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Summary:  The coupling of magnetic and mechanical fields due to the constitutive behavior 

of a material is commonly denoted as magnetostrictive effect. The latter is only observed with 

large coupling coefficients in ferromagnetic materials, where coupling is caused by the rota-

tion of the domains as a result of magnetic (Joule effect) or mechanical (Villari effect) loads. 

However, only a few elements (e.g. Fe, Ni, Co, Mn) and their compositions exhibit such a 

behavior. 

     In this paper, the theoretical background of nonlinear constitutive multifield behavior as 

well as the Finite Element (FE) implementation are presented. Nonlinear material models 

describing the ferromagnetic behavior are presented. Both physically and phenomenological-

ly motivated constitutive models have been developed for the numerical calculation of the 

nonlinear magnetostrictive behaviors. On this basis, magnetization strain and stress are sim-

ulated and the resulting effects analyzed. The phenomenological approach covers reversible 

nonlinear behavior as it is observed e.g. in cobalt ferrite. Numerical simulations based on the 

physically motivated model focus on the calculation of hysteresis loops and the prediction of 

local domain orientations and residual stress going along with the magnetization process.  
 

 

1 INTRODUCTION AND MOTIVATION 

Ferromagnetic behavior has been well known and technically exploited for centuries. Alt-

hough there are still plenty of research activities in the physics community, the principles of 

ferromagnetism are well understood nowadays. For engineering applications, the knowledge 

of the macroscopic material behavior is in most applications more essential than a deep un-

derstanding of the physics on the atomic scale. Magnetostriction is technically exploited in 

actuation systems and there are a variety of applications for permanent magnetic fields in 

poled ferromagnetic devices. New concepts combine ferromagnetic and ferroelectric phases 

in so-called multiferroic composites [1]-[6] in order to induce a coupling of electric and mag-

netic fields. 
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All these applications require the knowledge of the constitutive behavior of the employed 

ferromagnetic material. Therefore, plots of the magnetic induction vs. the magnetic field are 

mostly provided by manufacturing companies. The same holds for the strain vs. magnetic 

field, if the material is suitable for magnetostrictive application. On the other hand, stress vs. 

strain characteristics are equally important, however scarcely available. Some ferromagnetic 

materials exhibit a pronounced hysteresis behavior, others show an almost reversible nonlin-

ear characteristic. Even two specimens with an identical chemical composition can exhibit 

different features, depending e.g. on the sintering conditions. The reason for the different 

behaviors is found on the micro scale of domain or Bloch walls as depicted in Fig. 1 for a 

typical plot of magnetic induction vs. magnetic field [8]-[13].  

In Fig. 2, ferromagnetic hysteresis loops in terms of magnetization and magnetostriction 

vs. magnetic field are shown on the left hand side. In the experiments, specimens of Galfenol 

have been exposed to combined magnetomechanical loading imposing a compressive stress. 

In Fig. 3, magnetization and engineering strain are plotted vs. the magnetic field, now for 

cobalt ferrite. In contrast to Fig. 2, there is almost no hysteresis behavior, in fact the material 

shows nearly reversible characteristics. On the other hand, cobalt ferrite is also known with 

pronounced hysteresis behaveor, if exposed to different manufacturing procedures [14]. 

From the modeling point of view, it is crucial to develop a mathematical framework de-

scribing the constitutive behavior of ferromagnetic materials as accurate as possible. Here, 

both features of reversible and irreversible characteristics have to be covered by different 

modeling approaches. In connection with a finite element implementation based on the weak 

formulation of balance laws, a valuable numerical tool is available to predict the multifield-

behavior of so-called smart devices and to improve their performance e.g. the magnetoelec-

tric coupling in a multiferroic composite. 

