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Summary: In the framework of fundamentals of smart materials and structures, a proper
mathematical modeling of electro-kinetic transport phenomena in micro-structures adhering to
the law of conservation of mass is suggested. The reference multiphase medium is described
by a nonlinear Poisson—Nernst—Planck model stated in a heterogeneous pore-particle space
disjoint by the interface. For physical consistency it allows nonlinear boundary reactions at
the phase interface. Based on suitable entropy variables, a variational principle is established
within the Gibbs simplex preserving a volume balance and positive concentrations. The result-
ing generalized model is provided by rigorous analysis and supported by homogenization of
Stationary states.

1. INTRODUCTION

From the perspective of mathematical modeling of smart materials and structures, in the
present work we consider a multiphase medium consisted of multiple components (chemical
substances, or bio-molecular species). It is described by a non-linear system of partial differ-
ential equations called the Poisson—Nernst—Planck model. Such models have numerous ap-
plications describing electro-kinetic phenomena in electro-chemical and bio-molecular cells,
photo-voltaic devices, and semiconductors. Our specific motivation concerns, in particular, Li-
Ion batteries (see [1]).

For instance, we bear in mind a solid electrolyte composite in which charged species un-
derlie a purely diffusive process in solid particles as well as diffusion and electro-migration in
the surrounding pore space. This requires to account for boundary reactions at the phase inter-
face which are of the primary importance in engineering applications. Although this situation
happens for a specific modeling of the electrical double layer, it requires a proper description of
interfacial reactions in a broad scope.
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In particular, the interface phenomena result in a mathematical difficulty dealing with mul-
tiphase problems stated in a discontinuous pore-particle space under transmission boundary
conditions allowing jumps. The literature on the corresponding modeling and analysis of trans-
mission problems is rather scarce, e.g. [2, 3, 4]. The principal advance in this respect it attained
by employing variational techniques in singular domains, which we refer for instance to [5].

The Poisson—Nernst—Planck equations are widely used for modeling of a multiphase medium
in various contexts, see [6, 7, 8]. It is closely related to a broad class of other relevant transport
equations in statistical mechanics, e.g. [9, 10, 11, 12], as adopted, for example, in semiconduc-
tor physics [13]. One of the important directions of the research here concerns homogenization
of fine structures at the micro level to get suitable averaged models at the macro-level. We refer
to [14, 15, 16] for suitable methods adopted in the field of asymptotic homogenization and, e.g.,
to [17, 18] for the related methods of singular perturbations in topology optimization.

The classic Poisson—Nernst—Planck model is currently the subject of various modifications
for improving its drawbacks, in particular, preserving the conservation law of mass. Many
works in this respect have been done in the WIAS in the group of W. Dreyer and other authors
cited in [19]. The successful generalization suggests coupling phenomena between species
in the electro-kinetic system and accounting for the pressure according to the incompressible
Navier—Stokes equation. The other challenge is to treat physically consistent quantities within
Gibbs simplex in appropriate manner. This task suggests alternative approaches like excluded
volume models, for example, the Bikerman—Freise, Fermi—Dirac, see its description in [20].
Further development in this direction suggests the Maxwell-Stefan diffusion, see [21].

In the present contribution, based on the general thermodynamic principles, see [22, 23, 24],
on the one hand, we introduce in consideration the proper entropy variables: pressure and quasi-
Fermi electro-chemical potentials, that agrees with the Dreyer generalization. Moreover, these
variables are justified by a suitable variational principle established within the Gibbs simplex,
which constrains the mixture components to have a constant summary volume and positive
concentrations. In fact, from the optimization viewpoint, the pressure and the quasi-Fermi
potentials appear in the model as Lagrange multipliers to the volume balance and the positivity
constraints, respectively.

On the other hand, the mathematical formalism suitable for rigorous analysis of the under-
lying physical models was developed in [25] and other works by T. Roubicek. On its basis, in
the present work we construct an equivalent, reduced model without constraints, which satis-
fies a-posteriori the positivity and volume balance conditions constituting the Gibbs simplex.
These conditions are ensured by diffusion fluxes with specific diffusivities, which are related
to stochastic matrices, by the positive production rate of boundary reactions and balance of the
respective boundary terms.

In this way, employing the reduced model formulation we establish the following results:
the weak maximum principle, conservation of mass and volume balance, existence of a weak
solution of the problem supported by the energy and entropy estimates, entropy dissipation and
uniqueness of the solution in a special case, and formal homogenization of the stationary state.
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2. NOTATION

For convenience we collect below the notation used in the following consideration.

kg ~ 1.38e—23 (%) Boltzmann constant, positive

0 (K) absolute temperature, positive and constant

A (%) electric permittivity, symmetric positive-definite (spd) matrix
g (%) electric displacement at boundary

« (%) capacitance density at boundary, positive

D (3“—_2) diffusivity matrices, i,j = 1,...,n

D (T—;) diffusivity, spd-matrix

J; (ﬁ) diffusion fluxes of species, i =1,...,n

gi (=) boundary fluxes of species,i =1,...,n

z; (C) electric charges of species, 7 = 1, ..., n, constants
B; (m?) volume factors of species, i = 1, ..., n, positive
C; (%) concentrations of species, ¢ = 1, ..., n, positive

C (ﬁ) summary concentration, positive and constant
i (J) electro-chemical potentials of species, i =1,...,n

¢ (V) electrostatic potential

e p (Pa) pressure

3. GOVERNING PRINCIPLES

We start with the geometric description of the reference configuration. Let  C R? be a
reference domain (associated to a bath) of the spatial dimension d € {1, 2, 3} with the Lipschitz
boundary 9. With v = (vy,...,14)" the unit normal vector at the boundary 92 and outward
to € is denoted, where the upper ' stands for transposition swapping columns and rows.

