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Summary: Due to large deformations of bi-stable laminates arising from asymmetric lay-
ups, they have been identified as good candidates to combine with piezoelectrics for 
broadband energy harvesting. Fast transitions from one stable state to another, or ‘snap-
through’, is used to repeatedly deform the surface-bonded piezoelectric and generate large 
strains hence electrical energy. Existing studies, both experimental and numerical, have been 
limited to laminates of rectangular shapes. This paper investigates the mechanical behavior 
and energy harvesting potential of a nonrectangular shape composite by developing an 
analytical model for piezoelectric-bistable laminates with arbitrary shapes. The 
electromechanical governing equations of the system are derived based on Hamilton’s 
principle and solved using the Runge-Kutta method. In order to model arbitrary shapes, the 
domain of interest is discretized into small elements and the density of each element is 
considered to be one for solid areas and zero for voids; the stiffness of the void elements are 
assumed to be zero. In order to verify the model, the obtained results are compared with 
experimental measurements. The effects of using different laminate geometries on harvested 
power are discussed by considering square and cruciform cross-shaped examples. 

 
1    INTRODUCTION  

Vibration-based energy harvesting for low-powered electronics has received significant 
interests in recent years as solutions are sought to provide remote sources of power for 
applications such as wireless sensor networks or safety monitoring devices. While energy 
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harvesters are often tuned to operate near resonance, many typical vibration patterns are 
composed of multiple frequencies across a wide band [1-3]. For efficient energy harvesting it 
is necessary to tune the operating frequencies, typically achieved through geometry and mass 
variation, and to broaden the frequency bandwidth by introducing stiffness nonlinearities, 
typically achieved through the use of external magnets [4]. A solution which allows design 
for both mass distribution and specific nonlinear stiffness characteristics through variation in 
geometric variables is desirable. One approach is to exploit bistability in composite laminates 
with an asymmetric stacking sequence. The advantage of this approach is that it removes the 
need for external components. It is well known that composite laminates with asymmetric 
stacking sequences can exhibit two curved stable shapes due to the mismatch in thermal 
properties between plies and the temperature change experienced during manufacture [5]. 
This property makes them suitable for piezoelectric energy harvesting by utilizing a snap-
through mechanism between the two stable states to repeatedly strain a surface-bonded 
piezoelectric, such as a Macro Fibre Composite (MFC). 

Significant power outputs over a wide bandwidth have been reported using square bistable 
laminates [6]. The full potential for improving the power generation of bistable laminate 
energy harvesters and to reduce the mechanical energy input required to induce snap-through 
has yet to be exploited since existing designs have been limited to square and rectangular 
laminate shapes [6-8]. 

Static modelling of the stable shapes of square bistable laminates is well established [5,9], 
in which the curved shapes of asymmetric laminates due to the high temperatures 
experienced during manufacturing (curing process) are modelled based on a nonlinear 
extension to classical laminated plate theory. The midplane strains and out-of-plane 
displacement profile are assumed to conform to second order polynomials. The process of 
identifying the static stable shapes is performed by identifying the values of the coefficients 
of these assumed polynomials through minimization of the total strain energy. This 
modelling approach has been validated experimentally and using finite element analysis for 
square and rectangular laminates [9-11]. We have previously mapped this static modelling to 
a dynamics model including piezoelectric elements for energy harvesting by characterizing 
the double-well potential energy of the system [12]. This model provides a prediction of 
power outputs for any given vibration pattern, captures the full range of dynamic modes seen 
experimentally, and the boundaries between these modes, limited to square laminates. The 
cured shapes of bistable laminates of trapezoidal and triangular planform have been 
considered experimentally and modelled using finite element analysis [13] for morphing 
applications, and have been modelled analytically in tapered cantilever configurations [14]. 
However, to date, no analytical model of the stable shapes of any profile, referred to in this 
work as ‘arbitrary geometry’ laminates, has been presented. 