In this paper, two approaches are presented for the constitutive modeling of ferromagnetic 

materials. The one is akin to a model for ferroelectrics and is based on microphysical consid-

erations [15], [16]. It takes advantage of the fact that ferromagnetic and ferroelectric effects, 

although originating from completely different processes on the atomic scale, show compara-

ble features on the micro and meso levels. In Fig. 2, ferromagnetic and ferroelectric hystere-

ses are compared. Similarities are obvious as well as differences. The ferromagnetic curves 

exhibit a saturation for larger loads and the remanent quantities are smaller. The other ap-

 unmagnetized                    wall motion                    rotation processes      saturation 

Fig. 1: Initial magnetization curve [7] 



A. Avakian and A. Ricoeur 

 

3 

 

proach is purely phenomenological starting from a thermodynamical potential and providing 

a reversible nonlinear behavior. Both models have been implemented into a finite element 

software to solve complex boundary value problems. In this paper, however, the focus is on 

the constitutive behavior, demonstrated at simple bulk specimens under uni- or multiaxial 

magnetomechanical loadings.   

2 CONSTITUTIVE BEHAVIOR: COMPARISON OF MODELS 

Before explaining the modeling approaches more detailed, the constitutive frameworks of 

ferroelectric and ferromagnetic as well as reversible and irreversible behaviors are summa-

rized and compared to each other. Ferroelectric behavior is commonly governed by the fol-

Fig. 3: Magnetization and magnetostriction curves of cobalt ferrite at room temperature for samples sin-

tered at different temperatures as a function of magnetic field [14] 

Ferromagnetic – Galfenol     Ferroelectric - PZT 

Fig. 2: Hysteresis loops, left: ferromagnetic [17], right: ferroelectric [18] 
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lowing equations [15]: 

𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙(𝜀𝑘𝑙 − 𝜀𝑘𝑙
𝑖𝑟𝑟) − 𝑒𝑙𝑖𝑗𝐸𝑙  , 

𝐷𝑙 = 𝑒𝑙𝑖𝑗(𝜀𝑖𝑗 − 𝜀𝑖𝑗
𝑖𝑟𝑟) + 𝜅𝑙𝑛𝐸𝑛 + 𝑃𝑙

𝑖𝑟𝑟 , 

𝐵𝑘 = 𝜇𝑘𝑚𝐻𝑚 . 

(1) 

The irreversible strain 𝜀𝑘𝑙
𝑖𝑟𝑟 and polarization 𝑃𝑙

𝑖𝑟𝑟 are described within a microphysical 

framework, accounting for domain wall motion. Considering plane problems, the latter is 

controlled by four internal variables and an evolution equation satisfying the Clausius-

Duhem inequality. Due to intended applications within a multi-physics framework, the ferro-

electric material is allocated a magnetic permeability expressed by the third equation. The 

material tensors also depend on the internal variables, giving rise to another source of nonlin-

earity, even in the magnetic permittivity. The piezoelectric coefficients e.g. relate stresses 𝜎𝑖𝑗 

and the electric field 𝐸𝑙. 

Based on the same ideas as Eq. (1), the ferromagnetic constitutive equations read 

𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙(𝜀𝑘𝑙 − 𝜀𝑘𝑙
𝑖𝑟𝑟) , 

𝐷𝑙 = 𝜅𝑙𝑛𝐸𝑛 , 

𝐵𝑘 = 𝜇𝑘𝑚𝐻𝑚 +𝑀𝑘
𝑖𝑟𝑟 . 

(2) 

Here, irreversible strain and magnetization are likewise governed by four internal variables 

describing Bloch wall motion due to magnetoelectric energies. In contrast to ferroelectricity, 

a piezomagnetic coefficient relating magnetic field and stress or strain and magnetic induc-

tion is not involved, accounting for the saturation depicted in Fig. 2. As a second conse-

quence, the irreversible strain does not directly induce a magnetic induction 𝐵𝑘. Dielectric 

properties are allocated by the second equation which is linear only at the first glance, since 

the dielectric constants 𝜅𝑙𝑛 are controlled by the internal variables in a nonlinear manner. 

