the leader vehicle tracks a
figure eight trajectory and is followed by the other two vehicles in
a tight triangle formation that imposes significant curvature vari-
ations on the described trajectories.

This paper is structured as follows. Section 2 contains a
description of the strategy adopted for leader-following trajectory
generation. Section 3 presents the solution proposed for flight
formation applied to quadrotors. The quadrotor dynamic model
is described and a control law for trajectory tracking is derived
and tested in simulation. Section 4 contains the experimental part
of the work. The experimental setup is described and flight test
results are presented and discussed. Finally, Section 5 presents
some concluding remarks. A preliminary version of the material
presented in this paper had been accepted for presentation at the
2013 EuropeanControl Conference [23]. A videowith experimental
results for the proposed leader–follower strategy is available
at [24].

2. Leader-following trajectory generation

The trajectory generator uses themotion of the leader to gener-
ate trajectories to be tracked by the remaining vehicles of the for-
mation. The generation of the vertical component of the trajectory
is separated from the horizontal part. We start by describing the
trajectory generator for the horizontal motion, which is in fact a
nonlinear control law that stabilizes, at a predefined distance vec-
tor, the position of the leader in the body frame of the virtual fol-
lower. Although, in the next section, we concentrate on a single
leader–follower formation, notice that the leader may have sev-
eral followers and, as discussed further ahead, the geometry of the
formation is determined by the distance vectors. In addition, the
leader–follower approach can be applied in cascaded form, mean-
ing that a follower may be the leader for other vehicles, which ev-
idences the scalability of this approach.

2.1. Problem formulation

The goal of the trajectory generator is to define a control law for
a virtual follower that drives the position of the leader relative to
the follower to a desired distance vector. Let {I} denote an inertial
frame, {L} the body frame of the leader, and {F} the body frame
of the follower. The position of the origin of {L} expressed in {I} is
given by pL ∈ R2 and the configuration of {F} with respect to {I} is
described by an element of the Special Euclidean Group of order 2,
(R, pF ) =


I
FR,

IpF


∈ SE(2). The matrix R can be parametrized
by an angle ψ , so that

R =


cosψ − sinψ
sinψ cosψ


. (1)

It is assumed that the motion of the leader is known up to the
second derivative {pL(t), ṗL(t), p̈L(t)}, for t ≥ 0. In what follows,
time dependence is often omitted to lighten notation.

The position of leader relative to the follower can be written as
FpL = RT (pL − pF ) (2)
and the trajectory generation problem can be defined as the prob-
lem of designing a control law for the virtual follower that drives
FpL to a desired distance vector d = [dx dy]T . To guarantee that the
trajectory generation problem is well-defined, we introduce con-
straints on the motion of the virtual followers. These are actuated
in forward force and torque so as to constrain their motion to the
longitudinal direction.

The kinematic equations of motion can be written as

Ṙ = RS(r) (3)

ṗF = R[u 0]T (4)

where u ∈ R and r ∈ R are the linear and angular speeds,
respectively, and S(x) is a skew-symmetric matrix given by S(x) =
0 −x
x 0


. The dynamic equations of motion are simply given by

u̇ = T (5)
ṙ = τ . (6)
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2.2. Controller design

Consider a position error given by

e1 =
FpL − d, (7)

with time derivative given by

ė1 = −S(r) (e1 + d)+ RT ṗL − [u 0]T , (8)

and define a first Lyapunov candidate function as

V1 =
1
2k1

eT1e1. (9)

Computing the time derivative of V1 yields

V̇1 =
1
k1

eT1

−S(r)d + RT ṗL − [u 0]T


= −eT1σ(e1)

+ eT1


σ(e1)+

1
k1


−S(r)d + RT ṗL − [u 0]T


(10)

where we have used the map σ : R2
→ R2 to denote a saturation

function applied element-wise and given by

σ(x) = [σK (x1) σK (x2)]T (11)

and σK is a K -saturation function defined as follows.

Definition 1. A K -saturation function is a smooth increasing
function σK : R → R that satisfies the following properties:

1. σK (0) = 0,
2. sσK (s) > 0 for all s ≠ 0,
3. lims→±∞ σK (s) = ±K for some K > 0.