Bearing in mind micro-particles of a small size ¢, we split €2 in the solid phase w® C €2 and
the surrounding pore space 2° = 2\ w? disjoint by the interface ¥° with faces ¥9 such that

Q=0 Uw USTUIN, IFNQ=%%, 0w NQ =% (1)



Victor A. Kovtunenko 4

By this, we assume that w® is a domain (which can consist of multiple disconnected parts asso-
ciating solid particles) of the positive Hausdorff measure |w®| > 0 with the Lipschitz boundary
Ow® and the unit normal vector v which is outward to w®.

Given n charged species (ions) characterized by the charges 21, ..., z,, we look for an un-
known temporal distribution over the multiphase medium of the specie concentrations c(¢, ),
c=(c1,...,c,) ", and the overall electrostatic potential ¢(t, z) with respect to the time ¢ € R,
and the spatial coordinates 7 = (z1,...,74)" € R%

Our modeling is based on the following general principles. First, the Fickian law of diffusion

Se=divd;, i=1,....,n (2a)
employs the vector-valued diffusion fluxes J; (¢, x) which are determined by the constitutive law

5= e Vpl DY, =1, n, D7eR (2b)

J
j=1

for the electro-chemical potentials pu(t, z), st = (1, ..., itn) ", with the diffusivity d-by-d ma-
trices D¥, 4,7 = 1,...,n. Here and in what follows div stands for the divergence, and V for
the gradient. The fluxes have to fulfill the balance equation implying the conservation of mass:

n

Z J; = 0. (2¢)

i=1
Second, the specie concentrations are physically consistent within a Gibbs simplex requiring

the positivity and the volume balance condition preserving a summary concentration C' > 0:

>0, 1=1,...,n, (3a)

i ¢ =C. (3b)
i=1

Third, the system (2a)—(3b) is completed with the thermodynamic equilibrium:

cl>(¥.1},rcln>0 H%%)XE(CM s Cn,y ¢7p7 M1, 7,un) ( a)
for the non-trivial pressure p(¢, ) which should be taken into consideration according to the
Dreyer generalization, see [19]. The Lagrangian £ in (4a) implies the Landau grand potential

L(c,¢,p,p) = /E{Z(/CBQCZ'OH(@CZ‘) —1)+ chz¢) — %VQNAVQS

(4b)

n

+p(EY a-1) - Zzluici}dx+/zg(g¢— 2¢%) dS,

=1
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see [26], taken over the pore phase. Here kg > 0 is the Boltzmann constant, and the temperature
6 > 0, volume factors of the species 3; > 0,7 = 1,...,n, the boundary capacitance o > 0, and
the electric displacement g are assumed to be given. The electric permittivity d-by-d matrix A
is assumed symmetric positive definite (spd). Therefore, there exist 0 < a < @ such that

a|Vo|? < Vo AV < a|Ve|* forall 6. (4c)

From the optimization viewpoint, specie concentrations cy, . . ., ¢, and the electrostatic po-
tential ¢ enter (4b) as the primal variables, while 4, . . ., i1, and p, called the entropy variables,
are here dual ones. In fact, electro-chemical potentials and the pressure appear in L as the
Lagrange multipliers, respectively, to the constraints from (3a) and (3b).

The first-order optimality condition for (4a) together with (4b) constitutes three relations:

0= % - %Z?:lci —1 (5a)
which guarantees the summary volume balance (3b), the identity
O:g_fi:kBeln(ﬁiCz’)“‘ZiQﬁ-i-%p—m, 1=1,....,n (5b)

implying the Gibbs—Duhem equation for the electro-chemical potentials, and the Gauss law in
the form of the variational equation with a test-function ¢:

0= (G0 = [ (Cned-Volavi @t [ i-aodas. o

following the Poisson equation under Robin boundary conditions for the electrostatic potential.
On the basis of the governing equations (2), (5b) and (5¢) together with the unilateral con-

strains in (3), we derive the generalized system of Poisson—Nernst—Planck equations under suit-

able initial conditions and inhomogeneous, nonlinear boundary conditions at the interface.