The constitutive equations of nonlinear reversible ferromagnetic behavior are finally given 

by 

𝜎̇𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙(𝜀, 𝐻)𝜀𝑘̇𝑙 − 𝑞𝑘𝑖𝑗(𝜀, 𝐻)𝐻̇𝑘 , 

𝐷̇𝑙 = 𝜅𝑙𝑛(𝐸)𝐸̇𝑛 , 

𝐵̇𝑘 = 𝑞𝑘𝑖𝑗(𝜀, 𝐻)𝜀𝑖̇𝑗 + 𝜇𝑘𝑚(𝜀, 𝐻)𝐻̇𝑚 , 

(3) 

where a rate dependent depiction has been chosen. The nonlinearity is completely included in 

the dependence of the material coefficients on the independent variables. Due to the reversi-

bility of the constitutive behavior, these functions are unique. 

3 CONSTITUTIVE MODELS OF FERROMAGNETIC MATERIALS 

3.1 Physically motivated ferromagnetic model 

The physically based nonlinear constitutive relations of a ferromagnetic material with die-

lectric properties are based on a suitable thermodynamic potential Ψ (𝜀𝑖𝑗, 𝐸𝑙, 𝐻𝑘) with strain, 

electric and magnetic fields as independent variables: 
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𝛹(𝜀𝑖𝑗 , 𝐸𝑙 , 𝐻𝑘) =
1

2
𝑐𝑖𝑗𝑘𝑙𝜀𝑘𝑙𝜀𝑖𝑗 −

1

2
𝜅𝑙𝑛𝐸𝑙𝐸𝑛 −

1

2
𝜇𝑘𝑚𝐻𝑘𝐻𝑚 − 𝑐𝑖𝑗𝑘𝑙𝜀𝑘𝑙

𝑖𝑟𝑟𝜀𝑖𝑗 −𝑀𝑘
𝑖𝑟𝑟𝐻𝑘 . (4) 

Here, 𝜀𝑖𝑗 denotes the strain within a theory on infinitely small deformations. Eq. (4) is based 

on the common assumption, that the strain 𝜀𝑖𝑗 and magnetic induction 𝐵𝑘 are additively de-

composed into reversible and irreversible parts:  

𝜀𝑖𝑗 = 𝜀𝑖𝑗
𝑟 + 𝜀𝑖𝑗

𝑖𝑟𝑟 , 𝐵𝑘 = 𝐵𝑘
𝑟 +𝑀𝑘

𝑖𝑟𝑟 . (5) 

The irreversible parts are due to Barkhausen jumps on the microlevel or domain wall motion 

on the mesoscopic level, see Fig. 1. Reversible quantities will from now on be denoted with 

the superscript "𝑟" and irreversible quantities with "𝑖𝑟𝑟". Concerning the electric displace-

ment, weak nonlinearities are assumed due to changes of the dielectric constants as a conse-

quence of Bloch wall motion, thus 𝐷𝑙 = 𝐷𝑙
𝑟. 

The constitutive equations of nonlinear ferromagnetic behavior are then given by 

𝜎𝑖𝑗 =
𝜕𝛹(𝜀𝑖𝑗 , 𝐸𝑙 , 𝐻𝑘)

𝜕𝜀𝑖𝑗
|
𝐸𝑙,𝐻𝑘

= 𝑐𝑖𝑗𝑘𝑙(𝜀𝑘𝑙 − 𝜀𝑘𝑙
𝑖𝑟𝑟) , 

𝐷𝑙 = −
𝜕𝛹(𝜀𝑖𝑗 , 𝐸𝑙 , 𝐻𝑘)

𝜕𝐸𝑙
|
𝜀𝑖𝑗, 𝐻𝑘

= 𝜅𝑙𝑛𝐸𝑛 , 

𝐵𝑘 = −
𝜕𝛹(𝜀𝑖𝑗 , 𝐸𝑙 , 𝐻𝑘)

𝜕𝐻𝑘
|
𝜀𝑖𝑗, 𝐸𝑙

= 𝜇𝑘𝑚𝐻𝑚 +𝑀𝑘
𝑖𝑟𝑟  . 