Following the backstepping procedure, a new error is defined

e2 = σ(e1)+
1
k1


−S(r)d + RT ṗL − [u 0]T


(12)

and the Lyapunov candidate function extended to include it, so that

V2 = V1 +
1
2k2

eT2e2. (13)

Assuming the presence of constant disturbances on the actua-
tions T and τ , the expression for ė2 can be written as

ė2 = σ̇(e1)+
1
k1
(δ − 0µ)+ b (14)

where

0 =


1 −dy
0 dx


, µ =


T
τ


, δ = −S(r)RT ṗL + RT p̈L, (15)

and b ∈ R2 is an unknown constant. The time derivative of V2 is
then given by

V̇2 = −eT1σ(e1)+ eT1e2 +
eT2
k1k2

(k1σ̇(e1)+ δ − 0µ + k1b) . (16)

Notice that 0 is invertible, provided that dx ≠ 0.
In order to achieve convergence of the tracking errors to zero

and reject the constant disturbance b, we introduce the integral
state ξ with dynamics

ξ̇ = e2 (17)

and a new Lyapunov candidate function given by

V3 = V2 +
k3
2k2


ξ −

1
k3
b
T 

ξ −
1
k3
b

, (18)
whose time derivative is given by

V̇3 = V̇2 +
k3
k2


ξ −

1
k3
b
T

e2

= −eT1σ(e1)+ eT1e2 +
eT2
k1k2

(k1σ̇(e1)+ δ + k1k3ξ − 0µ) . (19)

At this point we can define a control law for µ that renders V̇3
negative semi-definite and globally asymptotically stabilizes the
origin of the error system. This result is stated formally in the
following Theorem.

Theorem 1. Consider the simplified vehicle model described by (3)–
(6) and the error system with state given by e1 (7), e2 (12), and
ξ′

= ξ −
1
k3
b. The control law

µ = Γ −1 (δ + k1σ̇(e1)+ k1k2e2 + k1k3ξ) , (20)

with positive gains k1, k2, and k3, renders the origin of the error system
globally asymptotically stable.

Proof. Using the control law (20), the overall closed-loop system
can be written as

ė1 = −S(r)e1 − k1σ(e1)+ k1e2, (21)

ė2 = −k2e2 − k3ξ′, (22)

ξ̇
′

= e2. (23)

By noting that the subsystem (22)–(23) is a double-integrator
system regulated by negative feedback of its states, we can imme-
diately conclude that (e2 = 0, ξ = 0) is globally asymptotically
stable. In particular, the Lyapunov function

W =
1
2
ξ′T ξ′

+
1
k3

eT2e2 +
1
2
ϵT ϵ,

where ϵ =
k2
k3
e2 + ξ′, has a negative definite time derivative given

by Ẇ = −
k2
k3
eT2e2 − k2ϵT ϵ.

To analyze the stability of (21)–(23), note that substituting (20)
in (16) yields

V̇3 = −eT1σ(e1)+ eT1e2 − eT2e2

≤ −∥e1∥(
√
2
2 ∥σ(e1)∥ − ∥e2∥)− ∥e2∥2.

If ∥e2∥ ≤

√
2
2 K , V̇3 can only have a positive term if

√
2
2 ∥σ(e1)∥ −

∥e2∥ < 0 or equivalently if ∥σ(e1)∥ <
√
2∥e2∥ ≤ K . However, in

this case, ∥σ(e1)∥ = ∥e1∥, meaning that V̇3 ≤ 0 for ∥e2∥ ≤

√
2
2 K .

Since there exists a finite time T , such that ∥e2(t)∥ ≤

√
2
2 K for

t > T , then V̇3 will become negative semi-definite in finite time
and V3 +W will have a negative definite time derivative, implying
that the origin is globally asymptotically stable. �

2.3. Inner dynamics analysis

Having a stabilized error system does not imply that the intrin-
sic variables of the vehicle are all stabilized. For a given leader’s
position and a given d there are infinite solutions depending on
the follower’s attitude that yield null position error, which indi-
cates the existence of a zero dynamics, whose stability needs to be
analyzed. Towards that end, consider the limit condition when the
errors have converged to zero. In that situation the following rela-
tion is verified:
u
ψ̇


= 0−1RT ṗL. (24)
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Let ṗL be given by

ṗL = VL


cosψL
sinψL


, (25)

where VL and ψL are continuous functions of time representing
the norm and direction of the leader’s velocity, respectively. Using
these definitions, (24) can be rearranged into the form


u
ψ̇


=

VL cos (ψL − ψ)+
VLdy
dx

sin (ψL − ψ)

VL

dx
sin (ψL − ψ)

 . (26)

Applying the change of variablesψr = ψ −ψL, the zero dynamics
can be written as

ψ̇r = −
VL

dx
(sinψr + dxκL) , (27)

where κL = rL/VL is the curvature of the leader’s path. It is worth
noting that the second equation does not depend on dy.

