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Summary:  The restoring force surface (RFS) method of nonlinear system characterization 

requires the simultaneous input of displacement, velocity and acceleration signals. A 

practical technique requires that only one of these quantities can be measured and estimate 

the others by numerical integration and/or differentiation. Up to now, the prediction of the 

damper force using RFS has been done before based on displacement and velocity 

measurements but these two input signals require expensive hardware equipment. The 

magnetorheological (MR) damper is one of the most famous smart fluid industrial 

applications because it has many advantages such as mechanical simplicity, high dynamic 

range, low power requirements, large force capacity and robustness. 

This paper introduces a precise selection of data input to the restoring force surface to 

predict the damping force of MR dampers. An RFS method for predicting the MR damper 

force based on acceleration feedback is investigated due to the advantages of the 

accelerometers. It consists of a two dimensional interpolation using Chebyshev orthogonal 

polynomial functions to identify the damping force as a function of the velocity, acceleration 

and input voltage. The identification and its validation are done based on simulated data 

generated by a theoretical model of an MR damper. Validation data sets representing a wide 

range of operating conditions of the MR damper show that the usage of RFS to predict the 

damping force for known velocity and acceleration is reasonably accurate compared to the 

prediction based on displacement and velocity. 
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1 INTRODUCTION 

Controllable smart fluid dampers generally utilize either electrorheological (ER) fluids or 

magnetorheological (MR) fluids, whose viscosity properties can be altered dramatically by 

applying an electric field (ER) or a magnetic field (MR). This paper is focused on MR fluid 

dampers which are considered more suitable than ER fluid dampers for vibration 

applications. Due to the complex behavior of MR dampers under different operating 

conditions, their suitable models have been recognized as an interested research topic for the 

last two decades; a lot of previous published work of the literature on this topic can be found 

in [1], and the references therein. Basically, the introduced models can be classified into three 

categories: physical, rheological, and nonparametric models, each of them have some 

particular advantages and disadvantages. 

Physical models [2, 3] depend on the detailed structure and the theory of operation of the 

MR damper. They define the dynamic behavior in different operating conditions very well. 

They are the most acceptable models from the theoretical point of view, but they have some 

drawbacks. First, they regularly are computationally complex, which needs more time for 

subroutines if they are implemented into a program, for example full vehicle model 

simulation. Second, they contain numerous parameters whose values can only be defined by 

expensive measurements with special testing devices, and even a small change in the MR 

damper design may need an adjustment of the model and a set of new measurements. 

Moreover, for most car producers it is vital to have the possibility of characterizing the 

parameters by their own using standard test devices. Truly, physical models of MR dampers 

for this purpose were introduced quite recently; however, the determination of certain 

parameter values by optimization techniques needs a lot of computational effort [4, 5]. 

Rheological models [6, 7] are combined of springs, dashpots, friction and backlash 

elements, and display similar advantages and disadvantages as physical models. For their 

good estimation of the MR damper behavior in a wide range of operating conditions, one 

pays the price of regularly time consuming subroutines and of tedious identification of the 

parameter values. 

Nonparametric models [1 and the references therein] formulate a relation between 

measured or estimated variables, generally the force in one side and for example the 

displacement and the velocity in the other side, the identified parameters do not have any 

direct or physical meaning [8-11]. By comparison to the other types of models, they generally 

predict the dynamic behavior of the MR damper only in a limited range of operating 

conditions precisely, but as important advantage one achieves very time efficient subroutines, 

and the values of the parameters can be modified to a new set of test data easily.  

This paper contributes a new way for constructing the RFS using the acceleration 

feedback to predict the MR damper force as a function of velocity, acceleration and input 

voltage using the two dimensional Chebyshev orthogonal polynomials fits. Also, a theoretical 

comparison between the four possible ways in weaving the force surface is done and the four 

surfaces are assessed. This functional representation could then be used to predict the 

damping force for different operating conditions, under any desired combination of voltage, 

amplitude, and frequency of the excitation signals, within the limits of the interpolation.  The 

identification and its validation are done using a simulated data generated by the recent 

model of MR damper published in [5]. 
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2 TARGET MODEL OF MR DAMPER 

 There are four steps to formulate a non-parametric MR damper model which can be 

summarized as follows:  

The first step is to collect the identification data for the damper force under various inputs, 

i.e, the damping force owing to the sinusoidal input displacement of various amplitudes and 

frequencies, under possible working conditions, such as a constant applied voltage to the 

damper coil. The second step is to choose a proper identification technique to characterize the 

hysteretic loop between the sampled damper force and input signals. The third step is to 

identify the unknown coefficients of the proposed model using any method mentioned in the 

introduction. Finally, the proposed model has to be validated against the target model 

behavior in order to quantify its ability to track the target force. In this paper, the 

identification and validation are done using simulated data generated from the MR damper 

model published in ref. [5]. Equation (1) represents the damper force as a function of 

velocity x , acceleration x  and input voltage to formulate the identification surfaces. 
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and f0 is the offset force of the MR damper, cb is the slope coefficient of the hysteresis curve, 

fy and k are two coefficients characterizing the maximal damping force, and cw is the width 

coefficient of the hysteresis curve, w1 to w4 are coefficients to generalize the model for any 

combinations of amplitude and frequency of the input signals, and Fd represents the restoring 

force of the MR damper. Table 1 shows the model parameters of the target model as listed in 

[5]. 

