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Summary: Shape memory alloys (SMA) are metallic materials exhibiting unusual properties
of being able to sustain and recover large strains (superelasticity) and to "remember" the initial
configuration and return to it with temperature change (one-way shape memory effect). These
properties make them very suitable for utilization as actuators. One of the simplest possible
geometry in terms of manufacturing and utilization is the form of a helical spring. For its
optimal design and control detailed information on evolution of internal state of the material
during operation is advantageous. In this work a macroscopic constitutive model tailored for
NiTi shape memory alloys exhibiting R-phase transition, transformation strain anisotropy and
tension-compression asymmetry is employed. It features an elaborated, asymmetric form of the
rate independent dissipation function coupling martensitic transformation and reorientation
processes, whose specific form was inspired by experimental observations. Numerical simula-
tions of mechanical loading of the spring at various temperatures compared with macroscopic
experimental data confirm good predictive capability of the model. Because of naturally non-
proportional loading mode combining bending and torsion, distributions of stress components
within cross-section of the wire predicted by the model are quite complex. They allow to identify
potential loci of initiation of irreversible deformation for this type of loading.

1. INTRODUCTION

Due to amazing effects linked to martensitic phase transformation and subsequent evolution
of microstructure, shape memory alloys (SMA) are classified under smart materials attractive
for utilization in actuator applications. The form of a helical spring may provide advantages of
light weight, large recoverable deformation, high energy density and manufacturing simplicity.
However, even in such an “unsophisticated design”, the material is deformed in a complex,
non-proportional way when the spring is simply stretched.
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As demonstrated in [1], the macroscopic mechanical response of SMA is very sensitive to
variation of loading conditions when multiple deformation mechanisms are active. Following
experimentally observed phenomena influence the mechanical response of SMA: joint influ-
ence of stress and temperature on phase transitions, interaction of phase transformation and
reorientation processes, different elastic properties of phases, elastic properties of martensite
depending on the loading mode (different for tension and for compression loading in particular)
or tension-compression asymmetry and anisotropy of transformation strain. Things got even
more complicated when the transformation proceeds via intermediate phase as in the case of
R-phase in NiTi alloys.

Recently, several “macroscpic” (continuum mechanics) models tackling the issue of general
thermomechanical loading of SMA have appeared in the literature. They cover processes oc-
curring in the material at microscopic level by introduction of internal variables, which extend
description of thermodynamic state in a material point. Particularly, internal variables allow to
capture dissipation connected to the these processes by prescribing either limit (“yield”) func-
tions [2–7] or, equivalently, a dissipation function [8–10]. Often, reliability and robustness of
numerical implementation of the constitutive models is tested on benchmark simulations of a
helical spring [5, 8, 10–16]. Naturally, usually presented total macroscopic response in terms
of force-stroke (load-deflection) dependence provides reasonable global estimate of actuator’s
performance. Nevertheless, very similar macroscopic “curves” may result from quite different
microscopic state of the material in the spring and detailed information of internal state of ma-
terial may be still important for better temperature/actuation control or fatigue prevention [17].

In this study, the model [9] is employed to reproduce the macroscopic response and to ex-
amine the stress state of a helical NiTi spring subject to stretching. Since the model features
an elaborated form of dissipation function combining transformation and reorientation con-
tributions, includes R-phase transition and material anisotropy, it is particularly suitable for
simulations of a shape set NiTi wire springs. The results are compared to a series of dedicated
experimental measurements on such springs. The macroscopic response in terms of force-stroke
dependence at different temperatures is studied and interpreted with respect to information on
internal state (stress components distributions) provided by the model.

2. EXPERIMENTAL

Helical springs were shape set from superelastic 0.2 mm thin NiTi wires (FWM NiTi#1-SE)
using an in-house designed and built stainless steel fixtures in a cylindrical salt bath furnace at
510 ◦C for 10 min. A micrograph of a typified 2.6-coil helical spring with initial outer diameter
3.2 mm and initial height 3.9 mm is presented in Fig. 1. Mechanical testing was performed with
an in-house assembled testing device featuring a linear actuator (maximum speed 100 mm/s)
and a sensitive load cell (maximum load 10 N). The maximum stroke was 20 mm correspond-
ing to reduction of the spring diameter by approx. 80%. To ensure isothermal conditions and
good heat transfer at each test, experiments were conducted in a temperature-controlled, ther-
mally insulated Peltier air furnace with airtight-sealed sample inlets at very slow loading rate
(1.5 mm/min). Force, stroke and temperature data were recorded continuously.
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Figure 1. A micrograph of a typified helical spring used in experiments.

3. MODELLING

The dimensions of spring listed in the previous section were used in simulations. The rel-
atively high spring index, D0 = 15, allows for utilization of Euler beam approximation. How-
ever, because of large recoverable strains attainable in SMA, the spring could be repeatedly
deformed up to more than 500% deflection. Hence, large deflection mode connected with sub-
stantial spring diameter reduction and large beam rotation must be considered. Let us also note
that due to the high spring index, strains attained within the cross-section are relatively small
even at the maximum deflection (< 7%).