The analysis that follows is divided into two cases: (a)
trajectories with κ̇L = 0; and (b) trajectories with κ̇L ≠ 0.
For κ̇L = 0. Trajectories with κ̇L = 0 can be either a circumference
(κL ≠ 0), or a straight line (κL = 0). To analyze the stability of (27)
for these types of trajectories, consider the candidate Lyapunov
function

Vψ =
1
2
(sinψr + dxκL)2 , (28)

whose time derivative is given by

V̇ψ = −2
VL

dx
cosψr Vψ . (29)

For simplicity, consider the case when dx > 0 (a similar reasoning
can be applied when dx < 0). From (29), it follows that V̇ψ is zero
for ψr = ±π/2 and for sinψr = −dxκL, and negative definite
whenever cosψr > 0. Analyzing (29), it can be shown that, if
|dxκL| ≤ 1 then ψr = − arcsin(dxκL) is an asymptotically stable
equilibrium point, whereas ψr = π − arcsin(dxκL) is unstable.
Also, if |dxκL| > 1 then limt→+∞ |ψr | = +∞. From (26), it follows
immediately that |ψ̇ | ≤ |

VL
dx

| and therefore |ψ̇ | < |ψ̇L|, meaning
that the follower can never reach the angular velocity of the leader
and the angular distance ψr diverges. Notice, however, that the
condition |dxκL| ≤ 1 imposes no constraint on the curvature of
the follower, since we can use dy to select an arbitrary curvature.
For κ̇L ≠ 0. When the trajectory being tracked has a time-varying
curvature, the analysis is more involved and asymptotic stability
for the general case is difficult to assess. Nevertheless, it is possible
to prove the boundedness ofψr , provided that |dxκL(t)| < 1, for all
time. The following proposition is provided for dx > 0. A similar
reasoning can be applied for dx < 0.

Lemma 2. Assume that dx > 0 and |dxκL(t)| < ε < 1, for all t ≥ 0.
LetΩ1 andΩ2 denote the setsΩ1 = {ψr : | sinψr | ≤ ε, cosψr > 0}
and Ω2 = Ω1 ∪ {ψr : | sinψr | ≥ ε}, respectively. Then ψr(t)
is bounded, Ω1 and Ω2 are positively invariant, and any solution
starting inΩ2 will enter Ω1 in finite time.

Proof. Consider the Lyapunov function candidate

Wψ = 1 − cosψr . (30)

Computing the time derivative ofWψ , it can be shown that

Ẇψ < −
VL

dx
| sinψr | (| sinψr | − ε) ,
Fig. 1. Graphical representation of the positively invariant setsΩ1 andΩ2 .

which is negative definite for | sinψr | ≥ ε. Hence, the sets Ω1
and Ω2, shown in Fig. 1, are positively invariant and any solution
starting inΩ2 will enterΩ1 in finite time. Solutions starting outside
the setΩ2 cannot grow unbounded, since to do so theywould have
to enter Ω2, in which case the above applies. Thus, provided that
ε < 1, ψr is bounded irrespective of its initial value. �

Lemma 2 shows that if a bound on the curvature of the leader’s
path κL is known, dx can be chosen so that |dxκL(t)| < 1 to guaran-
tee that the angular distance between the leader and the follower
given by ψr also remains within known bounds. This bounded-
ness property (which is a direct consequence of the kinematic con-
straints imposed on the motion of the virtual follower) together
with the stability in position guarantees that the generated tra-
jectory is ‘‘well-behaved’’ and simultaneously richer in terms of
curvature variation than a simple offset version of the leader’s tra-
jectory.

The bound |dxκL(t)| < 1 does not, however, prevent inversions
in the directions of motion of the virtual followers from occurring.
Such a behavior can affect the performance of the real vehicles
while tracking the generated trajectories and thus it is of interest
to avoid it. Rewriting the first part of (26) as

u
dx
VL

= dx cosψr − dy sinψr ,

and assuming once again that dx > 0, it can be shown that u will
remain positive as long as

dy sinψr > dx cosψr

holds. Combining this condition with Lemma 2, we can obtain a
bound for the initial value of the angular distance ψr(0), which
guarantees that no inversion will occur. More specifically, if

arcsin |dxκL(t)| < atan2(dx, |dy|) (31)

u(0) > 0, and ψr(0) ∈ Ω1, then u(t) > 0, for all t > 0.
The simulation results presented in the following section

illustrate the type and richness of the trajectories that can be
generated using the virtual vehicle model (3)–(6) in closed-loop
with the control law defined in (20).

2.4. Simulation results

Consider the case where two vehicles are supposed to follow a
leader describing a lemniscate trajectory given by

pL(t) =


2 cos(0.25t)
sin(0.5t)


. (32)

The desired distance for follower 1 is set to d1 = [0.35 0.35]T

and its initial state to pF1(0) = [3 3]T , uF1(0) = 0.5, rF1(0)
= −0.5, ψF1(0) = 3π/2. For follower 2, we select d2 =

[0.35 − 0.35]T , and set pF2(0) = [3 1]T , uF2(0) = 0, rF2(0)
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(a) Position. (b) Distance between virtual vehicles.

Fig. 2. Position and distance between leader and virtual followers.
 

(a) Linear speed. (b) Angular speed and angular position.