(6) 

The irreversible strain 𝜀𝑖𝑗
𝑖𝑟𝑟 and magnetization 𝑀𝑘

𝑖𝑟𝑟 are due to domain wall motion. On the 

continuum level they are described by internal variables 𝜈𝑛, for plane problems associated 

with the four possible orientations of domains in a grain, with the “easy axis“ in the 〈100〉 
direction (see Fig. 4) [10]-[13]: 

𝜀𝑖̇𝑗
𝑖𝑟𝑟 = ∑ 𝜀

(𝑛)

𝑖𝑗
𝑠𝑝
𝜈̇𝑛

4

𝑛=1

, 𝑀̇𝑘
𝑖𝑟𝑟 = ∑∆𝑀

(𝑛)

𝑘
𝑠𝑝
𝜈̇𝑛

4

𝑛=1

 , (7) 

where 𝜀
(𝑛)

𝑖𝑗
𝑠𝑝

 and ∆𝑀
(𝑛)

𝑘
𝑠𝑝

 represent the spontaneous strain and change of spontaneous magneti-

zation for the domain 𝑛, respectively. In all calculations, the generalized state of plane stress 

will be assumed, i.e. 𝜎𝑖3 = 0,𝐷3 = 0, 𝐵3 = 0. The changes of magnetization exhibit three 

possibilities, ±90° and 180°, for each domain species 𝑛 = 1,… ,4. In Fig. 4, one variant for 

𝑛 = 3 is depicted as an example, i.e. ∆𝑀
(3)

𝑘
𝑠𝑝 = 𝑀

(4)

𝑘
𝑠𝑝 − 𝑀

(3)

𝑘
𝑠𝑝

 for +90° jumping. Concerning 

the spontaneous strains, each domain species 𝜈 is allocated one unique tensor representing 

±90° jumping.  
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The total change of volumes of the domain species in a grain resulting from Bloch wall 

motion is conserved by the following relations 

0 ≤ 𝑣𝑛 ≤ 1 ,        ∑ 𝑣𝑛

4

𝑛=1

= 1  , (8) 

where 𝑣𝑛 stands for the specific volume of each domain. The rates of volume change of the 

species 𝜈̇𝑛, i.e. the time derivatives of the internal variables, play an important role in the 

thermodynamical formulation of the material law. The evolution of the internal variables 𝜈𝑛 

within a domain structure is controlled by an energetic criterion, which has been chosen in 

the style of ferroelectric switching criteria [19], [20]: 

∆𝑤𝑛 = 𝜎𝑖𝑗 𝜀
(𝑛)

𝑖𝑗
𝑠𝑝

+ ∆𝑀
(𝑛)

𝑘
𝑠𝑝
𝐻𝑘 ≥ 𝑤𝑐𝑟𝑖𝑡 . (9) 

The left hand side of the inequality, consisting of mechanical and magnetic contributions, 

represents the dissipative work ∆𝑤𝑛 of Bloch wall motion due to the jumping of a species 𝑛.  

On the microlevel, Barkhausen jumping occurs when the dissipative energy exceeds an as-

sociated critical value 𝑤𝑐𝑟𝑖𝑡. In-plane, there are three possible jumping variants with the 

“easy axis“ in the 〈100〉 direction, going along with two different threshold values being 

identical to those of ferroelectric switching [19], [21]: 

𝑤𝑐𝑟𝑖𝑡 = {
√2𝑀0𝐻𝑐     ± 90°

2𝑀0𝐻𝑐            180
°
  , (10) 

𝜈2 

𝜈1 

𝑀
(3)

𝑘
𝑠𝑝

=  −𝑀
0

0
  

             𝜀
(3)

𝑖𝑗
𝑠𝑝

= 𝜀𝐷  
−1 0
0 1

  

            𝜈3 

                             ∆𝑀
(3)

𝑖
𝑠𝑝

 

𝑥 2 

𝑥 1 

RVE 

𝛼 

𝑥1 

𝑥2 

𝜈4 

𝑀
(4)