To simplify simulations, the boundary conditions enforced in real experiments were re-
placed by translational periodic boundary conditions corresponding to the infinite spring. The
assumption that cross-sections remain planar and perpendicular to the longitudinal axis dur-
ing deformation is well satisfied in our particular geometry. Distributions of examined phys-
ical quantities are thus homogeneous along the wire axis and the problem can be reduced to
determination of their planar distribution within a single cross-section of the wire. Due to
presumed strong dominance of torsion and bending, only two components of stress tensor (ten-
sile/compressive and torsional) are considered in computations.

Since complex constitutive equations of SMA lead to non-trivial integration of the response
through cross-section [14], numerical computation of the total response is needed. The cross-
section of the wire is divided into a dense finite mesh with 780 integration points in total. Piece-
wise constant basis functions are used to determine the planar distribution of two-component
stress and transformation strain, and volume fraction of martensite and R-phase. Spatially and
temporally constant temperature is prescribed in all integration points.

The constitutive response is obtained utilizing rate-independent continuum-based model
capturing occurrence of R-phase and transformation anisotropy based on the work [9]. The
model introduces four internal variables (volume fraction of martensite, volume fraction of
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R-phase, transformation strain of martensite and transformation strain of R-phase) and it is
assembled by definition of a particular form of energy function (thermodynamic potential) and
dissipation function dependent on strain, temperature and internal variables of martensite. Since
hysteresis (hence dissipation) of the R-phase transformation is very small compared to trans-
formation to martensite, see e.g. [18, 19], macroscopic changes of material response related to
R-phase can be effectively modelled through a hyperelastic (non-dissipative) approximation.
Namely, the inelastic strain of R-phase appears in the elastic part of the free energy and the
chemical part is extended by an additional term depending on the volume fraction of R-phase.
Hence, maximum transformation strain of R-phase, equilibrium temperature of austenite-R-
phase transformation and related entropy difference are additional material parameters of the
model. A restriction of maximum transformation strain tensor based on its invariants is imposed
through a specific material function so that volume preserving property, tension-compression
asymmetry and (texture-induced) transformation strain anisotropy observed in experiments are
respected by the model. Furthermore, a particular form of phase- and transformation strain-

Parameter Value Unit Brief description

EA, EM,0 71, 50 [GPa] Young moduli of austenite and thermally induced
martensite.

GA, GM,0 25, 17 [GPa] Shear moduli of austenite and thermally induced
martensite.

k, kR 0.06, 0.008 [1] Maximum transformation strain of martensite and
R-phase in tension.

a 0.98 [1] Tension-compression asymmetry parameter.
αA 1.1 · 10−5 [1/◦C] Coefficient of thermal expansion of austenite.
A,B,ϕ, . . . 1, 1, 0 [1] Parameters of anisotropic transform. strain surface

if the wire axis aligned with the x-direction, see [9].. . . , L,M,N 1, 1.44, 1.44 [1]
As, Af −1, 4 [◦C] Temperature parameters related to the direct phase

transformation between austenite and martensite,
see [9] for details.

Ms,Mf −1,−4 [◦C]
T0 −1 [◦C]
Rs, Rf 35, 20 [◦C] Temperature parameters related to the R-phase

transformation.
σreo0 95 [MPa] Martensite reorientation stress at T0.
Σreo −0.9 [MPa/◦C] Change of reorientation stress with temperature.
∆sAR,∆sAM 0.121, 0.364 [MPa/◦C] Difference between specific entropy of martensite-

austenite and R-phase-austenite transformations.
Eint, Eint,R, creg 60, 80, 0.01 [MPa] Parameters of regularization function r, see [9].

Table 1. The set of material parameters used in simulations.
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dependent tensor of elastic constants allows to capture substantially different elastic properties
of austenite, temperature-induced martensite and (generally anisotropic) stress-induced marten-
site.

The mechanical response in a material point is then determined through so-called principle
of minimum dissipation potential. More detailed introduction of the model including physical
motivation, description of material parameters and numerical implementation can be found in
[9, 12, 20].

Material parameters of the wire used in the constitutive model are summarized in Tab. 1.
The elastic tensors describing elasticity of martensite “fully reoriented” in tension/compression
take the particular form (Voight notation, GPa unit):

CM,t
x =


192 152 152 0 0 0

182 125 0 0 0
182 0 0 0

28.5 0 0
symm 22.3 0

22.3

,CM,c
x =


182 125 125 0 0 0

192 165 0 0 0
192 0 0 0

13.5 0 0
symm 22.3 0

22.3

,
for axis of tension/compression in the x-direction.