Fig. 3. States of the virtual followers.
= 0.5, ψF2(0) = 0. The controller parameters are k1 = 0.2, k2 =

2, k3 = 0, and K = 5.
Although the trajectories of both followers are different (see

Fig. 2(a)), their angular velocity and angular position converge
to the same values (see Fig. 3(b)). This is in agreement with the
analysis made in Section 2.3, where it was concluded that these
variables do not depend on dy, which in this case is the only
differing parameter.

Fig. 2(b) shows that the distance between followers and
between these and the leader converge to fixed values. The latter is
a direct implication of the asymptotic stability of the error system,
as shown in Fig. 4. The former, the distance between followers, is
a result of the fact that, at the equilibrium, the follower’s states
u, r and ψ do not depend on dy. The value to which this distance
converges is equal to the sum of the followers’ distances, in this
case 0.35 + 0.35 = 0.7 m. These results indicate that a formation
where all the followers have the same value of dx converges to a
rigid formation. Future work will focus on deriving a formal proof
of convergence.
2.5. Three-dimensional trajectories

So far only two-dimensional motion has been considered.
However, to generate trajectories for quadrotors it is necessary
to consider three-dimensional motion. Instead of deriving a law
for the entire state space, a separate control law is designed to
drive the vertical coordinate of each virtual follower to a desired
distance to the leader. Consider that the desired vectorial distance
d is extended to include a third component dz and let ez be the
vertical position error given by

ez = pLz − pFz − dz . (33)

A simple control law that stabilizes ez is given by

p̈Fz = σK (p̈Lz)+ σK (kz1ez + kz2ėz). (34)

This saturation is introduced to protect the followers from any un-
expected acceleration of the leader. The control law asymptotically
stabilizes ez at the origin, provided that |p̈Lz | < K holds.
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(a) Virtual follower 1. (b) Virtual follower 2.

Fig. 4. Time evolution of the position and velocity errors.
2.6. Planner initialization

As noted in Section 2.3, inversions in the directions of motion of
the virtual followers can affect the performance of the real vehicles
tracking the trajectories. In order to prevent this behavior, the
trajectory described by the leader and the desired configurations
of the virtual followers have to verify (31). To this end, the virtual
followers are initialized with ψr(0) = 0 and zero error, with
respect to the reference trajectory of the leader, while the real
vehicles are converging to their formation positions.

Until both the leader and follower vehicles approach the initial
reference and virtual followers, respectively, the generator is kept
turned off. Once that happens the generator is turned on and
the leader starts tracking the reference trajectory. The choice to
initially place the virtual followers with respect to the reference
trajectory of the leader allows for faster formation initialization,
and guarantees that, when the generator is started, the actual
values of the angles ψr verify the aforementioned bounds.

The tracking is triggered when the components of the position
error of each vehicle verify the condition ei = ∥pFi − pvFi(0)∥ <
emax, i.e.,

trigger = (eL < emax) ∧ (e1 < emax) ∧ · · · ∧ (en < emax) (35)

where emax is a configurable parameter that defines the threshold
used to start the tracking.

3. Quadrotors in formation

3.1. Quadrotor model

The quadrotor vehicles are modeled as rigid bodies actuated in
force and torque. Consider a fixed inertial frame {I} and frames {B}
attached to each vehicle’s center of mass. The configuration of the
body frame {B} with respect to {I} can be viewed as an element
of the Special Euclidean group, (R, p) = (IBR,

IpB) ∈ SE(3). The
kinematic and dynamic equations of motion for the rigid body can
be written as

Ṙ = RS(ω) (36)
ṗ = Rv (37)

v̇ = −S(ω)v +
1
m

fext (38)

ω̇ = −J−1S(ω)Jω + J−1mext. (39)

In the foregoing equations, ω ∈ R3 and v ∈ R3 denote the angular
and linear velocities and fext ∈ R3 and mext ∈ R3 represent the
external forces and moments acting on the vehicle, respectively,
all expressed in the body frame. S(·) is a skew-symmetric matrix
of its argument verifying S(a)b = a × b, where × denotes the
cross-product operator and a and b ∈ R3. Lastly, m is the mass of
the vehicle and J the tensor of inertia.

The most commonly adopted dynamic model for quadrotors
(e.g. [25]) considers that torques can be generated in any direction
and that the only actuation force is the thrust T , aligned with the
body’s vertical axis. The external force is then given by

fext = −Tu3 + mgRTu3, (40)

where u3 = [0 0 1]T and g is the gravitational acceleration. As the
vehicle has full torque actuation, the input transformation

mext = Jτ + S(ω)Jω (41)

can be used to reduce Eq. (39) to an integrator form

ω̇ = τ. (42)

From (40) and (41), we conclude that the quadrotor is underactu-
ated with only four actuation variables for six degrees of freedom.