In this paper, an analytical model for arbitrary shape piezoelectric-bistable laminates is 
developed. The electromechanical nonlinear governing equations of the system are derived 
through the sections 2, 3 and 4. Section 5 is devoted to introduce a simple technique to model 
arbitrary shapes. To achieve this, the domain of interest is discretized into small elements and 
the density of each element is considered to be one for solid areas and zero for voids; the 
stiffness of the void elements are assumed to be zero. Figure 1 shows an example arbitrary 
geometry laminate centrally mounted on an electrodynamic shaker. Attached to the surface of 
the laminate is a small rectangular piezoelectric MFC. The results of the model are 
demonstrated in section 6 and compared with experimental tests in section 7. 
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Figure 1. A cruciform (+ shape) arbitrary shaped [0/90]T laminate. Overall laminate dimension is 150×150mm. A 
piezoelectric element is attached to the surface of the laminate. 

2 CONSTITUTIVE EQUATIONS FOR PIEZOELECTRIC LAYER 
In general, constitutive equations for piezoelectric materials are divided into direct and 

converse effects and may be expressed as, 
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respectively, where σ and ε are stress and strain fields, respectively, C is the elasticity matrix, 
e is the electromechanical coupling coefficients matrix, E is the electrical field vector, D is 
the electrical displacement vector and η is the permittivity matrix. 

In this work, the piezoelectric plate is assumed to be polarized in the thickness direction 
e36=0 and the electrical and displacement fields are uniform across the thickness and aligned 
in the direction normal to the mid-plane D1=D2=0. In addition, by assuming σ33=0 for plate 
structures and using the Kirchhoff plate theory, the constitutive relation can be summarized 
and expanded as follows,  
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Since the Kirchhoff theory is used, shear forces perpendicular to the mid plane are 
assumed to be negligible. Axial forces N and bending moments M are defined by the 
expressions, 
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where pp tt 12 −  is the thickness of the piezoelectric layer, z is the axis along the thickness and 
σ0 and σ are the membrane and bending parts of section stress defined as, 
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00 Cεσ =  ; κCσ z=                                                      (4) 

where ε0 and κ are the in-plane strains and curvatures, respectively.   
By substituting (2) into (3), the actuating equation for a cross-ply laminate in a general 

and compact form may be expressed as, 
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where A, D and B are the membrane (extensional), bending and coupling stiffness matrices, 
respectively, and I3 is the identity matrix.  
By integrating from both sides of the sensing equation over the thickness we obtain,  
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where the thickness can be cancelled from both sides and finally, the constitutive equations 
(1) are rewritten in a compact form for piezoelectric plate structures as follows,  
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where, 
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In geometrically nonlinear problems, it is convenient to separate the linear and nonlinear 
parts of strain field,  

NLL εεε +=                                                                (8) 

Therefore, the constitutive equations for geometrically nonlinear piezoelectric plates (7) 
can be expressed in terms of linear and nonlinear strains as follows, 
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Similarly the constitutive equation for bistable laminates may be expressed as follows,    

εQN ss =                                                                    (10) 

where superscript s stands for substructure. In addition, in order to examine the linear and 
nonlinear parts of the relation separately, using (8) we can write, 

NLsLss εQεQN +=                                                            (11) 

 

3    APPROXIMATING FUNCTIONS 
The in-plane strain field and out-of-plane displacement component (deflection) are 

approximated based on Hyer’s model [9] which can be written in matrix form as, 
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where d1,…, d11 are in-plane strain coefficients of the plate and a, b and c are curvature 
coefficients. Also, φ and f are the linear and nonlinear parts of the approximation functions 
in Hyer’s model, respectively.  

Using the in-plane strain field approximation in (12), Lε and NLε  from (8) may be expressed 
in terms of elongation coefficients d and curvature coefficients a in a matrix form as follows, 
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where X is the in-plane deformations and curvatures vector. The linear and nonlinear strains 
can be used for approximating internal forces in both the piezoelectric layer and bistable 
structure.   

4    DYNAMIC GOVERNING EQUATIONS   

To satisfy a dynamic equilibrium of the system based on a bistable laminate with bonded 
piezoelectric elements, the potential energy of the structure under dynamic conditions is 
minimized according to Hamilton’s principle as follows, 

0)(2
1

=++−∫
t

t ncie dtWWUTδ                                            (16) 

where T is the kinetic energy, U is the strain energy, Wie is the piezoelectric internal electrical 
energy and Wnc is the non-conservative works of the system. Each energy term in (16) is 
derived for a nonlinear piezoelectric composite plate in the following sections.  