𝑘
𝑠𝑝

=  
0

−𝑀0  

Fig. 4: Internal variables 𝜈𝑛 and the magnetic orientations in a grain with local coordinate system (𝑥̅1, 𝑥̅2). 
Characterization of the orientation of domain variants 𝑛 = 1,… , 4 with respect to the global coordinate sys-

tem (𝑥1, 𝑥2) by an angle 𝛼 
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where the material parameters 𝐻𝑐 and 𝑀0 are the coercive field and the magnitude of sponta-

neous magnetization. Obviously, the left hand side of the inequality (9) is always positive if 

Barkhausen jumps occur, satisfying the Clausius-Duhem inequality and thus guarantying the 

thermodynamical consistency of the evolution law. 

On the macroscopic level, an evolution law for the internal variables 𝜈𝑛 controls Bloch 

wall motion. Based on Eq. (9) the evolution law for a jumping species 𝑛 is  

𝜈̇𝑛 = −𝜈̇𝑛
0 ℋ (

∆𝑤̃𝑛

𝑤𝑐𝑟𝑖𝑡
− 1) , ∆𝑤̃𝑛 = max(∆𝑤±90°

𝑛 , ∆𝑤180°
𝑛 ) . (11) 

Here, ℋ(. . ) is the Heaviside-function (see Fig. 5) and 𝜈̇𝑛
0 is a model parameter. The latter 

represents a discrete amount of domain wall motion, which has to be chosen within a numeri-

cal context. Eq. (11) determines, if the volume of the species 𝑛 decreases due to jumping or 

not. The reduction of 𝜈𝑛 always occurs in favour of another species, see Eq. (8).  

While the changes of strain and spontaneous magnetization due to Bloch wall motion are 

controlled by Eq. (7), the evolution of material tangents in an RVE or grain is likewise con-

nected to the internal variables: 

𝑐𝑖𝑗𝑘𝑙 = ∑ 𝑐
(𝑛)

𝑖𝑗𝑘𝑙

4

𝑛=1

𝜈𝑛    →     𝑐̇𝑖𝑗𝑘𝑙 = ∑ 𝑐
(𝑛)

𝑖𝑗𝑘𝑙

4

𝑛=1

𝜈̇𝑛 = ∑
𝜕𝑐𝑖𝑗𝑘𝑙

𝜕𝜈𝑛

4

𝑛=1

𝜈̇𝑛 (12) 

 and similar 

𝜅𝑙𝑛 = ∑ 𝜅
(𝑛)

𝑙𝑛

4

𝑛=1

𝜈𝑛 , 𝜇𝑘𝑚 = ∑ 𝜇
(𝑛)

𝑘𝑚

4

𝑛=1

𝜈𝑛 . (13) 

3.2 Phenomenologically motivated ferromagnetic model  

The constitutive behavior is assumed to be governed by the thermodynamic potential 

𝛹̅(𝜎𝑖𝑗, 𝐸𝑙 , 𝐻𝑘) = −
1

2
𝑆11𝜎1𝜎1 − 𝑆12𝜎1𝜎2 − 𝑆13𝜎1𝜎3 −

1

2
𝜅11𝐸1𝐸1 −

1

2
𝜇̅11
0 𝐻1𝐻1

−
𝜂1

1 + 𝜁1𝐻1
−3 𝜎1 −

𝜂2

1 + 𝜁2𝐻1
−3 𝜎2 − 𝜌{𝐻1 − 𝜉 𝑙𝑛(𝜉 + 𝐻1)} ,  

(14) 

where stress, electric and magnetic fields are preliminarily chosen as independent variables. 

Within the context of a simple model, the coefficients 𝜂𝑖 , 𝜁𝑖 , 𝜌 and 𝜉 are adapted to experi-

 𝜈̇𝑛  

𝜈̇𝑛
0 

 
 

𝑤𝑐𝑟𝑖𝑡                            ∆𝑤̃𝑛 

Fig. 5: Evolution law for internal variables νn 
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mental curves. Eq. (14) has been formulated in a principal stress state, thus shear stress does 

not appear in the potential. The constitutive behavior is obtained by differentiation of Eq. 