3.2. Quadrotor trajectory tracking controller

Let the desired trajectory be given by pd(t) ∈ R3, a function
of time at least of class C4. In the sequel, time dependence will
be omitted to lighten notation. In this section, we derive a control
law for trajectory tracking that builds on the principle of assigning
an appropriate thrust and using the torque actuation to ensure
convergence to an appropriate thrust direction.

Consider the position error

e1 = p − pd (43)

and the velocity error

e2 = ė1 = Rv − ṗd, (44)

with time derivative given by

ė2 = −
T
m

r3 + gu3 − p̈d,

where r3 = Ru3. The error system can be rewritten as a double-
integrator system driven by a constrained input to take the form

ė1 = e2 (45)

ė2 = u∗
−

T
m

r3 +
Td
m

r3d, (46)
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where the desired thrust Td and desired thrust direction r3d are
given by

Td = m∥gu3 − p̈d + u∗
∥, (47)

r3d =
gu3 − p̈d + u∗

∥gu3 − p̈d + u∗∥
, (48)

respectively, and u∗
∈ R3 denotes the desired input vector, which

would be applied if full actuation were available.
Given that r3d is notwell-definedwhen Td = 0, it is of interest to

define a desired inputu∗ that simultaneously stabilizes the double-
integrator dynamics and guarantees that Td does not cross the
origin. For that purpose, we consider the saturated PD controller
given by

u∗
= −σ(k1e1 + k2e2), (49)

where σ : R3
→ R3 is a saturation function applied element-wise

and defined such that

σ(x) =

σK (x1) σK (x2) σK (x3)

T
. (50)

To ensure that Td remains positive, we assume that the limit of the
saturation function is chosen such that

∥p̈d − u∗
∥ < g. (51)

It is well known that the saturated control law of the form
given in (49) globally asymptotically stabilizes a double-integrator
system [26]. In this paper, we present an alternative proof of this
result that provides a strict Lyapunov function, in the sense that the
time derivative along the closed-loop trajectories of the system is
strictly negative definite instead of just negative semi-definite.

Lemma 3. Consider the scalar double-integrator system given by

ẋ1 = x2 (52)
ẋ2 = u (53)

and let u = −k1x1 − k2x2 be an asymptotically stabilizing
controller. Then, the closed-loop system that results from the feedback
interconnection of (52)–(53) and the controller

u = −σK (k1x1 + k2x2) (54)

has a globally asymptotically stable equilibrium point at the origin.

Proof. Consider the candidate Lyapunov function V0 given by

V0(x1, x2) =
1
2


σK (s) x2


P0


σK (s)
x2


+

 s

0
σK (ξ)dξ (55)

where s = k1x1 + k2x2 and P0 is positive definite. It can be shown
that V0 is positive definite and radially unbounded. Let P0 be given
by

P0 =


a −b

−b c


. (56)

Then, V̇0 can be written as

V̇0 = −

σK (s) x2


Q0


σK (s)
x2


,

where Q0 is given by

Q0 =

 k2 − b
1
2
(c − k1)

1
2
(c − k1) 0


+
∂σK (s)
∂s

 k2a −
1
2
(k1a + k2b)

−
1
2
(k1a + k2b) k1b

 .
For any k1 > 0 and k2 > 0 and taking into account that ∂σK (s)
∂s > 0

according to Definition 1, we can show that choosing a, b, and c
such that P0 > 0, k1 = c , and k2 =

ac
b yields Q0 > 0. It follows

that the closed-loop system has a globally asymptotically stable
equilibrium point at the origin. �

Going back to the original error system (45)–(46), consider the
following control law for the thrust T :

T = rT3dr3Td, (57)

which results from the projection of the desired thrust vector Tdr3d
on the current body z-axis given by r3. Then, ė2 can be rewritten as

ė2 = u∗
−

Td
m

S(r3)2r3d,

where the second term encodes the angular distance between the
directions r3 and r3d. Using Lemma 3, we can define the Lyapunov
function

Vσ (e1, e2) =
1
2


σ(s)T eT2


P


σ(s)
e2


+


i

 uTi s

0
σK (ξ)dξ, (58)

where s = k1e1 + k2e2 and P is the block matrix version of P0.
Computing the time derivative, we obtain

V̇σ = −

σ(s)T eT2


Q


σ(s)
e2


−

Td
m

rT3dS(r3)
2δ (e1, e2) , (59)

where, similarly to P,Q is the block matrix version of Q0 and

δ(e1, e2) = k2
∂σ(s)
∂s

(aσ(s)− be2)+ (k2 − b) σ(s)+ ce2. (60)

To drive r3 to r3d, we apply the backstepping technique based
on the attitude error, which can be written in vector form as

e3 = r3 − r3d (61)

or as an angular error given by

cos θ3 = 1 −
1
2
eT3e3 = rT3r3d (62)

and consider the candidate Lyapunov function

V3 = Vσ +
1
2
eT3e3 = Vσ + 1 − cos θ3. (63)