4. GENERALIZED POISSON-NERNST-PLANCK MODEL

At the beginning we specify the d-by-d diffusivity matrices D', ..., D™ in (2b).
The standard assumption is the ellipticity condition: there exist 0 < d < d such that

dY |Ve* <Y Ve[ DIV <dY Ve foralley,... . c,. (62)
k=1 k=1

1,j=1

For example, if D¥ = d;;1, where I stands for the d-by-d identity matrix, and d;; are scalar
numbers, i, j = 1,...,n, then (6a) holds when the entries d;; constitute a spd-matrix.
For a given, symmetric positive-definite matrix D = (Dkl)g,z:p the key assumption is that

S DY=D, j=1,....,n, D € SpdR™) (6)

=1
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This definition is closely related to the so-called stochastic matrices. Indeed, recomposing the
d-by-d matrix entries D = (Dy))¢,_, in the n- by n matrices (D}))7._, for fixed indexes
k,l €{1,...,d} the sum in every column j = 1,...,n is equal:

i,j=1

ZDZ%:Dkl forj=1,...,nandfixed k,l € {1,...,d}. (6¢)

If all entries DZ, i,7 = 1,...,n, are non-negative for some index (k,[), then such matrix in
(6¢) is called left stochastic when Dj; = 1, otherwise quasi-stochastic.
A special, particular case of such matrices in (6b) are the "diagonal" and equal diffusivities

DY = D if i = j, and DY = 0 otherwise. (6d)

The assumption (6d) is stronger than (6b), and we will see in Proposition 6 the crucial issue: the
weak assumption (6b) guarantees the positivity in (3a) only locally in time, while (6d) globally.
A physical reasoning of (6b) comes necessary from the balance (2¢) and (3b) as follows.

From (5b) the quasi-Fermi electro-chemical potentials and its gradients are defined as

M = kBeln(ﬁzcz)+Zl¢+%pa L= 17"'7”7 (73)

Vi = kgl % + 2V + £ Vp, i=1,....n. (7b)

Substituting the constitutive equations (2b) together with the expression (7b) in the flux balance
equation (2c), using the assumption (6b) after summation over : = 1,...,n, we have

n n T
0= Z ¢;V ] D = ZCJWJTD {k0V ( Zc] )+ szcjvgb +1 (Z cj)vp} D.
Since Z?: = (' in (3b), then V(> i=1¢j) = VC = 0, and we obtain the following identity
Vp = — Z 2ie;V §. ®)

i=1
In this respect, it is important to note that (8) appears in [19, 20, 25] as a consequence of the

incompressible Navier—Stokes equation for zero barycentric velocity v = 0:

n

2 (pv) +div(pv @ v) — Av + Vp = — Z 2ic;Vo. )

i=1

The substitution of expression (7b) in the Fickian law (2a) and excluding the pressure p with
the help of (8) it results in the strongly nonlinear diffusion equation for the specie concentrations

8a _de{kBevcj +¢i(z szkck Vol DY i=1,....n, in(0,T) x Q. (10a)

7j=1
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The integration by parts of (5¢) succeeds in the quasi-linear Poisson equation

—div(Ve'A) =Y "z =0 in(0,T) x O (10b)

i=1
formulated over the pore phase €2° in the time interval (0, T") for arbitrarily fixed 7' > 0.

Proposition 1 (Generalized Poisson—Nernst—Planck model). The system (10) for cy, ..., c, and
@, coupled inherently with the unilateral constraints (3), describes the generalized Poisson—
Nernst—Planck model. Determining the entropy variables i1, . . ., j., and p from relations (7a)
and (8), together with conditions (3b) and (6b), the diffusion equation (10a) is equivalent to the
governing relations in (2).

In comparison to (10), the classic Poisson—Nernst—Planck model ignores the pressure and
the specie coupling phenomena, when putting p = 0 and the diagonal diffusivities DY = D!
for j = ¢ and zero otherwise, that reduces (10a) to the classic Nernst—Planck law:

%Ci = div(kgfVe; + ¢;2VP) D', i=1,...,n, D'eR¥™ (11)

The principal drawback is that (11) violates the conservation law of mass (2c¢).

We endow (10) with initial and boundary conditions. For ¢™i = (cipit . ¢it)T guch that
cMt>0, i=1,...,n, (12a)
D t=C (12b)

i=1

we suppose the usual initial value condition for (10a):
ci(0,-)=c"™, i=1,....n, inQ° ast=0. (12¢)

)

Given ¢P and cP = (cP,...,cP)T in the bath (0, 7") x € such that

)

>0, i=1,...,n, (13a)

DTl (13b)
i=1
and compatible with the initial data
0, )=c"" i=1,...,n, (13¢)
we set the inhomogeneous Dirichlet condition associated to the bath outer boundary 0f2:

p=0¢°, c=c’, i=1,...,n, on(0,T) x 0. (13d)
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Finally, we consider the phase interface >.° between the pores {2° and the solid particles w*,
implying here the pore boundary 7 and recalling the normal vector v which is inward to €2
since chosen outward to w®. From the variational equation (5c), using the variational argument,
we infer the inhomogeneous Robin boundary condition for the electrostatic potential:

—Vo'Av+agp=g on(0,T) x ¥¢. (14a)

A more delicate issue concerns formulation of the inhomogeneous, nonlinear Neumann bound-
ary condition stated for the diffusion fluxes:

> ¢Vu/ DV =gi(er,... en,¢), i=1,...,n, on(0,T)x%* (14b)
j=1
or, plugging the representation (7b) in (14b), it can be expressed equivalently in the entire form

n

Z{k‘BQch + ¢ (zj — %Z zkck)qu}TDiju =gi(c,9), i=1,....n (14¢)
k=1

j=1

at (0,7") x X¢. The terms g;(c, ¢) describe nonlinear boundary reactions at the phase interface.
For matching with the constrains (3) it needs proper physical assumptions presented below.
Given nonlinear functions g;(c, ¢) have to ensure at (0,7") x >°: the balance of fluxes

> gile,¢) =0, (14d)
=1

the positive production rate, for instance, g;(c, ¢) = ¢;g;, implying that
¢; gi(lc,) =0, i=1,...,n (14e)
where c;r and c; are defined in (15), and a suitable growth condition with K;, Ko;, K3; > 0:
|9i(c, 9)]* <(Kui + Kyil¢|*)Gile), 0<Gi(e) < Ky, i=1,...,n. (14f)

We note that just constant boundary fluxes g; are not admissible in condition (14e).
Next we bring the boundary value problem (10) under initial condition (12c) and boundary
conditions (13d), (14a), and (14c¢) in the form suitable for analysis and present its main results.

5. REDUCED PROBLEM FORMULATION AND ITS ANALYSIS

We exclude the unilateral constraints (3) from the consideration and derive the respectively
reduced model without constraints by reformulating the governing equations (10).

With the help of the maximum operator, arbitrary functions c; (i.e not necessary positive) can
be partitioned into distinct the positive ¢;” and the negative c; parts according to the definition:

¢ :==max(0,¢;), ¢; :=max(0,—¢;) suchthatc; = ¢ —¢;, ¢fc; =0, i=1,...,n. (15)
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Using the assumptions (3) on the concentrations and notation (15), we rewrite (10) as

%CZ :divz;{kBevcﬁer@C? (Zj—zyllcr;ZkC$)V¢}TDij> i=1....n, (l6a)
j= =

—div(Ve' A) — S i > zef =0 in(0,7) x . (16b)
=1

Due to (16a) the Neumann condition (14c) takes the reduced form at (0,7") x >¢:

n

Z{kBQVC]+E%1CZ§—Cj (ZJ - Z:l%lcj_ szc;)vqﬁ}TDljy = gi<c7¢>7 1= 17 sy

j=1 k=1

S

7)

We formulate the following main results of the analysis of the reduced model.

Proposition 2 (Hierarchy of models). The reduced model formulation (16) follows from the
generalized Poisson—Nernst—Planck equations (10) together with unilateral constraints (3). In
return, (10) follows from (16) only if the unilateral constraints (3) hold.

Indeed, the assertion of Proposition 2 can be checked directly.

Proposition 3 (Well-posedness of the reduced problem). Under assumptions (4c) and (6a) on
the matrices A and D', ... D™, (13c) on the initial and boundary data, and the growth con-
dition (14f), there exists a weak solution cy, . .., c, and ¢ of the boundary value problem con-
sisting of the reduced equations (16) under the initial condition (12c), the Dirichlet condition
(13d), the Robin and nonlinear Neumann boundary conditions (14a) and (17).

It satisfies the following a-priori estimate: for arbitrarily fixed final time T" > 0, there exist
positive constants Ky, K. > 0 depending on the problem data and maybe small 6 > 0 such that

sup [ (646 dr < Ko, (182
te(0,7) J s
n T
Z{ sup / cfdm%—// (c?+|Vci\2)dmdt}§%K¢+Kc. (18b)
i—1 t€(0,T) Jqs 0 e

Proof. We sketch the proof, which is based on the technique in [25]. First we ensure the a-priori
estimate (18) and then, based on this estimate, we apply the Schauder-Tikhonov fixed-point
theorem for a suitable Galerkin approximation.

For arbitrary 7 € (0,7"), multiplying (16a) with smooth test-functions ¢;, integrating the
result by parts over Q< := (0,7) x ¢ using the Neumann boundary condition (17) at the
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interface ¥, and introducing the notation S: := (0,7) x X° for short, we get n variational
equations for concentrations fori = 1,...,n:

J

¥ T
)y G > G

n + n T .
[z 1+ 3 (ko Ve, + o (= — Ze29) V) DIV, ) dadi
5 — (192)
— / gi(c1, ... ¢n, )T dSdt  for all ¢; such that ¢; = 0 on (0,7") x 0.

s

€
T

Multiplying (16b) with a smooth test-function ¢ and integrating by parts over Q¢ with the help
of the Robin boundary condition (14a) at the interface >.°, we obtain the variational equation
for the electrostatic potential (cf. (5¢)) in the time interval ¢ € (0, 7T):

n

/ (Vo AV — E?j 7 Z zich o) dx + /

b

b dS, = b dS,
g9 /Z 95 o

for all test-functions ¢ such that ¢ = 0 on 9.