4.1 Strain Energy of the System, U 

The strain energy of the system is calculated by adding the strain energies of the 
substructure and the piezoelectric layer. The substructure strain energy can be divided into 
mechanical and thermal strain energies. In the piezoelectric layer the converse piezoelectric 
component of the constitutive equation comprises two mechanical and electrical parts, 
therefore the piezoelectric strain energy may be separated into mechanical and electrical 
strain energies. Therefore, the total strain energy of the system may be written as follows,    

U =Us +U p =Um,s +Uth,s +Um,p +Ue,p                          (17) 

where superscripts s, p, m, th, and e stand for substructure, piezoelectric, mechanical, thermal 
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and electrical strain energies, respectively. The substructure and piezoelectric strain energies 
may be expressed as,   
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Substituting N  from constitutive equation (9) obtains,  
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where ΔT is the temperature change and α is the thermal expansion coefficients vector.  
Since the deformations and voltage are the unknowns in the above strain energy terms, the 

variation of the strain energy of the system in Hamilton’s principle is calculated based on,  
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where X is the in-plane deformations and curvature coefficients vector and v is the voltage. 

4.2 Piezoelectric internal electrical energy, Wie 
The internal electrical energy Wie in piezoelectric layer may be expressed as 
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where E is the vector of electric field and is defined as 
pt
vE −== 3E . Substituting the 

respective terms from the constitutive relations (9) gives, 
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Variation of the internal electrical energy in Hamilton’s principle is derived using, 
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4.3 Kinetic energy of the system 

The total kinetic energy term in (16) can be written as follows, 
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where ρs and ρp are the densities of the substructure and the piezoelectric layer, respectively 
and ua is the absolute displacement vector including the base excitation and deformations of 
the laminate, expressed as follows,   
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where ux
0, uy

0 are in-plane displacements and assumed to be zero, wb is the base excitation 
function and w is the deflection of the laminate and approximated as 
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Substituting (27) and (28) into (26) and taking variation of the kinetic energy gives,
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where M and Mb are the inertial and base excitation mass matrices, respectively, defined as  
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where  

Gx = g,x ⊗ g,x ;Gy = g,y ⊗ g,y ;G = g⊗ g  

and g,x indicates 
x
g
∂
∂ . Applying the superposition principle, the total mass matrices including 

substructure and piezoelectric mass matrices can be derived,  
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4.4  Non-conservative work, Wnc 
The final term in (16), the non-conservative work due to electrical charge output is defined 

as follows 
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ncnc δδδ ==                                                 (34) 

4.5  Governing equations 
By having all terms of Hamilton’s principle (16) as multipliers of virtual in-plane 

deformation and curvature coefficients (δX) and virtual voltage (δv) and factorizing δX and 
δv, their multipliers should be zero in the time interval t1 to t2. Consequently, the governing 
equations of the problem are derived as follows, 
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where d and a are the in-plane strain coefficients vector and the curvatures, respectively, and, 
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where f,a denotes 
a
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∂
∂ . 

The in-plane strain coefficients d can be obtained from the first equation of (35) in terms of 
curvatures a. Substituting d into the second equation of (35) and (36) gives,   
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where K(a) is the mechanical tangential stiffness matrix, d
T θak )(1θ  and θa are the nonlinear 

electromechanical vectors related to axial deformations coefficients d and curvatures a, 
respectively. In addition, the electromechanical nonlinear term )(2 akθ !θ

T
d  in the sensing 

equation of (43) can be interpreted as the product of coupling coefficients and acceleration in 
the linear case.  It is noted that in Hyer’s model 0fe a =,

T , therefore, the nonlinear term in θa 
vanishes and (41) can be simplified as,  

∫
+

=
pA

pT
p

p

a dAt
t

t eθ
22

1                                            (45) 
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5    LAMINATES WITH ARBITRARY SHAPES 
In this work we look to generalize the above model to consider arbitrary planforms. To 

achieve this, a rectangular design domain is considered and discretized to the number of 
regular elements as shown in Figure 2. A very fine grid therefore provides a close 
approximation to a shape defined by a smooth boundary. Each element is considered to be 
represented either by one for solid areas or zero for voids, which becomes the multiplier for 
each elemental properties. Since every element should satisfy the dynamic equilibrium (16) 
in order to have equilibrium of the whole structure, the expressions derived in the previous 
section can be applied for each element. Therefore, the tangential stiffness and mass matrices 
in (35) may be written in the form of,  

∑∑
==

==
n

e
ee

n

e
ee

11

; MMKK µµ                                       (46) 

where µe is the elemental multiplier, one for solid elements and zero for voids. It is noted that 
the density of the grid has no discernable effect on computation time as no solving is 
performed on an element by element basis. Furthermore a single shape function is used and 
thus no continuity conditions between elements are required.  