Computing the time derivative of V3 yields

V̇3 = V̇σ + rT3dRS(u3)

ω − RTS (r3d) ṙ3d


= −W3(e1, e2, r3, r3d)+ rT3dRS(u3)(ω − ωd), (64)

where

W3(e1, e2, r3, r3d) =

σ(s)T eT2


Q


σ(s)
e2


+ k3rT3dS(r3)

TS(r3)r3d (65)

and

ωd = RTS(r3d)ṙ3d + S(u3)RT

k3r3d +

Td
m

δ (e1, e2)

. (66)

To obtain a control law in torque, we apply once again the
backstepping procedure and define the angular velocity error

e4 = S(u3)(ω − ωd), (67)

and the candidate Lyapunov function

V4 = V3 +
1
2
eT4e4. (68)
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Noting that the time derivative of V4 can be written as

V̇4 = −W3(e1, e2, r3, r3d)+ eT4S(u3)(τ − ω̇d − S(u3)RT r3d), (69)

we can define a control law for the torque τ that renders a negative
semi-definite V̇4 and ensures global asymptotic convergence of the
trajectory tracking errors to zero. The following Theorem states
formally this result.

Theorem 4. Let the quadrotor dynamic model be described by (36)–
(39), pd(t) ∈ C4 be the desired trajectory, and consider the error
coordinates e1, e2, e3, and e4, given by (43), (44), (61) and (67),
respectively. For any bounded τz(t) ∈ C1, the closed-loop system that
results from applying the control laws (57) and

τ = S(u3)(k4e4 + ω̇d + S(u3)RT r3d)+ τzu3 (70)

achieves global trajectory tracking and ensures convergence of the
errors e1, e2, and e4 to zero, for any initial condition. In addition,
θ3 converges to either 0 or π and the desired equilibrium point
(e1, e2, θ3, e4) = (0, 0, 0, 0) is uniformly asymptotically stable.

Proof. Substituting τ into V̇4 yields

V̇4 = −

σ(s)T eT2


Q


σ(s)
e2


− k3rT3dS(r3)

TS(r3)r3d − k4eT4e4, (71)

which is negative semi-definite and zero-valued in the set {e1 =

0, e2 = 0, r3 = ±r3d, e4 = 0}. Since the quadrotor error dynamics
are non-autonomous, we resort to Barbalat’s Lemma to show that
V̇4 converges to zero. From the unboundedness of V4 with respect
to e1, e2, and e4 and observing that V̇4 is negative semi-definite,
we conclude that e1, e2, and e4 are bounded. Given that e3 evolves
on a compact set, and the external inputs p(4)d and ωz are bounded,
V̈4 is bounded and, consequently V̇4 is uniformly continuous. We
can therefore apply Barbalat’s Lemma to show that V̇4 converges
to zero and the error vector (e1, e2, θ3, e4) converges to either
(0, 0, 0, 0) or (0, 0, π, 0). For any initial conditions such that
V4(0) < 2, V̇4 is negative definite, implying that (e1, e2, θ3, e4) =

(0, 0, 0, 0) is uniformly asymptotically stable. �

The symmetry of the quadrotor dictates that rotations about
the body z-axis are not constrained by the trajectory tracking
objective and thus the third component of the torque τz can be
arbitrarily chosen to accomplish a secondary control objective. For
the present case, we simply chose to drive the angular velocity ωz
to zero, using for that purpose

τz = −kzωz, (72)

with kz > 0.

3.3. Simulation results

The vehicles used in the simulations are all equal, with mass
m = 0.1 kg andmoments of inertia Ixx = Iyy = 1×10−3 kgm2 and
Izz = 2 × 10−3 kg m2. The products of inertia are assumed to be 0.
These are typical values for very small scale vehicles, such as those
used in the experimental test described in Section 4. To test the
trajectory tracking controller, the gains and saturation parameters
were set to k1 = 0.5, k2 = 1.5, k3 = 10, k4 = 0.5, kz = 1, K = 5,
and c = 50.
Trajectory tracking. In this simulation the quadrotor is set to track
a planar trajectory described by (32) at a constant height h =

−1.5m. In order to demonstrate the performance of the controller,
the quadrotor is initially placed at p(0) = [−5 10 − 10]T ,
with φ(0) = π and ψ(0) = θ(0) = 0. The velocities (linear
and angular) are initially zero. This is an extremely unfavorable
Fig. 5. Reference trajectory (black) and trajectory described by the vehicle (gray),
with attitude snapshots every second for the first five seconds.

configuration, in which the vehicle is turned upside down. As
shown in Fig. 5 through the snapshots of the vehicle actuation
taken at each second, the vehicle rapidly rotates to acquire an
adequate attitude. The time evolution of the error e3 in Fig. 6 also
shows a fast convergence of the error, which indicates an inversion
in the direction of vector r3.