The coupled system of nonlinear equations (19) together with the initial condition (12c) and the

Dirichlet boundary conditions (13d) implies the weak formulation of the reduced problem.
First we prove (18a). For this task, the test function ¢ = ¢ — ¢P =: ¢ for short, which is

zero at 0€) due to the first Dirichlet condition in (13d), can be inserted into (19b). This yields

Vo AV dr + / ad?ds,

€

Qe

o ~ (20)
- % _ D TA d _ D ds...
/QE(C ;zl:zlzzucﬁb V(") AV9) x+/2€(g ad®)¢ dS,

Using the boundedness 0 < - C + < 1 and the second inequality in (4c), we estimate from
=19
above the right-hand side of (20) by Young’s inequality with arbitrary weights d1, d5, 03 > 0O:

V(P) AV <TBIVIL + FIVPR), |3 it d] < Z0(0:02 + 1) o
i=1
(g = ad”)ol < (951 + )6 + g (0" + (")), Z:i= max |z
Further we employ the trace theorem at Y¢: there exist constants 0 < K < K such that
Klulfy < [ wtde <Flulfe, ol = [ @4 9aP)as @20
e .

and the Poincare inequality: there exists constant K > 0 such that

/ u® dx gKo/ IVul? dx (22b)
£ Qe
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hold for all smooth, differentiable functions « such that « = 0 at ).
Estimating the left-hand side of (20) from the first inequality in (4c), applying (21) and (22b)
to its right-hand side, and collecting the integral terms, for a constant dy > 0 it follows:

(1= 8o)a — ady) / IVo|? dx + (= (1+ @)ds) & dS, + (50(1 CnZb,)
> (23)
x/ dazgﬁ/ VP |? do +

Cn|Q|Z—|—453/ (g +a(¢D) ) M&
Free parameters dg, 01, 02, 03 can be chosen sufficiently small so that all three factors by the
integrals in the left-hand side of (23) are positive, hence have a positive lower bound:

min{(l —dp)a a51, 2 —CnZby, a— (1+« 53} = md) > 0. (24)

Therefore, (23) implies m‘;ngAS 2.<M (‘g, where the squared norm is defined in (22a). Decom-

= |l — oP + o8P < 2(]|813 + [|¢P||3-), from (23) and (24) for arbitrary time
t € (0,T) we infer the estimate (18a) with the constant K, = 2(%(;M£ + (19”3 ).

Second we prove (18b). The test functions ¢; = ¢; — c? =:¢,1=1,...,n, are zero at
(0, T) x 0f2 due to the second Dirichlet condition in (13d) and can be inserted into (19a):

/ s, + ZkBQV ¢ DIVE} dedt = / {6C G+ Z{kBevc
Qs Qs

i i (25)

o ¢, M ij } (e . e ,_
+ S (zj S )V(b} DYVe¢; ¢ dedt + ] gi(c,p)c; dS.dt, i=1,....,n.

The compatibility (13c) argues the following calculus for the time derivative:

/ 8C'c,alxdt / 86 / /c\?dm|;0 = %/ (ryw)dr, i=1,...,n. (26)
E QE QE

After summation of (25) over i = 1,...,n, using the assumption (6a) for D! ... D", the
boundedness 0 <

€

Z + < 1, the 1dent1ty (26), and applying Young’s 1nequa11ty we infer
1=1¢

n

Z{%/ a<r,x)2dx+k304/ V[ dedt ) < i{kBea(@l/ V&2 dudt
- Q7 i=1

. 1
=1 <

+ﬁ/@ yvc?|2dxdt) +ZC(1+n)E(55 /QE V& |? dadt + ﬁ/@s|v¢|2dxdt) 27)

+ (3% / @ dwdt + & [ (2 dvat) + (5 / G dS,dt + 5 | gi(e.0)dS.dt) }
2 Qs . s
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with arbitrary weights d4, 05, dg, 67 > 0. Collecting the same integral terms in (27), using the
growth condition (14f) at the interface SZ, the trace theorem (22a), and the Poincare inequality
(22b), it follows the estimate with arbitrary weights dg, 69 > 0:

n

Z{%/ Gi(r,2)* de + (kpfd(1 — 05 — 89) — kpfddy — ZC(1 +n)dds)

=1

28
Ve dadt + (kpbd(3% — J9) — d6) / ¢} dadt + (222455 — 67) / ¢ ds$dt} (28a)
Qs : :

< TMJKy+ M()

where we have used (18a) and the notation:

M — Cn(l‘i‘n)dZ + Z KZSI?(?,Z >,
N (28b)
M) = S {5 [ VP dudt+ o [ (52 dudt + Sz
i=1 Q7 Qs
Sufficiently small d,—dg9 guarantee the left-hand side of (28a) to be strongly positive:
min{%, ]CBHC_Z(]_ — 58 — 59) — ]{?39854 — ZC(]. + TL)E(S5,
(28¢)

kpfd( — 0y) — 0, 2265 — 6;} = mf > 0.

Taking the supremum over all 7 € (0,7) in (28a) and using the decomposition ||c||225T =
lc — e+ cPllgs. < 2(|lc — P2 + [|cP]|3: ) with the squared vector-norm defined by
T T

||c||2QsT = Z{ sup)/ c; d:}c—k/g (cZ + |Vci|2)dmdt} (29)
T

i—1 te(0.T

relations (28) lead to the estimate (18b) with ; = -2 M‘s and K. = 2(-5 M‘S( )+ ||CD||225 ).