(14) according to 

𝑑𝜀𝑖𝑗(𝑑𝜎𝑘𝑙, 𝑑𝐸𝑙 , 𝑑𝐻𝑘) =
−𝜕2𝛹̅

𝜕𝜎𝑖𝑗𝜕𝜎𝑘𝑙
𝑑𝜎𝑘𝑙 +

−𝜕2𝛹̅

𝜕𝜎𝑖𝑗𝜕𝐸𝑙
𝑑𝐸𝑙 +

−𝜕2𝛹̅

𝜕𝜎𝑖𝑗𝜕𝐻𝑘
𝑑𝐻𝑘 , 

𝑑𝐸𝑙(𝑑𝜎𝑖𝑗, 𝑑𝐸𝑛, 𝑑𝐻𝑘) =
−𝜕2𝛹̅

𝜕𝐸𝑙𝜕𝜎𝑘𝑙
𝑑𝜎𝑖𝑗 +

−𝜕2𝛹̅

𝜕𝐸𝑙𝜕𝐸𝑛
𝑑𝐸𝑛 +

−𝜕2𝛹̅

𝜕𝐸𝑙𝜕𝐻𝑘
𝑑𝐻𝑘 , 

𝑑𝐵𝑘(𝑑𝜎𝑖𝑗, 𝑑𝐸𝑙 , 𝑑𝐻𝑚) =
−𝜕2𝛹̅

𝜕𝐻𝑘𝜕𝜎𝑖𝑗
𝑑𝜎𝑖𝑗 +

−𝜕2𝛹̅

𝜕𝐻𝑘𝜕𝐸𝑙
𝑑𝐸𝑙 +

−𝜕2𝛹̅

𝜕𝐻𝑘𝜕𝐻𝑚
𝑑𝐻𝑚 , 

(15) 

where the material coefficients, e.g. 𝑆11, 𝑆12, are assumed to be constant within incremental 

changes of state and thus the rate dependent constitutive framework is given by 

𝜀𝑖̇𝑗(𝜎̇𝑘𝑙 , 𝐸̇𝑙 , 𝐻̇𝑘) = 𝑠𝑖𝑗𝑘𝑙𝜎̇𝑘𝑙 − 𝑄𝑘𝑖𝑗𝐻̇𝑘  , 

𝐷̇𝑙(𝜎̇𝑖𝑗, 𝐸̇𝑛, 𝐻̇𝑘) = 𝜅𝑙𝑛𝐸̇𝑛 , 

𝐵̇𝑘(𝜎̇𝑖𝑗, 𝐸̇𝑙 , 𝐻̇𝑚) = 𝑄𝑘𝑖𝑗𝜎̇𝑖𝑗 + 𝜇̅𝑘𝑚𝐻̇𝑚 . 

(16) 

Eqs. (16) represent nonlinear but, in contrast to the microphysical model, reversible 

changes of state. The electric displacement just depends on the electric field, in a ferromag-

netic material not being coupled with mechanical or magnetic fields. Eq. (16) representing 

multi-axial loading states in terms of tensorial representation, the responses e.g. in the 𝑥1-

direction are obtained as 

𝑑𝜀1(𝑑𝜎𝑞 , 𝑑𝐸𝑖 , 𝑑𝐻𝑖) =  𝑆11𝑑𝜎1 + 𝑆12𝑑𝜎2 + 𝑆13𝑑𝜎3 + 3
𝜂1𝜁1𝐻1

2

(𝜁1 +𝐻1
3)2

𝑑𝐻1 , (17) 

𝑑𝐷1(𝑑𝜎𝑞 , 𝑑𝐸𝑖 , 𝑑𝐻𝑖) = 𝜅11𝑑𝐸1 , (18) 