As shown in Fig. 6, all errors converge to zero as expected.
During the first two seconds a faster convergence of the angular
position and velocity errors e3 and e4 is observed, at the cost
of some growth in the error e2. The position and velocity errors
e1 and e2 have slower convergence rates and vanish to zero in
approximately ten seconds.
Quadrotors in formation. In this simulation the leader, a quadrotor,
is set to follow the same trajectory of the previous simulation.
The motion of the leader (position, velocity, and acceleration) is
provided to two follower quadrotors, which are supposed to follow
the leader with identical dx and symmetric dy.

The quadrotors are initially at rest on the floor. The initial
positions for the leader, follower 1, and follower 2 are pL(0) =

[0 0 0]T , pF1(0) = [−0.5 − 1 0]T and pF2(0) = [−2 1 0]T ,
respectively. The selected distance vectors are d1 = [0.35 0.35
−0.3]T and d2 = [0.35 − 0.35 − 0.3]T . The control gains used
for generating the reference trajectories are k1 = 0.2, k2 = 2, k3 =

0, kz1 = 0.2, kz2 = 2, and K = 5.
To assess the robustness of the coordination strategy, noise

was added to the state measurement of each quadrotor. As the
trajectory generation depends on the leader’s state, the addition
of noise to the state indirectly introduces noise in the trajectory
generation. The noise added is white Gaussian with zero mean
and has a standard deviation of 0.2 m for the position, 0.1 m/s
for the linear velocity, 0.01 m/s2 for the acceleration, 0.02°/s for
the angular velocity and 0.02° for the attitudemeasurement. These
values are typical for low cost sensors.

The planar position plot in Fig. 7 shows the trajectory described
by the leader, the reference trajectories described by the virtual
vehicles, and the actual trajectories described by the follower
vehicles. The triangles indicate the initial positions of the vehicles
and the squares the positions at the end of the simulation. Fig. 7
shows that the trajectory generator is able to generate adequate
reference trajectories at runtime and the quadrotors are able to
track them, using the proposed trajectory tracking controller.

Fig. 8 shows the time evolution of the errors for the virtual
vehicles. These are only plotted after t ≈ 10 s, since the controllers



V. Roldão et al. / Robotics and Autonomous Systems 62 (2014) 1597–1609 1605
time [s] time [s]

Fig. 6. Time evolution of the error coordinates.
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Fig. 7. Leader trajectory, generated trajectories, and follower trajectories.
are turned off before that moment. At the beginning, the vehicles
rapidly converge to the starting points of the trajectories, while the
trajectory generator is stopped. Once they approach these points
the trajectory generator is started and the leader starts describing
the figure eight trajectory.

The effect of noise on the trajectory generation is evidenced
both in Fig. 8 and in the height plot shown in Fig. 7. Notice that the
variations in height of the leader have repercussions in the time
evolution of the followers’ height. Nevertheless, the quadrotors
were able to track the generated trajectories as shown in the plot
of the errors in Fig. 9.

Lastly, Fig. 10 shows that the distance between quadrotors
is kept approximately constant, not varying more than 0.1 m
between leader and followers and 0.15 m between followers,
which corresponds to approximately 20% of their average distance
values.

4. Experimental evaluation

This section presents the results of an experimental test carried
out at the Sensor-Based Cooperative Robotics Research Laboratory
— SCORE Lab of the Faculty of Science and Technology of the
University of Macau. A video with experimental results for the
proposed leader–follower strategy is available at [24].

Three quadrotors BlademQX [22] were used in the experiment.
These vehicles weigh 78 g, have a length of 292 mm and are
actuated in terms of thrust and angular velocity. They are designed
to be human piloted with remote controls. However, it was
possible to identify the radio chip inside the remote control and
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Fig. 8. Time evolution of the position errors for both virtual followers.
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Fig. 9. Time evolution of the trajectory tracking errors for both followers.
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Fig. 10. Time evolution of the distance between leader and followers (and between
them).

connect the serial interface of the RF module to a computer serial
port. A VICON motion capture system [21], composed of 12 high-
speed high-resolution cameras and a set ofmarkers attached to the
plants, was used to capture the position and attitude of the vehicles
at 50 Hz.

Two computers were used in this experiment, one running the
VICON software and a Simulink control module, which generates
the command signals, and a second one, which receives these
commands through Ethernet and sends them through serial port
to the RF module at 44 Hz. The decision to separate control and
communications was made to avoid jitter in the transmission of
Fig. 11. System architecture.

the serial-port signals to the RF module. A block diagram of the
overall architecture is presented in Fig. 11.