Given c(¥) = (c§°> c,g )) for k € Ny we set the linear appr0x1mat10n of equations (19):
V(") T AV da + / W= [ —< N 2() odz + / 6dS,
| V@) AVGdr + | ad®o= | Z?_l(cg,c>)+i§_;z'<cz Jodut | godS. o

for all test-functions ¢ such that ¢ = 0 on 9.

dc (k+1) (k+1 T i / (k))+
¢ + kgoV (c DYVg d dt =
/5{ ¢ Z ) c v E Z Zl 1

>

(30b)
S (et .
for all test-functions ¢; such that¢; = Oon (0,7) x 02, i=1,...,n

—Zl 12y 7Y g gk ) DYVe; dxdt + / 9i(c®, ¢z, dS,dt
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supported by the initial condition (12¢) and the Dirichlet boundary conditions (13d).

The mapping of ¢®) = (c{F .. )T 5 ettt = (D FF)T defined by (30) is
continuous on the ball ||c*) HQQeT < LK+ K. due to the estimate (18). Henceforth, there exists
an accumulation point of the iterates (30) as k — oo which solves the nonlinear problem (19)
under the initial condition (12c¢) and the Dirichlet conditions (13d). The proof is completed. [

Proposition 4 (Volume balance). In addition to Proposition 3, if the weak assumption (6b) on
the diffusion matrices D', ... D™ holds, supported by assumptions (12b) on the initial data,
(13b) and (14d) on the Dirichlet and Neumann boundary data, then the solution components
Ci,...,Cpy Of the reduced problem preserve the summary volume, i.e. satisfy (3b).

Proof. We plug the combination C' := > ¢;—C, which s zero at (0, T") x 02 due to assump-
tion (13b) on the sum of the Dirichlet data, as the test functions ¢; = C' in (19a) and sum these
equations over ¢ = 1,...,n. Applying the weak assumption (6b) on the diffusion matrices, as-
sumption (14d) on the sum of the boundary reaction terms, and the identities & (37, ¢;) = 2C
and V(Y !  ¢) = VC since C is constant, we derive the trivial equality in the right-hand side:

N =

/ C* (7, ) du + F0d / (C*+|VOP)dadt < | {2Z2T+kg6VT DVC} dwdt = 0. (31)
€ Q Q%

1+ Ko

To get the lower bound in (31) we have used (22b), the calculus in the manner of (26), supported

liy assumption (12b) on the sum of the initial data, and c_l|V€|2 < VUTDVU. Henceforth,
C' = 0 implies that the volume balance (3b) holds in ()5.. The proof is completed. 0

Proposition 5 (Weak maximum principle). In addition to Proposition 3, if the strong assump-
tion (6d) on the diffusion matrices D', ... D™ holds, supported by assumptions (12a) on the
initial data, (13a) and (14e) on the Dirichlet and Neumann boundary data, then the solution
components cy, . . . , ¢, of the reduced problem are positive, i.e. satisfy (3a).

Proof. Employing the partition in positive and negative parts from (15), the negative parts c;
are zero at 0€) due to assumption (13a) on the sign of the Dirichlet data, at it can be substituted
as the test functions ¢; = —c; in (19a) for ¢ = 1,...,n. After summation over¢ = 1,...,n,
applying the strong assumption (6d) on the diffusion matrices, assumption (14¢e) on the positive
production rate of the interfacial reactions, and the complementarity in (15), we get

/E z”:{aa_tc_ + kBev(c;)TDvc;} dxdt = 0. (32)

T =1

The calculus in the manner of (26) holds here due to the assumption (12a) on the sign of the
initial data. Therefore, taking the supremum over 7 € (0, T) in (32), in view of D € Spd(R%*%),

it results in the estimate min{3, ff?(% Hie™| éT < 0 with the norm defined in (29). This implies

¢; =0fori=1,...,noverall in ()7 and the positivity in (3a), thus completing the proof. [
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As a consequence of Propositions 2-5 we infer straightforwardly the existence theorem for
the generalized Poisson—Nernst—Planck problem.

Proposition 6 (Well-posedness of the generalized Poisson—Nernst—Planck problem). Under as-
sumptions made in Propositions 3, 4, and 5 on the diffusion matrices, initial and boundary data,
the solution cq, . ..,c, and ¢ of the reduced problem solves as well the generalized Poisson—
Nernst—Planck equations (16) coupled with the constraints (3) under the initial condition (12c)
and the boundary conditions (13d), (14a), and (14c), for arbitrary time intervals (0,T).

If only the weak assumption (6b) holds instead of the strong one (6d), then there exists a time
interval (0,T) with T' > 0, which may be small, where the solution components c, . . . , ¢, of the
reduced problem remain still positive by continuity, hence cy, . . . , ¢, and ¢ solve the generalized
Poisson—Nernst—Planck problem locally in this time (0, 7).

Moreover, if a solution component ¢ is smooth such that its gradient V ¢ is bounded uni-
formly in the supremum-norm, and the boundary reaction terms g1(c, @), . .., go(c, @) are suffi-
ciently small, then the solution cy, . .., c, and ¢ is unique.