Table 1: Target model parameters of MR damper [5]. 

SYMBOL VALUES 

bc 1.7 

yf
 698.3 

k 0.08 

wc 30 

 4.55 

 -2 

 

3 RESTORING FORCE SURFACE USING CHEBYSHEV POLYNOMIALS FITS  

This section introduces a brief description of the Chebyshev polynomial method to predict 

the damping force as a function of two variables. The damping force can be approximated as 
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where ),(ˆ
21 vvF  is the restoring force of the MR damper, klC  are the normalized Chebyshev 

coefficients, kT  and lT  constitute the polynomial basis over which the force is projected and 

K  and L are the polynomials’ truncation orders. The coefficients klC  can be determined by 

invoking the orthogonality properties of the chosen polynomials. The use of the Chebyshev 

polynomials makes the integrals required to evaluate these coefficients quite straightforward. 

The complete derivation of the coefficients klC  was introduced before in details in ref. [8] for 

a three dimensional interpolation fit problem. 

 

 

 

(3) 

 

 

 

 

 

where, 𝛿ik  is the Kronecker delta and Qη is the number of quadrature points. The 

determination of the coefficients klC  from  the above  expression requires the values of the 

damper force at the grid points i.e. ),(ˆ
jiF  .  These are found as follows.  For a particular 

voltage value, a surface can be constructed showing the force as a function of displacement 

and velocity or velocity and acceleration.  Using the 2D-interpolation function griddata 

available in MATLAB, the  QQ   grid forces on a particular voltage surface can be 

determined i.e. ),(ˆ
jiF  , Qi ,....,2,1 , Qj ,....,2,1 . Once the klC  are determined, the 

predicted MR damper force can be predicted using the following relationships [13]: 

          ,      ,  

or               (4) 

 

4 RESULTS AND DISCUSSION 

The identification procedure of the MR damping force based on the two restoring force 

surface models, displacement-velocity and velocity-acceleration, is introduced in this section. 

Also, the predicted damping force from the polynomial model is compared against the 

damping force of the target model under different operating conditions.   
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4.1 Identification from displacement-velocity surface 

A two-dimensional interpolation of the damper force as a function of displacement and 

velocity for a fixed voltage of 1.5V is achieved.  This section introduces two different ways 

to generate the above described constant voltage surfaces:  

(i) by “weaving” the surface from the results obtained from a series of tests conducted 

with prescribed sinusoidal displacement signals, all at the same frequency but of different 

amplitudes, according to the following input A sin (2fπt), A = [0.2:0.2:20] (mm) and f = 2 Hz. 

Figure (1) shows the generated surface plot produced by the target MR damper model 

according to this way, the forces at the grid points being indicated by red circles.  These are 

used to calculate the 2020  coefficients.   

 

 
 

Figure 1: Surface plot of damping force generated by the target model according to different amplitudes. 

 

(ii)   by “weaving” the surface from the results obtained from a series of tests conducted 

with prescribed sinusoidal displacement signals, all at the same amplitude but at different 

frequencies, according to the following input A sin (2fπt), f = [0.02:0.02:2] (Hz) and A = 20 

mm. Also, Figure (2) shows the generated surface plot produced by the target MR damper 

model according to this way, the forces at the grid points being indicated by red circles.  

These are used to calculate the 2020  coefficients.   

Table (2) lists a wide range of operating conditions of the MR damper and represents 

several sets of model validation. Two validation sets are introduced in this paper to quantify 

the success of the proposed technique. The sine wave is chosen to be the damper input with 

different amplitudes and frequencies. The first validation set has 16 mm amplitude, 2 Hz 

frequency and 2 V as the command voltage whereas the second one has 12 mm amplitude, 3 

Hz frequency and 0.5 V as the command voltage. 

Figures (3-6) demonstrate a good agreement between the predicted and target damper 

forces in general according to different validation sets, thus indicating that the proposed 

technique is able to predict the hysteresis force of the MR fluid damper. 
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Table 2: Validation data sets 

SYMBOL VALUE 

Amplitude (mm) [4       8       12       16       20] 

Frequency (Hz) [1       2       3] 

Voltage (V) [0.5      1      1.5      2      2.5      3] 

 

 
 
Figure 2: Surface plot of damping force generated by the target model according to different frequencies. 

 

Figure 3: Validation of interpolation procedure derived from surface plot in figure (1) according to the 

validation set 1.  
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Figure 4: Validation of interpolation procedure derived from surface plot in figure (1) according to the 

validation set 2.  

 

 

Figure 5: Validation of interpolation procedure derived from surface plot in figure (2) according to the 

validation set 1.  
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Figure 6: Validation of interpolation procedure derived from surface plot in figure (2) according to the 

validation set 2.  