 
Figure 2. Discretization of an example bistable laminate planform. 

6    MODELLING SQUARE AND CRUCIFORM SHAPES 

We investigate the dynamic response and electrical output of the a square and a cruciform 
shapes using the analytical model. The square Carbon Fiber Reinforced Polymer (CFRP) 
laminate has dimensions 150×150×0.34 mm and a cruciform (+ shape) is cut from the square 
laminate with 15% of the total area removed, shown in Figure 3. The laminates are of 
stacking sequence [0/90]T and material properties are defined in Table 1. Bonded to the top 
surface of the laminates is a single Macro Fibre Composite (MFC) piezoelectric element (M-
2814-P2, [15]) of dimensions 28×14×0.3mm, polarized through its thickness with an 
experimentally measured capacitance of 33nF and material properties as defined in Table 1.  

The dynamic model results for the square and the cruiciform laminates are obtained by 
starting the dynamic simulation at stable state A of Figure 4. The results for three different 
levels of excitations are shown in Figures 5 and 6. Figure 5 shows simulations of the corner 
displacement, velocity and output voltage histories of the square laminate as the vibration 
frequency is linearly swept between 45Hz to 65Hz at 3g, 6.25g and 9g amplitude. Theses 
amplitudes are chosen to observe three distinctive dynamic modes, i.e. 3g for single-well 
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oscillations, 6.25g where the first snap-through is observed and 9g for double-well 
oscillations. Figure 6 shows simulations of the cruciform laminate responses as vibration 
frequency is swept within the range of 55Hz to 75Hz.  

 
Property T800/M21 (laminate) M2814-P2(piezoelectric)[15] 
Longitudinal elastic modulus, E11 (GPa) 178     30.3 
Transverse elastic modulus, E22 (GPa) 8.15    15.9  
Shear modulus, G12  (GPa) 5.2  5.5  
Poisson’s ratio, υ12 0.35 0.31 
Longitudinal thermal expansion coefficient, α1 (˚C-1)    -9×10-8  N/A 
Transverse thermal expansion coefficient, α2 (˚C-1)    2.65×10-5  N/A 
Dielectric constant d31 (C/N)       N/A 170×10-12 

Table 1: Laminate and piezoelectric material properties. 
 

 
(a)                                          (b) 

Figure 3. (a) Square and (b) cruciform laminates with bonded piezoelectric elements. Overall laminate dimension 
is 150×150mm. 

 
 

Figure 4. Stable states A and B defined with reference to the position and orientation of the piezoelectric 
element. 

 
For the square laminate the initial stable state changed from state A to state B at an 

acceleration level of 6.25g and a frequency of 55Hz. The cruciform laminate exhibits an 
initial snap through event at a higher acceleration level, 7g, and higher frequency, 62Hz.  
Since the resonant frequency of the harvester is proportional to k /m , the higher resonant 
frequency of the cruciform device indicates that the effects of mass (m) reduction on 
removing material from the corners of the laminate is greater than those of decrease in 
stiffness (k). Figures 5 and 6 (g-h) show that the model is able to recognize double well 
oscillations in both laminates at 9g level of excitations. Due to differences in the mass 
distribution of the square and cruciform laminates, the dynamic responses show some 
differences and offers a route to tailor the harvester response. For example, at a vibration 
level of 9g the root mean square (rms) voltages are 9.5V (Figure 5c) and 8.5V (Figure 6c) for 
the square and cruciform laminates respectively. The higher voltage of the square laminate is 
likely to be due to the increased mass at the laminate corners, thereby leading to a greater 
effective forcing function during oscillation. Similar maximum output voltages are observed 
at low levels of excitation, 3g, for both types of laminate. 
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(a)                                                     (b)                                                        (c) 

 
(d)                                                     (e)                                                        (f) 

 
(g)                                                     (h)                                                        (i) 

Figure 5. Simulation of corner displacement, velocity and voltage histories of the square laminate, with a sweep of 
drive frequencies within the range of 45Hz to 65Hz, for the excitation amplitudes of (a-c) 3g (single-well 

oscillations) (d-e) 6.25g (first snap through event) (g-i) 9g (double-well oscillations). 