The control module implemented in Matlab/Simulink contains
the trajectory generator for the two followers and the trajectory
tracking controller for the three vehicles. This controller is an
adaptation of the one presented in Section 3.2, with actuation in
thrust and angular velocity rather than thrust and torque, given
that the Blade mQX quadrotor is actuated in thrust and angular
velocity. An inner-loop controller is responsible for tracking the
angular velocity commands.

The VICON system outputs a pre-filtered position of the
vehicle and with single differences it is possible to obtain a
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Fig. 12. Leader trajectory, generated trajectories, and follower trajectories.
Fig. 13. Time evolution of velocities for both followers.
clean estimation of the velocity. However, double differences are
highly contaminated with noise, degrading the quality of the
estimated acceleration signals. To overcome this problem, we used
a low-pass filter on the measurements. Using experimental data
taken from earlier tests performed with a quadrotor, we tested
the performance of various filters, with different dimensions.
The best trade-off between responsiveness and smoothing was
obtained with a moving average filter with 100 coefficients, which
introduces a delay of approximately 1 s.

4.1. Results

In this experimental test, the leader is tracking a lemniscate
trajectory given by

pL(γ ) =


3
2

sin (γ /3)
1 + sin2(γ /3)

3
4

sin (2γ /3)
1 + sin2(γ /3)

−1.6

 (73)

where γ̇ =


1 + sin2 γ , which produces a trajectory with a

constant linear speed. The trajectory is rotated by π/4 counter-
clockwise, to take full advantage of the space available in the
laboratory (see Fig. 12).

At the beginning of the test the quadrotors are at rest. The
initial positions of the leader, follower 1, and follower 2 were
pL(0) = [−1 0.48 0]T , pF1(0) = [−0.57 − 0.37 0]T , and
pF2(0) = [−1.26 − 0.77 0]T , respectively. The distance vec-
tors d for each follower were d1 = [0.35 0.35 − 0.3]T and
d2 = [0.35 − 0.35 − 0.3]T . The control gains and saturation pa-
rameters used for the trajectory generator were k1 = 0.3, k2 =

1.1, k3 = 0.17, kz1 = 0.2, kz2 = 1, and pmax = 5.
Fig. 12 shows in separate plots the x–y plane view and the time

evolution of the z-coordinate for the trajectory described by the
leader, the reference trajectories described by the virtual vehicles,
and the actual trajectories described by the follower vehicles.
The triangles indicate the initial positions of the vehicles and the
squares the positions at the end of the simulation. Fig. 12 shows
that the trajectory generator is able to generate adequate reference
trajectories and the quadrotors are able to track them, using the
trajectory tracking controller proposed.

The generated reference trajectories capture the essence
of leader’s movement, while neglecting the higher frequency
perturbations. For example in the z-coordinate plot, the longer and
slower variations found in the leader’s height can also be found in
the height of the virtual followers. The high-frequency variations in
the leader’s height are filtered and do not appear in the generated
trajectories. This process results in smoother trajectories that can
be adequately tracked, as can be seen from the time evolution of
velocities and trajectory tracking errors (see Figs. 13 and 14).

Fig. 15 shows the time evolution of the errors for the virtual
vehicles, which exhibit an oscillatory behavior. This oscillation is
a result of the trade-off that was found between mitigating the
position error e1 and limiting the sensitiveness of the trajectories
to the perturbations in leader’s movement. It is possible to
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Fig. 14. Time evolution of the trajectory tracking errors for both followers.
Fig. 15. Time evolution of the errors for both virtual followers.
maintain the virtual errors close to the origin, but at the cost of
degrading the trajectory tracking performance.

5. Conclusion

This paper presented a strategy for the generation of forma-
tion trajectories for autonomous air vehicles. A leader–follower
approach was adopted, which relies on a nonlinear control law
to stabilize, at a predefined distance vector, the position of the
leader in the body frame of a set of virtual followers. Global asymp-
totic stabilization of the leader–follower linear distance together
with local boundedness of the leader–follower angular distances
is guaranteed, provided that well-defined conditions relating the
curvature of the leader’s trajectory and the desired distances be-
tween vehicles are met. It has also been shown that when equal
values for the desired longitudinal distance to the leader are used,
the vehicles move in a rigid formation topology. For trajectory
tracking control of quadrotor vehicles, a globally stabilizing con-
troller that also guarantees the boundedness of the thrust actua-
tion was proposed.

Both the simulation and experimental tests were performed
to demonstrate the applicability of the method to the task of
controlling quadrotors in formation, showing that the generated
trajectories are easily tracked by the aerial vehicles. In spite of
the fact that only the leader’s position was being measured, the
computation of smoothed single and double differences allowed
for an adequate generation and accurate tracking of formation
trajectories.

Directions for future work include investigating and deriving
a formal proof for the conditions under which a group of
followers converges to a rigid formation, extending the trajectory
generator to natively generate three-dimensional trajectories
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without decoupling the vertical component, and applying the
proposed method to cascaded leader–follower formations.
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