Proof. For uniqueness of the solution, we sketch the proof based on the technique from [27].
Let ¢ = (¢, ..., "), 6™ and ¢® = (¢?,...,c?), @ be two distinctive, weak
solutions of the generalized Poisson—Nernst—Planck problem, that is (cf. (19)) for k£ = 1, 2:

/{ cﬁ—Z(kBGVc e '——Zzzcz Vot )Dijv@}dxdt

(33a)
= / gi(c(k), qb(k))@ dS,dt forall¢;suchthaté; =0on (0,7) x 02, i=1,...,n,

n

/ (V™) TAVE - 3 2:cMF)do +

i=1 e

Kb dS, = / b dS,
ap'™e g go (33b)

for all test-functions ¢ such that ¢ = 0 on 9

coupled with the constraints (3) under the initial (12¢) and the Dirichlet (13d) cond1tions
Its difference denoted by (¢1,...,¢,)" =¢:=cM) — ¢ and gzﬁ oM — () satisfies

/ &+ Z/{;B@VETD”VCZ}dx— / (g:(c™, 0) — gi(c®, ¢@))E; dS,
Qe =1 Te

(34a)

n

- oD o2 T
— /E<c§1)(zj — Zzl = )ngﬁ 2 lc 2)) DYV¢; dx,

=1 =1

Vo' AV dr + / ad?dS, = / > utipde, (34b)
e Q

Qe =1
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¢=0=--=0 =) G=00n{0}xQ and (0,7) x OQ. (34c)
=1
The relations (34) hold for arbitrary ¢t € (0,7), they are derived from (33) by skipping the time-

integration in (33a) and the subsequent substitution of the test-functions ¢; = G,i=1,...,n,
and ¢ = ¢ which are zero at (0, 7) x 9€). We assume that there exists

max { sup (|gb N+ Ve®|)} = MJ < o0 (35a)
t,x)eQ

ke{1,2}

and the boundary reaction terms are such that its disturbance can be estimated (cf. (14f)) as

‘Z gilc — gi(c®, ¢l )CZ‘ < G(cM, M, ZAQ

where 0 < G(c(l)7 oW, @, ¢(2)) <1 < k‘%@d and d19 maybe small.

(35b)

Applying Young’s inequality to (34b) with the weight 6;; = % and using (4c) and (22a)
due to the homogeneous Dirichlet condition at OS2, we estimate straightforwardly

/|v¢|2 x<K¢/EZc dv, Ky= pglmmy 2= amex |zl (36)

With the help of (34c), (35), and (36), applying Young’s inequality to (34a) such that

SN SRELUNTRINES SR IR

ij=1

=Y (e (s Zzl D (z Zzl v - —Zzlclng N Dive,

i.g=1

- n

< 283 {1 m)M (el VEP + ) + (10O GulVER + 55 3 7)
o~ =1

- n

+ Mg (01| Ve + %(25)2)}

=1

similarly to the lines in the proof of Proposition 3 we estimate for t € (0,7):

~/ Z|ch\2da:+2dt/ ZEde<K/ Zc da,

(1 nM n n M K
where K —510K+Zd( +53 + (12535[% + 4514 ¢)’

ke := kld — 610K — Zd((1 +n) ML 815 + (1 +n)Ciz + ML),

(37)
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Choosing the parameters 912, 613, 14 sufficiently small so that Ec > 0, we integrate the inequal-
ity (37) and obtain due to the initial condition in (34c) that

0< / > @t a)de < eﬂ?ct/ > e(0,x)dz = 0. (38)
<=1 S =1

Hence ¢ = 0in Q5 and (Z = 0 due to (36) that proves the uniqueness under assumption (35). [
Proposition 7 (Entropy estimate and stability). Let the Dirichlet data c? be constant, ; = Ci

satisfy the charge-neutrality condition Y ;| z;cP = 0, and the coefficient matrices be scalar
A = al and DY = db;;I with the Kronecker—delta dij, 1,7 = 1,...,n. For a non-negative
entropy defined for the solution of generalized Poisson—Nernst—Planck problem as

S = kpC|QF ———k:B/ {C— cz (In(%) — }dx——k;B/ Zczlnc—D dz, (39)

the entropy dissipation charactertzzng the system stability has then the followzng expression:

n

45 _ppd / {kBHZ4|V +103 " ze) Y da

=1 (40)

n

— kg /g{z gi(c, @) ln(CC—D) - %(aqﬁ — g)(z zi¢;) } dS,.

i=1
The entropy inequality %2 & > 0 can be ensured for small boundary terms g;(c, $) and a¢p — g.

Proof. We consider the weak solution ¢y, ...,c, and ¢ of the generalized Poisson—Nernst—
Planck problem satisfying the variational equations in (33) (without the super-index (k)).
Then S > 01in (39) is provided by % ln( L) > i— 1 and the volume balance (3b) and (13b).