4.2 Identification from velocity-acceleration surface 

A two-dimensional interpolation of the damper force as a function of velocity and 

acceleration for a fixed voltage of 1.5V is done.  Following the two different ways in Section 

4.1 to generate the above described constant voltage surfaces:  

(i) by “weaving” the surface from the results obtained from a series of tests conducted 

with prescribed sinusoidal displacement signals, all at the same frequency but of different 

amplitudes, according to the following input A sin (2fπt), A = [0.2:0.2:20] (mm) and f = 2 Hz. 

Figure (7) shows the generated surface plot produced by the target MR damper model 

according to this way, the forces at the grid points being indicated by red circles.  These are 

used to calculate the 2020  coefficients.   

 (ii) by “weaving” the surface from the results obtained from a series of tests conducted 

with prescribed sinusoidal displacement signals, all at the same amplitude but at different 

frequencies, , according to the following input A sin (2fπt), f = [0.02:0.02:2] (Hz) and A = 20 

mm. This way produced an excellent surface as shown in figure (8), the forces at the grid 

points being indicated by red circles.  These are used to calculate the 2020  coefficients.    

Figures (9-10) demonstrate a very good agreement between the predicted and target 

damper forces according to different validation sets, thus indicating that the proposed 

technique is able to predict the hysteresis force of the MR fluid damper accurately. Moreover, 

Figures (11-12) introduce a superior agreement between the predicted and target damper 

forces according to different validation sets, thus indicating that the RFS weaving in velocity-

acceleration model at different frequencies is able to predict the hysteresis force of the MR 

fluid damper very accurately, effectively and offers a superior force tracking. 
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Figure 7: Surface plot of damping force generated by the target model according to different amplitudes. 

 

 
 
Figure 8: Surface plot of damping force generated by the target model according to different frequencies. 
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Figure 9: Validation of interpolation procedure derived from surface plot in figure (7) according to the 

validation set 1. 

 

Figure 10: Validation of interpolation procedure derived from surface plot in figure (7) according to the 

validation set 2. 
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Figure 11: Validation of interpolation procedure derived from surface plot in figure (8) according to the 

validation set 1. 

 

 
 

Figure 12: Validation of interpolation procedure derived from surface plot in figure (8) according to the 

validation set 2. 
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5 MODEL ACCURACY BASED ON RMS VALUES OF DAMPER FORCE 

Equations (5-7) were introduced in [14] to quantify the effectiveness of predicted models 

against the target models. The RMS residual force ( RFRMS ) evaluates how well the predicted 

modeling functions fit with the target model: 

N

FF

RMS

N

n

tp

RF






 1

2)(

        (5) 

where n is the number of data point, Fp  is the predicted damper force (N), Ft is the target 

damper force (N) and N is the length of force vector. This can then be compared with the 

RMS force ( FRMS ) of the target model to give the relative RMS force error ( FER_RMS ): 
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Table (3) introduces the RFRMS , FRMS and FER_RMS for the two validation sets based on 

the four restoring force surfaces. Also, a complete comparison between all predicted forces 

related to the target model based on different surfaces is proposed. The RFRMS and 

FER_RMS values indicate reasonable agreement between the target and predicted damper 

force. The proposed surface technique gives the lowest values of RFRMS and FER_RMS  

which confirms the success of constructing the restoring force surface in velocity-

acceleration model. Moreover, the surface number (4) gives a superior prediction of the 

target damper force due to the excellence of restoring force surface and it’s the most 

economical and efficient technique to formulate the RFS. 

 

 
Table 3: Prediction accuracy based on RMS values compared with the target model 

 

Id. case RFRMS (N) FRMS   (N) FER_RMS   % 

Val. case 1 Val. case 2 Val. case 1 Val. case 2 Val. case 1 Val. case 2 

Surface 1 

Figure (1) 
134.8 130.1 1059.4 670.2 12.7 19.4 

Surface 2 

Figure (2) 
172.2 158.7 1059.4 670.2 16.3 23.7 

Surface 3 

Figure (7) 
88.3 87.8 1059.4 670.2 8.3 13.1 

Surface 4 

Figure (8) 
22.5 19.1 1059.4 670.2 2.1 2.8 
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6 CONCLUSIONS 

In this article, a particular selection of data input to the RFS to predict the damping force 

of MR dampers, for the first time, has been proposed. An RFS method for estimating the MR 

damper force based on acceleration feedback is presented due to the advantages of the 

accelerometers. It consists of a two dimensional interpolation using Chebyshev orthogonal 

polynomial functions to identify the damping force as a function of the velocity and 

acceleration. The model identification and its validation are done based on simulated data 

generated by a theoretical simulation of an MR damper. Validation data sets representing a 

wide range of operating conditions of the MR damper show that the usage of RFS to predict 

the damping force for known velocity and acceleration is reasonably more accurate and 

offers a superior tracking of the target force than the predicted based on displacement and 

velocity due to the excellence of restoring force surface. 
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