𝑑𝐵1(𝑑𝜎𝑞 , 𝑑𝐸𝑖 , 𝑑𝐻𝑖) = 3
𝜂1𝜁1𝐻1

2

(𝜁1 +𝐻1
3)2

𝑑𝜎1 + 3
𝜂2𝜁2𝐻1

2

(𝜁2 +𝐻1
3)2

𝑑𝜎2 + (𝜇̅11
0

+
6𝜂1𝜁1𝐻1(𝜁1 − 2𝐻1

3)𝜎1

(𝜁1 +𝐻1
3)3

+
6𝜂2𝜁2𝐻1(𝜁2 − 2𝐻1

3)𝜎2

(𝜁2 +𝐻1
3)3

+
𝜌𝜉

(𝜉 + 𝐻1)
2)𝑑𝐻1 . 

(19) 

In general, all material coefficients depend on the three independent variables. Experi-

mental observations, however, put this thermodynamical requirement into perspective, show-

ing e.g. a noticeable nonlinearity of the stress-strain curve only for highly magnetostrictive 

materials. The simple potential according to Eq. (14) is setting the magnetostrictive constants 

as a function of just the magnetic field and the magnetic permittivity as a function of both 

magnetic field and stress: 

𝑄111 = 3
𝜂1𝜁1𝐻1

2

(𝜁1 +𝐻1
3)2

 , 𝑄122 = 3
𝜂2𝜁2𝐻1

2

(𝜁2 +𝐻1
3)2

 (20) 
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𝜇̅11 = 𝜇̅11
0 +

6𝜂1𝜁1𝐻1(𝜁1 − 2𝐻1
3)𝜎1

(𝜁1 +𝐻1
3)3

+
6𝜂2𝜁2𝐻1(𝜁2 − 2𝐻1

3)𝜎2

(𝜁2 +𝐻1
3)3

+
𝜌𝜉

(𝜉 + 𝐻1)
2
 . (21) 

A more sophisticated model replaces the constant coefficients 𝜁1, 𝜁2 and 𝜉 by variables de-

pending on the stresses: 

𝜁1 = 𝜁1
0 + 𝜁1

𝜎(𝜎1 − 𝜎2) , 𝜁2 = 𝜁2
0 + 𝜁2

𝜎(𝜎1 − 𝜎2) 

𝜉 = 𝜉0 + 𝜉𝜎(𝜎1 − 𝜎2) .  
(22) 

Both variants of the phenomenological constitutive model will be investigated in the next 

section. For the numerical implementation, the independent mechanical variable is changed 

from stress to strain. Accordingly, the material tensors are subject to the following transfor-

mations: 

𝑐𝑖𝑗𝑘𝑙 = 𝑠𝑖𝑗𝑘𝑙
−1  , 𝑞𝑘𝑖𝑗 = 𝑄𝑘𝑙𝑛𝑐𝑙𝑛𝑖𝑗 , 𝜇𝑘𝑚 = 𝜇̅𝑘𝑚 − 𝑄𝑘𝑙𝑛𝑐𝑙𝑛𝑖𝑗𝑄𝑚𝑖𝑗 . (23) 

The constitutive equations for the nonlinear reversible ferromagnetic behavior are thus 

given as 

𝜎̇𝑖𝑗(𝜀𝑘̇𝑙 , 𝐸̇𝑙 , 𝐻̇𝑘) = 𝑐𝑖𝑗𝑘𝑙𝜀𝑘̇𝑙 − 𝑞𝑘𝑖𝑗𝐻̇𝑘 , 

𝐷̇𝑙(𝜀𝑖̇𝑗, 𝐸̇𝑛, 𝐻̇𝑘) = 𝜅𝑙𝑛𝐸̇𝑛 , 

𝐵̇𝑘(𝜀𝑖̇𝑗, 𝐸̇𝑙 , 𝐻̇𝑚) = 𝑞𝑘𝑖𝑗𝜀𝑖̇𝑗 + 𝜇𝑘𝑚𝐻̇𝑚 . 