Following [28], we substitute the test functions @ G = In(5 ) in (33a) since In(%) = Inl1 =0

at 05, skipping the time integration, and ¢ = > =y z1¢ in (33b), due to the charge-neutrality
condition. Using the assumption on the coefficient matrices and V(ln(C—D)) = Y&

” it implies:
/ {9 () + d{kpoVe; + (= C§ :zlcl Vol Ve b d
Qe “

(41a)
:/ gl(c7¢> IH(C—D)de, L= L"'ana
/ {QV(]ﬁTV(Z zlcl) — (Z zlcl)Q}dx = / (g — agzﬁ)(z zlcl) dsS,. (41b)
o =1 =1 z =1

We sum (41a) over = = 1,...,n, multiplied with kg, and subtract (41b) multiplied with the

factor de .Dueto [ >, aact’ In (C )= —é‘fi—f according to (39) and 2 (3";", ¢;) = 0, using

the 1dent1tles V(3 ,a) =0and WCZ‘ = 4|V (y/¢;)]? since ¢; > 0 in (41a), this yields (40),
hence proves the assertion. [
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6. STATIONARY STATE AND HOMOGENIZATION

For homogenization as ¢ \, 0 we rely on the static model and extend it in the solid phase
underlying the pure diffusion process, see the background in [1]. The domain 2 is partitioned by
indicator functions such that 1o = 1, 1,- = 0 in the pore space 2 UXS and 1g: =0, 1,- =1
in the solid particles w® U ¢ . The governing equations (10) and (7a) turn into, respectively:

—divY ¢ Vu/DI =0, i=1,...,n, —div(Ve'A)=1q: > zc;, (42a)
j=1 i=1
i = ksbIn(Bic;) + loezip+ &p, i=1,...,n, inQ U (42b)

with periodically oscillating coefficient matrices DY := D (%), A, := A(2), see e.g. [16], and
supported by the transmission conditions depending on the homogenization parameter ¢:

= ¢V DIV = egi(c, o) la:, —Vo A+ 2[¢] = —eglys onTL (42

j=1
fori = 1,...,n, with the notation [¢] := ¢ o —¢ e of the jump across >°. The jump is taken
positive from €2 to w® corresponding to the normal vector v pointing away from the domain w®.

Together with the Dirichlet condition (13d), the problem (42a) and (42c) after multiplication
with proper test-functions and integration by parts over 2° Uw® yields the following weak form:

n

/ Z ¢;Vu DIVe; dr = / egi(c, 9)¢;dS,, i=1,...,n,
Qeuwe 5 ze (43a)

for all test-functions ¢; in 2° U w® allowing jump across >° and ¢; = 0 on 0f2,

n

V6TAYG - 10 Y aed)do+ [ 2lollolds. = [ egpas,
/QW( ! ; ) <1l o (43b)
for all test-functions ¢ in Q° U w® allowing jump across ¥.° and ¢ = 0 on 0.

Excluding p from (42b) due to (3b) we arrive at the quasi-Fermi statistics, forz = 1,... n:

Ciex L (ui—laezi¢
¢ = nﬁi p(kge(# Q )) : p:kB001n|: - C (43C)

> e (ks u-10:216) > % e (ks u-10:216)
=1

=1

where the concentrations fulfill naturally the positivity and the volume balance in (3), and the
pressure p is a redundant variable. We note that for zero fluxes g;(c, ¢) avoiding boundary
reactions and p; = 0 in (43a), that reduces (43c) to the Boltzmann statistics, see [2].

Following [7], the formal homogenization of (43) yields the following result.
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Proposition 8 (Averaged static model). Under the periodicity assumption, given the surface

area »s = 2L and volume wy = % fractions of porosity, YP := Y \ &, for g and g; defined

Y
in (), the averaged homogeneous model corresponding to the heterogeneous model (43) reads:

/ Z chujTDZ%fVEi dr = g / gi(c,p)¢;dx, 1=1,...,n,
Q53 Q (44a)

for all test-functions ¢; such that ¢; = 0 on 052,
/ (V(bTAeﬁcVE — ny Z zicia) dr = g / gpdx  forall ¢ such that = 0 on OS2, (44b)
Q Py Q

Cé exp (@(M—%vzﬁb))

n 1 1 )
Zz:l B exp(@(ul—%vzﬂﬁ))

c; = i=1,...,n (44¢)

where the effective coefficient d-by-d matrices in a cell Y containing a solid particle w C Y':

DY = & / (M + DDV dy, A = / (z2+DAdy  (44d)
YPUw YPUw

are found from the cell problems: Find vectors M, ® with the zero average such that

| @D vudy+ [ apalads, =0, ij=1...n
YPUw ow (446)
/ (%CID + D AVudy + / a[®][u] dSy, =0  for all periodic test-functions w.
YPUw Ow

7. CONCLUSION

A generalized Poisson—Nernst—Planck system on a multi-phase medium preserving the mass
conservation is modeled within the Gibbs simplex. The generalized model takes nonlinear
reaction terms at the pore-particle phase interface into the consideration.

In the variational framework, the positivity and the volume balance constraints associate
the respective entropy variables. The rigorous analysis of the problem is supported by a-priori
estimates providing the well-posedness, stability, and homogenization of the stationary state.

For numerical techniques adopted for solution of the non-linear Poisson—Nernst—Planck
equations, see [20]. Also we refer to e.g. [29, 30] for advanced, generalized Newton-type,
numerical methods in the context of non-linear optimization subject to unilateral constraints.
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