4. RESULTS

To demonstrate capabilities of our modelling approach, a uniaxial superelastic response in
a single material point predicted by the model is compared with experimental data reported
in [21] in Fig. 2. Except for higher transformation strain (k = 0.07), material parameters pre-
sented in Tab. 1 were used. The model fits the experimental data very well except for martensitic
transformation (pseudo-)hardening at compression, which is somehow underestimated by the
model. Because of tension-compression asymmetry of transformation strain, the transition to
martensite starts at higher stress and the transformation plateau is shorter in compression than in
tension, and the total dissipated energy is lower. Different Young moduli of austenite, marten-
site in tension and martensite in compression are easily distinguishable both in experiments and
simulations. The influence of R-phase is also worth noting; the transformation from austenite
to R-phase is clearly visible in the initial stage of tension (different apparent Young moduli) but
not in compression. This is attributed to the coupled effect of stress and temperature on the ini-
tiation of the transformation (the Clausius-Clapeyron-type of relation): since the transformation
strain of R-phase in compression is lower than in tension, the transformation to R-phase would
initiate at higher stress (at the same temperature), but it is effectively suppressed by the direct
transformation to martensite.

Fig. 3a)–e) shows comparison of experimental and simulated force-stroke responses of the
helical spring at constant temperatures of −10, 0, 20, 40 and 60 ◦C. They feature hysteresis
with a long “plateau” (steeper at higher temperatures) and increasing force required to reach the
maximum stroke with increasing temperature. As expected, this is due to phase transformations
in the material. The spring exhibits remanent deformation after full unloading at the lowest
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temperature (−10 ◦C) and the original length is recovered by heating (not shown) – as con-
firmed by the simulation. At 0 ◦C, the “S-shaped” initial part of loading curve corresponds to
continuous increase of transformation strain of R-phase followed by transformation to marten-
site. The spring returns to the initial length after unloading. At positive temperatures, the fully
reversible evolution up to∼5 mm stroke reflects transformation between austenite and R-phase.
The effective modulus there increases with temperature, which is given by the steep Clausius-
Clapeyron slope (dσ/dT ) of R-phase triggering [18]. With increasing temperature, the total
area under hysteresis loop decreases, which is also well reproduced by the model.

Contour plots of distribution of two dominant components of stress – out-of-plane ten-
sile/compressive stress and in-plane shear stress – within the wire cross-section are presented
in Fig. 3f). They were generated by the model for loading at 16 mm stroke and temperatures
−10, 20 and 60 ◦C (see black circles in Fig. 3a), c), e)) and the leftmost point of each plot
corresponds to the closest point of the cross-section to the spring axis. Since attained force
increases with temperature, the maximum stress within the cross-section also increases. How-
ever, even though the actual geometry of the spring is the same, stress-distributions differ qual-
itatively. The maximum of the tensile stress shifts from the leftmost part of the surface towards
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Figure 2. Simulation of uniaxial superelastic response of NiTi SMA (dashed red line) compared
with data reported in [21] (solid black line). Thin blue line shows extrapolation of elastic

response of pure austenite.
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Figure 3. a)–e) Comparison of experimental (solid black line) and simulated (dashed red line)
force-stroke dependence of NiTi SMA helical spring at five constant temperatures. f) Contour
plots showing computed distributions of tensile/compressive stress (σ) and equivalent shear
stress (τ

√
3) components throughout wire cross-section at 16 mm stroke and−10, 20 and 60 ◦C;

corresponding points denoted by black circles in a), c), e).
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the wire center, the maximum of the shear stress appears in two loci which follow the shift
of the tension/compression neutral axis. This results from combined effect of non-linearity of
SMA response, non-proportionality of the loading, tension-compression asymmetry and strong
martensite anisotropy, which imply distinct initiation and continuation of material processes at
different points on wire. For instance, owing to tension-compression asymmetry, compression-
induced martensite appears at higher stress and lower relative volume of the material than the
tension-induced one, hence the tension/compression neutral axis is shifted (within the cross-
section). It is worth noting that at 60 ◦C, the maximum equivalent shear stress reaches almost
1 GPa, which probably leads to local initiation of irreversible processes (e.g. plastic flow) in the
material1, even though the corresponding reduction of the spring diameter is only about 40%
and the total force remains comparable to reversible cases (less than 1.2 N). This clearly shows
that a guess whether and where plasticity occurs cannot be based on the value of macroscopic
force alone, but local redistribution of stress must be taken into consideration. Such findings
may be of practical importance for identification of a suitable working range for spring-based
actuators.

5. CONCLUSIONS

In this work a macroscopic constitutive model for polycrystalline NiTi SMA exhibiting
two stage martensitic transformation via R-phase, transformation strain anisotropy and tension-
compression asymmetry was employed to perform numerical simulations of mechanical loading
of a helical spring in a wide temperature range. Results of simulations in terms of force-stroke
dependence were compared with own experimental data and discussed with respect to processes
related to phase transformations occurring in the alloy. Plots of stress-components distribu-
tions at a given stroke illustrate highly non-uniform state of material across wire cross-section
sensitive to temperature changes. They also allow to identify conditions and potential loci of
initiation of irreversible deformation in the material.
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