 
(a)                                                     (b)                                                        (c) 
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(d)                                                     (e)                                                        (f) 

 
(g)                                                     (h)                                                        (i) 

Figure 6. Simulation of side displacement, velocity and voltage histories of the cruciform laminate, with a sweep 
of drive frequencies within the range of 55Hz to 75Hz,  for the excitation amplitudes of (a-c) 3g (single-well 

oscillations) (d-e) 7g (first snap-through event) (g-i) 9g (double-well oscillations). 

 
7.   EXPERIMENTAL AND MODELING COMPARISONS 

In this section, the analytical model presented in this paper is compared against 
experimental tests. The energy harvester is mounted at its center on an electrodynamic 
shaker. The shaker input is a sine wave from a signal generator and power amplifier. A laser 
displacement sensor is used to measure the vibration amplitude. This measurement forms part 
of a computer-controlled feedback loop to maintain constant acceleration during frequency 
sweeps.  

We first measure the maximum deflection of the static cured shapes of the laminates, 
labeled A and B (see figure 4), and compare with the proposed model. The experimental and 
modeling results are compared in Table 2 in two stable states. The results show up to 4% in 
stable shape A and up to 10% discrepancies in stable shape B in both square and cruciform 
laminates. In fact, around 10% or less discrepancies between experimental and analytical 
models are consistent with the previous literature on square or rectangular laminates. 
Therefore, the analytical model developed in this paper offers a good approximation for an 
arbitrary shape laminates.  

 
Shape Square Cruciform 
Stable state A B A B 
Experiment       (mm) 21 19 22 19 
Model               (mm) 21.2 21 21.2 20.9 
Discrepancies     % 1 10 4 9 

Table 2: Maximum deflections of the laminates. 
 
Figure 7 shows the experimental and model maximum power results, recorded for 

different peak accelerations 2g to 10g for the cruciform shaped laminate. The load resistance 
Rl is measured experimentally as 87 kΩ, corresponding to an optimal impedance for a 
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piezoelectric’s capacitance, Cp ( 2π fCpRl =1 ) at a frequency, f of 52Hz. The power output 
from the single MFC is determined by Vrms

2/Rl. The results show broad agreement between 
the model and experiment in both magnitude and trend, although discrepancies up to 30 
percent between the model and experimental measurements are observed. Possible reasons 
for these discrepancies include natural deviation in mechanical, electrical and piezoelectric 
properties from datasheet values, local stiffening in the region of the piezoelectric element, 
incomplete strain transfer between the laminate and the piezoelectric patch, or unaccounted 
losses. 

 
 

 
Figure 7. Comparison of maximum experimental and modeling power outputs for different excitation amplitudes 

7    CONCLUSION 
This paper presents an analytical model for dynamics of piezoelectric bistable laminates 

with arbitrary shapes. The governing equations of the nonlinear dynamic system are derived 
based on Hamilton’s principle and the Hyer’s model is used to approximate the strain field of 
laminates. The model is then extended to consider arbitrary shapes by discretizing an overall 
square domain and considering zero properties for void elements. Predictions of the cured 
shapes of two square and cruciform laminates have been experimentally compared and 1-
10% discrepancies are observed between modelling and experiments. Transient analysis is 
performed using the Runge-Kutta method and the dynamic response and output voltage of 
the model are demonstrated for both composite laminates. The maximum power outputs are 
experimentally compared for the cruciform laminate and the results show broad agreement 
between the model and experiment in both magnitude and trend although discrepancies as 
much as 30% was observed. Uncertainties in material properties from datasheet values, local 
stiffening in the region of the piezoelectric element and incomplete strain transfer between 
the laminate and the piezoelectric patch might be some reasons of these discrepancies. 
Further investigations are underway to gain a better understanding of these discrepancies. 
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