(24) 

4 Results  

The two constitutive models according to Sec. 3 have been implemented within the 

framework of the finite element method, starting from a weak formulation of the balance 

equations of electro-, magneto- and elastostatics:  

𝜎𝑖𝑗,𝑗 = 0, 𝐷𝑙,𝑙 = 0, 𝐵𝑘,𝑘 = 0 . (25) 

The material parameters of cobalt ferrite, which has been chosen for the sake of demon-

stration, are presented in [22]. Moreover, the following quantities have been used for the 

physically motivated model: 

𝐻𝑐 = 626 Oe [23], 𝑀0 = 150 Am2kg−1 and 𝜀𝐷 = 0.03 . 

For the phenomenological model, the following coefficients are used: 

𝜂1 = −131𝑒 − 6, 𝜂2 = 106𝑒 − 6, 𝜁1
0 = 5.5𝑒 + 15 A3m−3, 𝜁2

0 = 2.1𝑒 + 15 A3m−3,  𝜁1
𝜎 =  3𝑒 +

9 A3N−1m−1, 𝜁2
𝜎 = 1,145𝑒 + 9 A3N−1m−1, 𝜌 = 0.6 T, 𝜉0 = 1𝑒 + 5 NV−1s−1, 𝜉𝜎 = 1𝑒 −

2 m2V−1s−1.  
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Fig. 6: Numerical results for physically motivated ferromagnetic model, left: magnetization, right: magneto-

striction vs. magnetic field 

In Fig. 6 results from the microphysical model are shown in terms of magnetization and 

magnetostriction. As intended, a hysteresis behavior is obtained, although the area of the 

loops is smaller than for ferroelectric materials. Further, as in Fig. 2 a saturation is observed 

for large magnetic fields. In Fig. 7, results are presented for the phenomenological model 

based on the simple approach with constant values 𝜁1 = 𝜁1
0, 𝜁2 = 𝜁2

0 and 𝜉= 𝜉0. As expected, 

the curves are nonlinear but reversible. They agree qualitatively with those in Fig. 3. The fact 

that cobalt ferrite has been used to demonstrate both hysteresis and reversible behaviours is 

based on experimental observations, where this material proved to be able to exhibit both 

kinds of features, depending on the manufacturing conditions [14]. 

      

Fig. 7: Numerical results for phenomenological ferromagnetic model, left: magnetization, right: magneto-

striction vs. magnetic field 

In Fig. 8, the effect of a superimposed mechanical load on the magnetostrictive properties 

in terms of the strain-magnetic field curve is investigated, based on the phenomenological 

model. In contrast to Fig. 7, the more sophisticated model has been used, where 𝜁1, 𝜁2 and 𝜉 

depend on the stresses according to Eq. (22). The blue plots represent a pure magnetic load-

ing in 𝑥1-direction, whereas the red plots stand for the combined loading. The solid lines 

show the strain in the direction of the magnetic field, the dashed lines in the perpendicular 
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direction. The plots are in agreement to what is expected intuitively. The tensile stress in 𝑥2-

direction supports the magnetic field and leads to a saturation at lower magnetic loads. Fur-

ther, the absolute value of the strain is larger in the direction of the magnetic field than per-

pendicular to it. 

 

Fig. 8: Numerical results for phenomenological ferromagnetic model at combined magnetomechanical loading 

 

5 CONCLUSIONS 

Two types of constitutive models for ferroelectric materials have been presented. The one 

is based on physical considerations on the micro- and meso-levels, the other is purely phe-

nomenological. The one produces irreversible hysteresis behavior and the other exhibits non-

linear reversible features. Both characteristics are well-known from different ferromagnetic 

materials. Due to possible applications of the models with respect to multiferroic composites, 

dielectric properties are included in both constitutive approaches. The material models have 

been implemented within a finite element context to be able to investigate complex boundary 

value problems. Verifications of the constitutive models demonstrate their capability of de-

scribing ferroelectric material behavior appropriately. 
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